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[

More isotopy (in Cat)

s Examples!



Linear diagrams



Linear diagrams

Setting:
m Category C
m Objects M, N, P,...
m morphims f € Hom¢ (M, N), g € Hom¢(N, P), ...



linear diagrams

How do we draw diagrams of categories?

»cClassical* diagrams: linear diagrams:
f f
M——N —N——M—
f g g f
M——N——P —P—oN—o—
Attention:

We read linear diagrams from right to left!



linear diagrams

Remark

Proposition:

A diagram represents a morphism unambiguously up to linear
isotopy i.e. we can stretch intervals and slide dots along a line, as
long as we don't slide them past other dots.



String diagrams



string diagrams

Definition:
A (strict) 2-category consists of:
m objects N, M, ...
m 1-morphisms f, g, ... from objects to objects with assoziative
composition

m 2-morphisms a, B, ... from morphisms to morphisms with
vertical and horizontal composition

Example:

The category Cat with categories as objects, functors as
1-morphisms and natural transformations as 2-morphisms is a
2-category.



string diagrams

»Classical* diagrams:

f
\g/
Notice:

objects: 0-dimensional

1-morphisms: 1-dimensional
2-morphisms: 2-dimensional

string diagrams:

Notice:

objects: 2-dimensional
1-morphisms: 1-dimensional
2-morphisms: 0-dimensional



String diagrams - Examples

1l.a=ids:f = f
E Notice: Emptyness is identity!

2. a:idﬂci]lc—)]lc

<
3. ldentities
g
[ X4 g
= ea="° f = f = f
f f fn(x
Proposition:

The axioms of a (strict) 2-category imply that a string diagram
unambiguously represents a 2-morphism up to rectilinear isotopy.



String diagrams - Examples

4. horizontal composition

f f frof
TN S R
MJLOLN BP =M JLB*OLP P
AN A Qs
& g gog

5. vertical composition

f f h

o of h M
M(J%N:M@N N & o M = N ®Boa
N Q% I ¢




Drawing monoidal categories



Drawing monoidal categories

Definition:
A (strict) monoidal category is a category equipped with an
assoziative tensor product, giving us tensor objects M ® N and

tensor morphisms f ® g.

We can view a monoidal category C as a 2-category with a single
object. Objects in C become 1-morphisms and 1-morphisms in C
become 2-morphisms. The tensor product gives the composition.



Drawing monoidal categories - Example

Definition:
The symmetric category is a C-linear monoidal category with:

m objects: natural numbers with tensor product m®n = m+n.
m morphisms: Hom(m,n)= 8m nC[Sn] with tensor product

f ® g = inclusion of group algebras



Drawing monoidal categories - Example

objects: generating object: —e—
monoidal identity:
tensor product: concatenation i.e. 2 = —e—o—

morphisms: identity morphism € C[S1]: T

transposition s € C[Sy]: Y

tensor product: horizontal concatenation
eg. lews= Y

composition: vertical concatenation

e.g.sos= §



Drawing monoidal categories - Example

relations: quadratic relation

ig_

braid relation

Ve




The Temperley-Lieb Category



Some definitions

Consider Vect with usual tensor product.
mVi=C2= Cley, e2)
We draw:
V=—e—
monoidal identity C:
tensor product V®V: —e—e—

m Function n:

We draw:
n:VoV —=C -
e1®e1»—>0 Q
er®er — 0

e ®ep — -1
—-eo®e; — -1



Some definitions

m Function u:
u:C—=-Vayv
l—e1®er—er®eg



Examples

1. nou:C—=2C

O =-=2

(nou)(1) =n(e;1®er—ex ®ey) = -2

2. identity relations

(2) (1) idy®@u:VeC —-VeVeV
(Uf\j: :m (2): n®idy : VaVeV - CaV

(n®idv
n ® idy

o(idy®u))(e1®1) = (n®idy
(e1 RKe1®er—e1 ®ery®eq

(e1®(e1®er—ex®eq)) =
=1®e

(n®id\/
ng idV

o(idy®u))(ep®1) = (n®idy
(e2®e1 ®exy—erx®er ey

(e2®(e1®er—er®eq)) =
=1®e

(
(
(
(

~— — ~— —
~ — —_ —



Examples

2. identity relations

(\j:

