What is...2-representation theory?

Or: Why do | care?
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Representation theory is group theory in vector spaces

Let C be a group, an algebra etc.

Frobenius ~1895+, Burnside ~1900-+, Noether ~1928++.
Representation theory is the study of actions

M: C — End(V),

with V being some vector space. (Called modules or representations.)

Basic question: Try to develop a reasonable theory of such actions. ‘

Examples.
» Weyl ~1923+. The representation theory of (semi)simple Lie groups.
» Noether ~1928+4. The representation theory of finite-dimensional algebras.
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2-representation theory is group theory in categories

Let C be a reasonable 2-category.

Etingof—Ostrik, Chuang—Rouquier, many others ~2000-44-. 2-representation
theory is the study of 2-actions of 2-categories:

M: 6 — &nd(V),

with V being some finitary category. (Called 2-modules or 2-representations.)

‘ Basic question: Try to develop a reasonable theory of such 2-actions. ‘

Examples.

» Chuang—Rouquier & Khovanov-Lauda style. The 2-representation theory

of (semi)simple Lie groups.

» Abelian ~2000+ or additive ~20104+. The 2-representation theory of

finite-dimensional algebras.
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2-representation theory is group theory in categories

Let C be a reasonable 2-category.

Etingof—Ostrik, Chuang—Rouquier, many others ~200044-. 2-representation
theory is the study of 2-actions of 2-categories:
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.
Empirical fact.

Most of the fun happens already for monoidal categories (one-object 2-categories);

| will stick to this case for the rest of the talk,

but what | am going to explain works for 2-categories.

E drTTprcesS.

» Chuang—Rouquier & Khovanov-Lauda style. The 2-representation theory

of (semi)simple Lie groups.

» Abelian ~2000++ or additive ~20104+4-. The 2-representation theory of

finite-dimensional algebras.
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Abelian vs. additive a.k.a. “What are the elements?”.

Finite tensor categories—the abelian world.
» Elements are simple objects. Finite means finitely many of these.

» What acts are finite multitensor categories 6, i.e. finite abelian, K-linear, rigid
monoidal categories, with ®: € x € — €
being bilinear.

» We act on finite abelian, K-linear categories V, with the 2-action
®: 6 x V — V being bilinear and biexact.

» The abelian Grothendieck groups are finite-dimensional algebras or
finite-dimensional modules of such, respectively.

Examples.
» Finite-dimensional vector spaces, or any fusion category

» Modules of finite groups, or more generally, of finite-dimensional Hopf algebras.

» We see examples of 2-modules momentarily.
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. el Finite additive means

Abelian vs. additive a.k.a. “What are the elements?”. additive

finitely many indecomposables

finite-dimensional hom-spaces
Krull-Schmidt.

Fiat 2-categories—the additive world.
» Elements are indecomposable objects. Finite means finitely many of these.

» What acts are multifiat categories 6, i.e. finite additive, K-linear, rigid
monoidal categories, with ®: € x € — €
being bilinear.

» We act on finite additive, K-linear categories V, with the 2-action
®: 6 x V — V being bilinear.

» The additive Grothendieck groups are finite-dimensional algebras or
finite-dimensional modules of such, respectively.

Examples.
» Finite-dimensional vector spaces, or any fusion category

» Modules of finite groups of finite representation type, or more generally, of
finite-dimensional Hopf algebras of finite representation type.

» Projective/injective modules of finite groups of finite representation type, or
more generally, of finite-dimensional Hopf algebras.
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Abelian vs. additive a.k.a. “What are the elements?”.

Fiat 2-categories—the additive world.
» Elements are indecomposable objects. Finite means finitely many of these.

» What acts are multifiat categories 6, i.e. finite additive, K-linear, rigid
monoidal categories, with ®: € x € — €

. .
being bil Abelian and additive run in parallel,
» We act on
®: 6 X|but additive is harder, e.g. no version of Schur's 2-lemma.
» The add s or
finite_di TCTTISTUTTaT TTTOUuUTTS UT SUTTT, ICDPC\,LIVCI)’.
Examples.

» Finite-dimensional vector spaces, or any fusion category

» Modules of finite groups of finite representation type, or more generally, of
finite-dimensional Hopf algebras of finite representation type.

» Projective/injective modules of finite groups of finite representation type, or
more generally, of finite-dimensional Hopf algebras.
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Take your favorite theorem and categorify it.

Some facts run in parallel, e.g.

the regular module M: C —
End(V), ar a- _

simples (no non-trivial 6-stable
subspace) and Jordan—Hdolder

double centralizer theorem, i.e.

C = &Endgnac(vy(V) for V being
faithful.

Some do not, e.g.

Schur's lemma, i.e. hom-spaces
between simples are trivial

there are finitely many simples

Daniel Tubbenhauer
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the regular 2-module M: € —
End(V), M—»M® _

2-simples (no non-trivial 6-stable
ideal) and 2-Jordan—Holder

2-double centralizer theorem, i.e.

6 = Endgna, (v)(V) for V being
2-faithful. (Theorem 2020)

hom-spaces between 2-simples
can be arbitrary complicated

there can be co many 2-simples
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Example (Zep(G), ground field C).

> Let € = Zep(G), for G being a finite group.
» € is fusion: For any M\,N € 6, we have M® N € 6:
g(m®n) =gmagn

forall g € G,m &M néeN. There is a trivial module 1.
» The regular 2-module M: € — &nd(¥):

M———M®_
fl J{f(@.
N

» The decategorification is a N-module, the regular module.
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Example (Zep(G), ground field C).

» Let K C G be a subgroup.
» Rep(K) is a 2-module of Zep(G), with 2-action

Resg ® _: Rep(G) — énd(Rep(K)),

M———— ResZ(M) ® _

fl J'Resﬁ(f)@ .

N—————— ResS(N) @ _

which is indeed a 2-action because Resfé is a ®-functor.

» The decategorifications are N-modules.
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Example (Zep(G), ground field C).

» Let 1) € H?>(K,C*). Let V(K,) be the category of projective K-modules
with Schur multiplier ¢, i.e. a vector spaces V with p: K — End(V) such that

p(&)p(h) = ¥(g, h)p(gh), for all g, h € K.
» Note that V(K,1) = Rep(K) and
®: V(K, ) RV(K, 1) = V(K, ).
> V(K,¢) is also a 2-module of 6 = Zep(G):

ResgXId
—_—l

Rep(G) B V(K, ) Rep(K) X V(K, ) g>V(K,1[;).

» The decategorifications are N-modules.
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Example (Zep(G), ground field C).
Theorem (folklore?).

- Completeness. All 2-simples of Zep(G) are of the form V(K ). Ieih .
n a
Non-redundancy. We have V(K ) = V(K', ')
<~
the subgroups are conjugate or 1’ = 1€, where 1€ (k, 1) = ¥(gkg ™", glg™").

> VOUTT TITdt v\f\./l)—l\cp\f\)dllu
®: V(K,$) BV(K, 1) = V(K, ).
> V(K,) is also a 2-module of € = RZep(G):

Resﬁ XI1d
—_—

Rep(G) B V(K, ) Rep(K) ® V(K,v) 2 V(K, ).

» The decategorifications are N-modules.
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Example (Zep(G), ground field C).

Theorem (folklore?).

- Completeness. All 2-simples of Zep(G) are of the form V(K ). leih .
n a
Non-redundancy. We have V(K ) = V(K', ')
-
the subgroups are conjugate or ' = 1€, where 1€ (k, ) = ¥ (gkg ™", glg™").

P Note UTaT V(7Y I — NNEP[7N ] aa

Note that Zep(G) has only finitely many 2-simples.

This is no coincidence.

> V(K,) is also a 2-module of € = Zep(G):

Resﬁ XI1d
—_—

Rep(G) B V(K, ) Rep(K) X V(K,v) 2 V(K, ).

» The decategorifications are N-modules.
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Example (Zep(G), ground field C).
Theorem (folklore?).

- Completeness. All 2-simples of Zep(G) are of the form V(K ). les

Non-redundancy. We have V(K ) = V(K', ')
-
the subgroups are conjugate or ' = 1€, where 1€ (k, ) = ¥ (gkg ™", glg™").

P Note UTaT V(7Y I — NNEP[7N ] aa

Note that Zep(G) has only finitely many 2-simples.

This is no coincidence.

> V(K. 1) is also a 2-module of 6 = Zen(G):

Theorem (Etingof—Nikshych—Ostrik ~2004).

If € is fusion (fiat and semisimple),
then it has only finitely many 2-simples. This is false if one drops semisimplicity.

Theorem (2020).

The non-semisimple, non-abelian Hecke category has only finitely many 2-simples.
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Why 2-representation theory?

Why 2-representation theory? l
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O eprsnsaon thcr fth 21h comunt?
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Example. Zep(Z/5Z) in characteristic 5.
> Indecomposables correspond to Jordan blocks of Fs[X]/(X®) = F5(Z/5Z):

)
0 b

Zy e X 5 (0),  Zp o X 5 (1), Z3<«M>X»—><§

35189
>, Zg e X+ 00010 |.

00001

00000

= Rep(Z/57) has five elements as an additive category.

oo

Z4<‘VV*>X’—)(

[e=lelele)
oo
oo+O
oroo

> Only Z; is simple = Zep(Z/5Z) has only one element as an abelian category.
> Only Zs is projective = #10j(Z/5Z) = $nj(Z/5Z) has one element as an
additive category, and Proj(Z/5Z) not abelian.

In characteristic # 5 we have Zep(Z/5Z) = Proj(Z/5Z) = $nj(Z/5Z) and there
is no difference between tensor (abelian) and fiat (additive).



For example, for Zep(Ss) we have:

1| z/j2z | 232 | 242 | (2/22)? | Z/5Z | S | Z/6Z | Dy | Ds | As | Ds | GA(LS5)| S As S5
# 1] 2 1 1 2 1 (2] 1 1 1 1 1 1 1 1 1
H 1| 1 1 1 7./2L 1 (1| 1 |zjez|z)ez| 222 | 228 1 7.)27 | 7,)22. | 7,27,
k| 1] 2 3 4 41 5 | 3] 6 52 | 42 | 43 | 63 5 53 | 54 | 7,5

This is completely different from their classical representation theory of Ss.
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