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The singular homology of the involved pieces
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A topological pair (X, A): A space X and a subspace A (with subspace topology)
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Algebra || Topology

W=V V/W]| C(A) = C(X) > C(X,A)
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» Relative homology H, (X, A) is the homology of Cyu(X, A) = o (X)/C(A)
@(X, A) %gg*(mH*(A) in general
@) % H.(X,A) in general — but almost

B~ (X A) sl [0S X//I’E@MXH,
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Outside zeros are often omitted, e.g.
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Given the following setup for a topological pair (X, A):

( the inclusion of A into X

—(b) w4 be induced by the projection C.(X) — C.(X, A) 4[4%?7

() n

be the map that takes a relative cycle to its /’

D0 H(X,A) = Hoa(A)
- boundary - H/X ~ H//J) 1] /[y 2}

» There exists an exact sequence
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A (long) exact sequence is almost like a long sequence of @:

(. o Ha(A) 2 ™y Ho(X, A)Hn_l(A) - ) “=7 1, (X) 2 Ho(A) @ Hp(X, A) @ “ is not zero”
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» A # () closed subspace+deformation retract of some ne|ghborhood in X, then

The tilde means “get rid of the zero homology” (reduced homology)
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U,V «~ cylinder, U N V «~ two cylinders
————— T N——

» The Hilbert—Poincaré polynomials are

P(X)=1+2t+t> PWU)=P(V)=1+t, PUNV)=2+42t

> - Is there any relation between these?

~ » We get inequations on Hilbert—Poincaré polynomials:

1+2t+ 2 <(1+t)+(1+1t)+t-(2+2t)

(1+t)+(1+t)<(1+2t+t2)+(2+2t)

G(U) +P(V) < P(X)+ P(UN w@

t-(2+2t) <t - (L4+t)+(1+1)) + (1 +2t+ %)

EPUAV) S (PU)+ POV +PX) &7
» The Mayer—Vietoris sequences tells you what to do to get equalities



For X any topological space with subspaces U, V whose interior cover X, we have
—
an exact sequence

— H. (Uw//"\ /\)
9y Hy(un vy B g (U)@H(V) Hy f(UN V) = -

S HU(X) 2 Ho(un vy HO(U)GBHO(V) kel Ho(X) = 0
This needs a choice of order for U. V
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» Here we use the inclusions ¢,7: UNV < U,V and k,[: U,V — X
» The boundary map 0, lowers the degree

» The three ways to cut out three bits give the inequations, e.g.

P(X) < P(U)+P(V)+t-PUNV)

Boundaries 0,: H,(X) — H,_1(UN V)

U =VHUnV

» A cycle x in Hp(X) is sum of two chains u,v in U, V

> Oh(x) =0ph(u+v)=0= 0,(u) = —0n(v) / 1y N\

> Both, 9,(), d,(v) lie in Hy(LLO1 V) Ho(x) — B, (U AVS
» Define ,(x) = 9,(u) € Hp_1(UN V) { () = (’\ )
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m 1 gives a way to interpret integers as elements of any rin@

» Formally this can be encoded using — ®7 R
» We get C.(X, R) = C.(X) ®z R chain complexes with coefficients

» Some numbers will become invertible or zero (divisors) in C.(X, R)
e A, Z — Z/r7
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H(RP>,7./27) = 7./ 2.
I\RP™, 2/22) = Z/22

ZJ27 if n=0orn odd
H,(RP*®) ®z Z]27 = Different

— 0 else J

|

(We get H.(X, R) =homology of C.(X, R) homology with coefﬁ®

» We could also naively change coefficients H.(X) ®z R
Qhe UCT |measures the difference between H, (X, R) and H,(X) ®j@




For any Z-module R singular homology satisfies

» There exists an 'exact sequence

I /\/\—/\——-
o 0 = (Hyp(X) ®z R) = Hy(X, R) = Tor(Ha_1(X),R) = 0

» This sequence splits (not naturally)

o || Mif

— » We have a /direct sum decomposition

W(X, R) = ®ZR aa

~ » Zis hence the “universal” coefficient group

— » Tor(H,—1(X), R) measures how far _ ®z _ is from being exact

» This is a statement “in algebra” and holds more generally

Tor(A, B) is the homology of any free resolution of A tensored with B

Tor measures the failure of _ ®7 _ being exact:

0—-B—C— D — 0 exact =

0 — Tor(A, B) — Tor(A, C) — Tor(A,D) - A®z B - A®z C - A®z D — 0 exact

Basic tools for computing Tor:

» