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Where are we?

graded categorial Quiver

representation representation varie-
theory theory ties

low- KLR canonical
dimensional algebras bases
topology & friends theory
2-Kac
—Moody more...
algebras

» Khovanov-Lauda—Rouquier ~2008 + many others (including OIST)
KLR algebras are at the heart of categorical representation theory

» Similarly for quiver Schur algebras and diagrammatic Cherednik algebras

» Problem All of these are actually really complicated!
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Where are Observation

It often helps to find a “bigger” interpolating algebra, e.g.:

“Big” C[X]/(X — a)(X — b)
a—o,/ W_l
“Small”  C[X]/(X?) CIX]/(X? —1)
- = 7 o 7

2-Kac

—Moody more...
algebras

» Khovanov-Lauda—Rouquier ~2008 + many others (including OIST)
KLR algebras are at the heart of categorical representation theory

» Similarly for quiver Schur algebras and diagrammatic Cherednik algebras

» Problem All of these are actually really complicated!
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Where ar€ Observation

It often helps to find a “bigger” interpolating algebra, e.g.:

“Big" C[X]/(X — a)(X — b)
3—0,% \1,17:1
“Small”  C[X]/(X?) CIX]/(X? —1)
- = 7 o 7
Today

How to play the interpolation game using planar geometry ?

As an upshot we get an algebra interpolating between various algebras

» Kh appearing in categorical representation theory IST)
KL
> Sin The takeaway keyword: | Distance! -

» Problem All of these are actually really complicated!
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String diagrams — the baby case

Connect eight points at the bottom with eight points at the top:

or

(12436)(57)(8)

We just invented the symmetric group Sg

Daniel Tubbenhauer On weighted KLRW algebras

February 2022

3/8



String diagrams — the baby case

7738 S K=

(79 O\ P X

My multiplication rule for gh is “stack g on top of h"

Daniel Tubbenhauer On weighted KLRW algebras February 2022 3/8



String diagrams — the baby case

» We clearly have g(hf) = (gh)f
» There is a do nothing operation 1g = g = g1

» Generators—relations (the Reidemeister moves)

R3] [
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String diagrams — The bait

In diagram algebras relations, properties, etc.

> We clearly hav become visually clear

» There is a do nothing operation 1g = g = g1

» Generators—relations (the Reidemeister moves)

B KR
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String diagrams — The bait

In diagram algebras relations, properties, etc.
become visually clear

» There is a do nothing operation 1g = g = gl

» We clearly hav

The catch
Diagram algebras are usually “not really” using any planar geometry /

For example, the diagrams for symmetric groups \
are just algebra written differently

T 7Y 7N\

» Generators—relations (the Reidemeister moves)

B KR
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String diagrams — The bait

In diagram algebras relations, properties, etc.
become visually clear

» There is a do nothing operation 1g = g = g1

» We clearly hav

The catch
Diagram algebras are usually “not really” using any planar geometry/

For example, the diagrams for symmetric groups \
are just algebra written differently

T 7Y 7N\

> Geng Idea (Webster ~2012)

Define a diagram algebra that uses the distance in R?

The result is called [weighted KLRW algebra

These are “planar-geometrically symmetric group diagram algebras”
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String diagrams — the baby case

» We clearly have g(hf) = (gh)f
» There is a do nothing operation 1g = g = gl

Future directions?
Where are all the planar-geometrically diagram algebras?