((idy®n)o(u®idy))(1®er) = (idy®n
(idy ®@n)(e1 ®ex ®er—ex ®ey @eg
((idy®n
(idV ®n

(uidy))(1®ez) = (idy®@n
eI e Rey—erxRe; Ve

3. Simplification

(2) (1) u®idy : C®V - VaVeV
(1) (2):idy@n:VoVeV -V C

((e1®er—ex®er)®eq) =
=e1® 1

((e1®ex—er®er)®er) =
=er®1

~— — ~— —

RER
Ie




Crossingless matchings

Notice that our choice of notation leads to not only rectilinear
isotopy, but rather true isotopy. Using topological arguments we
see that all diagrams made from cups, caps and identity morphisms
are spanned by so called crossingless matchings.

Example:

Remark:

The above diagram represents a morphism from VS to V7 e a
27 x 2% matrix. It would be quite time consuming to do a
composition via matrix multiplication, while the composition of
diagrams is easily done, even by hand. We see: Diagrammatic
computations are extremely efficient!



The Temperley-Lieb category

Definition:

The Temperley-Lieb category T L is is the C-linear monoidal
category given by:

generating object: —«—

generating morphisms: —— and &
Fane N
relations: E:IZE and 6: S -
Proposition:
There is a C-linear monoidal functor F : TL — Vectg sending

-
———V, LN —>n, —u



Example 1

Draw the map from VRV to V® V sending x ®y to y ® x as
element of TL.

U fiidy ®idyoidy ®idy : VOV -VaV
+ guon:VaV-VeV
f g

Write x = x1e1 + Xxgep and y = yje1 + ysen

fx@y)=x®y=
x1y1(e1 ®er) +x1yo(e1 @en) + +x2y2(e2 ® e2)

g(x®y) =xoyi(e1 ® ep) - —x1ys(e1 @ ez) +x1ya2(e2 ® e1)

(freg)xey)=f(xey)+gkxay)=
yixi(e1 ® e1) +yixa(e1r ® e2) +yoxi(e2 @ e1) +yoxo(e2 @ e2) =y @ x



Example 2

Find an endomorphism of two strands which is killed by a cap on
top.

[ % a s -2b ==

f g =a=2b
Check:

Write x = xje1 + Xgep and y = yje1 + ysen

(nof)(x®y) = xay1 —x1¥2
(nog)(x®@y) = 2(x1y2 —x2y1)

(2b(nof) 4+ b(nog))(x ®y) = 2bxoy; — 2bx1y, + 2bx1y, — 2bxpy; =0



Example 2

Claim: For the choicea=1and b = % our linear combination is
even an idempotent.

Check:
(F+3g)(x®@y) =x1y; (e1 ® e1) +3x1y2((e1 ® €2) + (e2 @ e1))
0 ] 1
+3xoy1((e2 @ e1) + (e1 @ €2)) + xay2 (€2 @ €2)
1 ] 0

f((f+ 38)(x@y)) = (f + 38)(x @)
g((f + 3)(x®y)) = (uon)((f + 5g)(x®y)) = u(0) =0

(f+38) o (f+38)(x@y) = (f+ 38)(x®Y)
Thus, f + %g is indeed an idempotent.



Example 3

Find an endomorphism of two strands which is killed by a cup on

bottom.
f & aZ-2b~ =0
a + b (a—2b) ¥ =0
— L
Check

(fou)(l)=e1®@ex-e2®eg
(gou)(1) =2(e2®e1—e1 ®er)

(2b(foU)+b(gou))(l) =
2b(e; ® ep) —2b(ex ® e1) +2b(ex ® e1) —2b(eg ® e2) =0



Example 4

Find an endomorphism of three strands which is killed by a cap on
top on either of the two possible placements.

a b
! Tl ! ! !
~I I~ -2 ~1 ~I -2 [~
! ! ! ! !
I~ 2 [~ = -2 ~1 I~

Al +b I 2c AT +d AT 2e I~ =0
alsn 2bIa 4+car-2d AT +e I~ =0



Example 4

We can write a general solution for these equations (for example in
terms of e): a=3e, b=2¢, c=2¢, d=e¢

Check:
3e AT +2e T~ —4e AT +e AL 2e I~ =0

3e I~ —4e I~ +2e AT 2e AL +e I~ =0

This endomorphism is even an idempotent for the choice

_ _ 2 _ 2 _1 _ 1
a—l,b—é,c—g,d—é,e—g.



Another monoidal category



Another monoidal category

Consider Vecty with usual tensor product.
m A= R[x]/(x?) We draw:

A= —o—
m Function N:
N:AQRA—R
f ® g > coefficient of x in fg
m Function U:

U R—-AQA
1l x®1+1Qx




Another monoidal category

We have the following equalities:

()
1)

{\j:

(1) idpa®@U: AR - AQRA®A
=Lﬂ (2): N@idp : AQARA - RRA

(N®ida) o (idpa @ U)(ax+ b ® 1)

®idp)(ax+b® (x® 1+ 1®x))
=(NRida)(ax®@x®1+ax®1@x+b®x®1+b®1®X)
=(N®ida)ax®@x®1)+a(x®1®@x)+b(1®@x®1)+b(l®1®x))
=a(l®x)+b(1l®1)

:(m

=1®ax+1®b

=1®ax+b



Another monoidal category

(1)
N Wi
************* (2):idp ® N®idp
@ (3):idp ®idp ® N ® idp ® ida
(4) (4): idpa ® idp @ U® idp ® idp
N (5): idp ® U®idp
N (6): U

1 = x®14+10x=xR11+1K®1Rx
S x(x®1+10x)®1+10(x01+1®x)x

—S xx@(x®1+19x)011+x@1x®1+1@x)@x®1
+1x(x®1+1x)®10x+1R10(x®01+180x%x) ®x®x

— 2xx®1®1)+2(x®1x®1)
F21ox1®x)+2(1®10x®X)

— 4x®1)+4(1®x)
— 8



Another monoidal category

What is No U?

(NoU)1)=Nx®@1+1®x)=2




More isotopy



More isotopy

Setting:
m 2-category Cat where objects are categories
m categories C and D
m functors F: C — D and F/ : D — C s.t. Fis a left adjoint and
F’ is a right adjoint
m unit n: 1¢ — F'F and counit ¢ : FF' — 1p
We draw:

_ . _\/ _ D
F .= C F' = D Ul c €

Axioms of adjunction:

Nc: C and mpz D




More isotopy

Let B be another category and X : B — C and Y : B — D functors.

Then we can view the adjunction F 4 F’ as bijection of 2-morphism
spaces Hom(FX, Y) =2 Hom(X, F’Y) given by:

If B is a category with only one object and the identity morphism,
X and Y can be seen as objects in C resp. D. Then we are left with
the familiar bijection of Hom-spaces of adjunctions.



More isotopy

Assume from know on that F and F' are biadjoints (i.e. F is also a
right adjoint and F' also a left adjoint).

Natural transformations:

e
N D

Relations:

c= o= L= to= (o




More isotopy

Let G : C — D be another biadjoint functor i.e. 1-morphism with
adjoint G'. Draw G, G', unit and counit similar to F, just with
dashed lines.

Definition

_

A
Let oo : F — G be a 2-morphism, thus we draw: %0‘

We get two 2-morphisms ‘o, o’ : G' — F/ called left resp. right
mates of o with respect to the chosen biadjunction given by:

& >
/(x = ; ;OC} D (x/ = & 3 D
| |

Remark:
In general: "o £ o'



More isotopy

Definition:

We say a is cyclic, if ‘o = o/.

Then we can draw unambiguously: yf o

Proposition:

If all 1-morphisms have biadjoints and all 2-morphisms are cyclic,
then (using the above convention of drawing) diagrams represent a
2-morphism up to true isotopy unambiguously.



