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For a group G :@the Cayley graph ' =T(G, S) is constructed by:
(a) The vertex set of ['is G

(b) Each s € S is assigned a color s 7 = s > Y55
(c) Draw an edge of color s from g to gs /
— /\\J!

> e e L ladn, T

» Generators with s = s~! correspond to double edges /

~ > Cayley graphs are strongly connected &~ W Ctune elonad e Cnne MG

» G is commutative if and only if two-step-walks commute 'Commutative 4

Q;d walks are relations among words Rel@
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X¢ is constructed by gluing discs for each g € G and r € R
—
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G acts on Xg, so we obtain Xg = Xs/G absba X




I—Z/3Z - —>Z/3ZG)?2/3Z ~

A

X = X 7 (X ~ #
2/ /22%67: w( g/fz\ /SF

Dople: Z/AZ < o | atea>

= Q{DI 4§

(g/cll? Fv {6\ 1 = \"Z/olé?
\ e )
P
) | i \
= / ~ JRF™




‘?’
ﬁ-&* — ‘%‘;“ = 6= e L o>
—’rl;

12
Q)

{overmg X¢c — Xc and 7r1(X ) = 1 gives m1(Xg

Given a group G by generators—relations, i.e. G = (S | R), the Cayley complex Xe
of G is defined by: Q (/r

a

Xc is 2-dimensional CW complex 4 Q Z :

(a)
(b) The O-cell and 1-cells form the Cayley graph e €
(c) Foreach g € G and r € R there is @
(d) eg,r is glued to ¢ starting at g and reading along r 'Discs
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A path-connected space whose fundamental group is isomorphic to a given group
— G and which has & contractible hniversal covering space is called a|K(G,1) space./The
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H Theorem 1B.8. The homotopy type of a CW complex K (G, 1) is uniquely determined
by G.

T

\

o ~
éu?mg a homotopy equivalence class of spaces with 71 (X) ~ 1 determines spaces with 71(X) ~ G up to homotopy )
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. .. More generally, a connected graph is a K(G, 1) with

G a free group, since by the results of §1.A its universal cover is a tree, hence con-
tractible.
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— Example 1B.2. Closed surfaces with infinite 17, in other words, closed surfaces other
than $% and [R.PZ, are K(G,1)’s. This will be shown in Example 1B.14 below. It also
follows from the theorem in surface theory that the only simply-connected surfaces
without boundary are §% and R?, so the universal cover of a closed surface with
infinite fundamental gﬁp must be R? since it is noncompact. Nonclosed surfaces
— deformation retract onto graphs, so such surfaces are K(G,1)’s with G free.
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Example 1B.3. The infinite-dimensional projective spacis a K(Z,,1) since its
universal cover is S®, which is contractible. To show the latter fact, a homotopy from
the identity map of S to a constant map can be constructed in two stages as follows.

This takes nonzero vectors to nonzero vectors for all t € [0,1], so f;/|f;| gives a ho-
motopy from the identity map of $* to the map (x, x5, ---) — (0,x,,X,,---). Thena

First, define f;:R*”—R% by f,(x,x,, +-) = (1 — £)(xy, X5, -+) + t(0,x, X5, ++). g ?/)2

homotopy from this map to a constant map is given by g,/1g;| where g, (x,x,,--+) = }R ,0 ee A ~L€(
] (]-_t)(osxl’ny)+t(110101) - (
L K Cnz 1)
Example 1B.4. Generalizing the preceding example, we can construct a K (Z,,,1) as/) - !
an infinite-dimensional lens space $*/Z,,, where Z,, acts on S%, regarded as the /

unit sphere in C*, by scalar multiplication by m ! roots of unity, a generator of this

action being the map (z,,2,,---) — e>™/™(z,,z,,---). Itis not hard to check that

K (ZAZ, 1) - rpes
rz *-c@@qw‘—vy\@/x

this is a covering space action.
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- Bg = ]iG/G, and BG isa K(G, 1)

X

Here is a list of important fundamental groups \

» Spheres S”

Z ifn=1

A\
m(sn)%{l ifn>1 PVMM/?)

» Torus T, real projective plane RP? and Klein bottle K

@ ~ 72, m(RP?)2Z/2Z, m(K)= (A1, B, A B | AlBlAlBl_@

» Orientable surfaces M, ;, of genus g > 0 and b boundary points

7I'1(Mg’b) = <A1, Bl, ...,Ag, Bg,Z]_, .y Zp | [A]_, B]_] . [Ag, Bg] = Z]_...Zb>2

» Various topological groups G/(C (all have commutative fundamental group)
G | R Q)] GL ) | SL(n) | SO(2) | SO(>2) | Sp(n) é/

m1[1] 2 | 1 [ & | 22 | 1

{Eundamental group of a - is w1 () = *.Z where e runs over edges )

\_ not contained in a spanning tree (discussed in a previous video)
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