Currently | only know about the weighted KLRW algebras

but there should be many more...to be continued | hope

N

» Generators—relations (the Reidemeister moves)

B KR
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Weighted string diagrams

» Strings come in three types, - ghost and red

i
i
1
1

solid : | , ghost: ' red: || ,
i i
» Strings are labeled, and solid and ghost strings can carry dots

» Red strings 'anchor the diagram

» Otherwise no difference to symmetric group diagrams
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Weighted string diagrams

Ag: =3 2 -1 0 1 2 3

Examples of quivers I

Cemot 0 7 1 2 3 4 56

(1) . 3 ° o - @
CeZy 0 1 2 3 e—-3e—2e—1"

» The strings are labeled by i € | from a fixed quiver I = (/, E)

» The relations depend on e € E, e.g.:
i S i
¢ = S+ ifi—j
' R '
i Y
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. . . This is the first time | use
Weighted string diagrams the number 7 in a talk ;-)

X = (-2V/3,-V2,0.5,7,5) o | | ||| | |
23 -2 005 m 5

-1 1 .1
Weighted quiver *——e *——=o Q#O_
1 Jj ? J i J
diagram ‘ /{/‘ ‘ /”/ ’./ | /"/
Joi p Jjoi P Jjot P
» Choose endpoints x = (xq, ..., x,) € R" for the solid strings

» Choose a weighting o: E — R of the underlying graph I = (/, E)

» The weighted KLRW algebra ' crucially depends on these choices of
endpoints! This is very different from “usual diagram algebras”
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Weighted string diagrams

X = (-2V/3,-V2,0.5,7,5) o | | ||| | |
23 -2 005 m 5

-1 ]
Weighted quiver *——e O‘#O_ Q#O_
? J 2 J ? J
diagram ‘ . ’/ ‘ /”/ ’./ | /"/
jooi p Jj i P j ot P

Weighting = ghost shifts

For e: i — j,0c > 0, all solid j-strings get a ghost shifted |o¢| units and mimicking it
For e: i — j,0c < 0, all solid j-strings get a ghost shifted |o¢| units and mimicking it

» The weigh This “asymmetric” definition, always shifting rightwards

makes life a bit more convenient
J

tes of

endpoints

(=] (=]
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Weighted string diagrams

1 e . b
sy .
NN Y
! 5
g @ [ k '
Weighted quiver P )
J { i
diagram ‘ ; ’/ ‘ A’/ il | /”'/
1 ’C ’.
j ot p Jj i p j ot p

Weighting = ghost shifts

For e: i — j,0c > 0, all solid j-strings get a ghost shifted |o¢| units and mimicking it
For e: i — j,0c < 0, all solid j-strings get a ghost shifted |o¢| units and mimicking it

» The weighted KLRW algebra crucially depends on these choices of
endpoints! This is very different from “usual diagram algebras”
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Weighted string diagrams

. k i i
| e :
X = (_ .[ 5]-. k . ‘\
Z\,L\ \‘ 5
e @ [ k j
Weighted quiver o FEEY
1 1 ;
0.75 125 Lo
diagram 6 : 5 ~ o | /”'/
1 . ! o
i i p

Weighting = ghost shifts

For e: i — j,0c > 0, all solid j-strings get a ghost shifted |o¢| units and mimicking it
For e: i — j,0c < 0, all solid j-strings get a ghost shifted |o¢| units and mimicking it

» The weighted KLRW algebra crucially depends on these choices of
endpoints! This is very different from “usual diagram algebras”
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Weighted string diagrams

X = (-2V/3,—1/2,0.5,,5) e

The following i and j-strings are not close:

f
1
1
1
1
1
1

ol
R

i

Slogan Ghosts prevent the diagrams from being scale-able as for “usual diagram algebras”

» Choose endpoints x = (xg, ..., x,) € R” for the solid strings
» Choose a weighting o: E — R of the underlying graph I = (/, E)

» The weighted KLRW algebra crucially depends on these choices of
endpoints! This is very different from “usual diagram algebras”
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Weighted string diagrams

“Big” C[X]/(X — a)(X — b)
X = (-2
a=0,b=| a=1,b=—1
/ \ .
“Small”  C[X]/(X?) CIX]/(X* = 1) 1
. —o
Weighted a, b «~ Positions and ghost shifts HJ,
J i i
: 1’ I"
s ‘ r ‘ Ar | /‘r
1 4 L4
j ot p Jj i p j ot p
» Choose endpoints x = (xg, ..., x,) € R” for the solid strings

» Choose a weighting o: E — R of the underlying graph I = (/, E)

» The weighted KLRW algebra crucially depends on these choices of
endpoints! This is very different from “usual diagram algebras”
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Weighted string diagrams

"Big" CIX]/(X = a)(X — b)
X = (-2
a=0,b=0 a=1,b=——1
/ \ .
“Small”  C[X]/(X?) CIX]/(X* = 1) 1
Nei b— @
Weighted a, b «~ Positions and ghost shifts J
J 1 i
e Semisimple Huge ghost shifts 72 ’/
KLR Tiny ghost shifts P
Quiver Schur Some specific “cluster” spacing
Diagrammatic Cherednik Ghost shifts 1
Unnamed algebras The rest .
s Choostterrerre—————————— R strings

» Choose a weighting o: E — R of the underlying graph I = (/, E)

» The weighted KLRW algebra crucially depends on these choices of
endpoints! This is very different from “usual diagram algebras”
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Hyperplanes

over R:

» C[X]/(X — a)(X — b) comes in two isomorphism classes:

one double root a=b & two different roots a # b

» What is the analog picture for weighted KLRW algebras?
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Hyperplanes

P Hegry  Hsry .
+ i
I
! A: :
1 1
1 1
: p i
: i
1
B 1
! B: .
_____________ | __________)z ’ :
I 1
1 i op
1
1
1 i
! 1
: 1
1 CZ :
! 1
: 1
1 i o

» There is a [hyperplane arrangment (HA) associated to the weighted KLRW

» The hyperplanes are defined by “colliding strings”
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Hy » Alcoves of the HA = Morita equivalence classes of weighted KLRW algebras

» There is a theory of translation functors

» ~picture 1 There is an alcove for KLR, an alcove for the semisimple case etc.

» =picture 2 Translation functors interpolate between these algebras

T
1

Semisimple

Quiver Schur

Dia. Cherednik

» There is a | hyperp

» The hyperplanes a
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Distance is it!

» Cyclotomic quotients |« bounded regions:

Unsteady: pulls freely | not unsteady:

stopped by the red string

ip

» Cellular bases < minimal regions

(1°):

——————O
——————

00 1 2

» More properties | won't explain today due to time restrictions...
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Distance is it!

» Weighted KLRW algebras have |standard bases , with the picture:

w W is a permutation diagram,
with
n |E| is an idempotent with dots.

» Weighted KLRW algebras have “cellular” bases , with the picture

w is a permutation diagram,

ﬂ with |E| is an idempotent with dots,

n @ is a permutation diagram.

De---

e
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» Standard bases work regardless of the quiver

Distance i . . .
but have no other property despite being a basis

» Weigh

» Cellular bases depend on the quiver
and give a classification of simple modules

» Weighted KLRW algebras have “cellular” bases , with the picture

w is a permutation diagram,

ﬂ with \E' is an idempotent with dots,

n @ is a permutation diagram.

Seo--

coco e
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» Standard bases work regardless of the quiver

Distance i . . .
but have no other property despite being a basis

» Weigh

» Cellular bases depend on the quiver
and give a classification of simple modules

» The overall strategy to construct cellular bases

is the same for all type

and for the infinite dimensional and the cyclotomic case the construction is also the same

» We know that the cellular bases work in types A, B, C, affine A, C, A® D®
but they should work even more general

» The combinatorics is inspired by, but different from, constructions of
Bowman ~2017, Ariki—Park ~2012/2013, Ariki-Park—Speyer ~2017

———
%
O S

\

..............

' ) f
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» Standard bases work regardless of the quiver

Distance i . . .
but have no other property despite being a basis

» Weigh

» Cellular bases depend on the quiver
and give a classification of simple modules

» The overall strategy to construct cellular bases

is the same for all type

and for the infinite dimensional and the cyclotomic case the construction is also the same

» We know that the cellular bases work in types A, B, C, affine A, C, A® D®
but they should work even more general

» The combinatorics is inspired by, but different from, constructions of

Bowman ~2017, Ariki—Park ~2012/2013, Ariki-Park—Speyer ~2017

| will now indicate how the construction works in type Ce(l_)1

Why this type?

Because the code | am going to use works best for this type ;-)
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Minimal diagrams in type Ce(l,)l

(1), &e=&=—eo—e—0 - 6——e—<—=29
Celii 0 7 1 2 3 e-3e-2%e-1

w is a permutation diagram,

H with IE' is an idempotent with dots,

@ is a permutation diagram.

» The definition of the permutation follows the usual strategy in this context:

T 1[2]3]4] - 1[2]3]4]
5]6 5]6
W[ ylx
1[3]4]s6] 1]2]4]6]
" 2[5 IBE

» Let me focus on the middle y@1y
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Minimal diagrams in type Céi)l

1., &ee&—eo—e—0 - o6—6——0
Ce—l‘ e—3 e—2 e—1

0 1 2 3
01232101|22|1\
1lof1l2]3]2

cM: (12,63 5) 2] 1]0]1]2]3
3(2l1lo1]2
23210

v

Assume the tableaux combinatorics is given

v

Place strings inductively ' as far to the right as possible (this is the order!)

» 1y is minimal with respect to placing the strings to the right

v

1 'stays minimal when dots are put on certain strands ~~ get y?1y

» Donel
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.. . . 1
Minimal diagrams in type Ce(Jl

1) ., e—=&—eo—e—e - 6——6—9»9
Celii 0 7 1 2 3 e-3e-2%e-1

0l1[2]3]2]1 0\1\2\3\2\1\
1ol 12392

Lets ignore the dots for today — | bothered you with too much combinatorics anyway ;-)
But they come directly from the Reidemeister Il relations, e.g.

Y i i i < i=0j=1,
= (> +1 3, = ¢ — () for either of L J
L0 ! ! ! % i=ej=e—1,

J J J ot

J

In other words: 'Stare at Reidemeister |l !

> Place strings inductively 'as far to the right as possible (this is the order!)

» 1y is minimal with respect to placing the strings to the right

v

1, 'stays minimal when dots are put on certain strands ~» get y?1

» Donel
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Minimal diagrams in type Ce(71

v

v

v

1)

1
C’é_)l :

Assume the {

Place strings
1 is minim

1, stays min

Example for the middles y?1,

v
o] |
00 31
!
Y5)1(s) = | ‘ +
00 31
(I)
o |||
00 3 11I
0
|| f
00 131

[

00

- —

m——————

-

——————

—————

——————

s is the order!)
tht

get y?1x

Donel
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.. . . 1
Minimal diagrams in type Ce(Jl

1) ., e—=&—eo—e—e - 6——6—9»9
Ces1t 0 0 1 2 3 e-3e-2e-1

e EPH P P P 1 DU P P B |
Wrap up

» Weighted KLRW algebras generalize KLR algebras and friends
» They have a build in distance
» Most properties can be described using distance

» Most properties are type-independent
Assun

v

Place| ™ Some properties should be (in some form) type-independent

v

order!)

» 1y is minimal with respect to placing the strings to the right

v

1, 'stays minimal when dots are put on certain strands ~» get y?1

» Donel
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> Khovanov-Lauda-ouquier ~2008 + many others (incuding OIST)
KR alebras ae ¢ he eart o categoica epresetation heory

- Simiary fo e Schur slgsbra and isgrammatic Chereni lgbess

. [BRGHBR A1 o these ar sl ey complcted!

Weighted sing diagrams

T
wia: | g |
' Stings e e, 20 ol and ghost sings i cry dots

> R strings [BRERR e ciogrom

> Otheris o diference o symmetrc group diagrams

H e
> Thre . hery o ranton fncers

o BEBREARE] There s amsicoe o KLR, a fcvefor e semisimpe cose e

> =pictun 2 Tonston ncors intrpoltebeteen thse gt

=7
4

o
> Thare s o [ theweightd KLRW
> The hyperplnes 3

There is still much to do...

Daniel Tubbenhauer

Where ar =
Tt ofun bep o i “iggr” el st o
we X=X )

s 0] B 1)

Toior

How 10l he nrpoltion gama uing planrgromety
- ‘o n sl reeamtation ey s7)
= The ez kot

- [BRGHBR A1 o these ar sl ey complcated!

Weighted sing diagrams

X = (2V3,-VE05,5.5)

> Chooss andpcints x.= (1. x) € R 1 for the sl 3 1 sogs
> Choose 3 weighting o £ - Ry ofthe undeyio ragh [ = (1. E)

> The weighted KLRW algebrs on these chocesof

endpoins) This s very dilrent rom “used tiagram st

" e R
v 57 3 permuttion dgam
[3] s on empent v dos.
> Weighted KLRW iaees hve FGRIUBFIBRE it the icre
7 i emutaton dgran,
g v [3] 30 empotntvith ds,
3\ et dagran.
[ 8
[HINEREE
| >

On weighted KLRW algebras

Strng diagrams — the baby caso

- We clsrly have () — (g8

> There s 3 donothing operation 1g = £ = &1

|2 |

> Generators-reltons (th Reidemeiste moves)

Wging — ghost s

0.4 ings g hen shid | unitsand mimicin o

> The weighted KLRW sigers GBI on these chces of
endpoins) This s very difrent rom “used dagram st

Minimal diagrams in type CL';
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> Khovanov-Lauda-ouquier ~2008 + many others (incuding OIST)
KR alebras ae ¢ he eart o categoica epresetation heory

- Simiary fo e Schur slgsbra and isgrammatic Chereni lgbess

. [BRGHBR A1 o these ar sl ey complcted!

Weighted sing diagrams

T
wia: | g |

- Stings e bl ad ok nd gt sings i cary i

» et siogs [ e dgm

+ Ot 1o dilrnce o symmtic oo dograms

H ET
> Thre . hery o ranton fncers

o BEBREARE] There s amsicoe o KLR, a fcvefor e semisimpe cose e

> =pictun 2 Tonston ncors intrpoltebeteen thse gt

% |
o
> Thare s o [ theweightd KLRW
> The hyperplnes 3

Thanks for your attention!

Daniel Tubbenhauer

Where a omeraton
Tt ofun bep o i “iggr” el st o
we XXX B)
s 0] B 1)
Toior

How 10l he nrpoltion gama uing planrgromety

> rpesng i el et ey s7)
= The ez kot

- [BRGHBR A1 o these ar sl ey complcated!

Weighted sing diagrams

X = (23, -VE05,5.5) -

o s 951 s e
we | A NAS A
+ G i e . R i

> Choose 3 weighting o £ - Ry ofthe undeyio ragh [ = (1. E)
> The weighted KLRW algebrs on these chces of
endpoins) This s very dilrent rom “used tiagram st
Distance s it
> Weghted KLRW slebess hove SBRAMAIBRRE, it the pcte

75 vermuttion dgm.

"] 0 dempotent it dots.

- Wethed KL e v BRI, vt e e
7 emtion g,
g vt 2] 00 dempoen vt o,
[\ emttion .
| IS
[RELEREE
i ;

On weighted KLRW algebras

Strng diagrams — the baby caso

- We clsrly have () — (g8
> There s 3 donothing operation 1g = £ = &1

|2 |

> Generators-reltons (th Reidemeiste moves)

<Y

N | AN

Weighted T

Alngram

Wging — ghost s

For > 0. ok g gt hont i | units and mimickin
i i 2o <o

> The wighted KLRW algebrs
endpoins) This s very difrent rom “used dagram st

on thesechoces of

Minimal diagrams in type CL';

el ]
oV
el I
s (SWSTRRNT' .
» Place strings| . is the order!)
o i - | I o e
» 1 [ s L3 ot 'l

> Donel
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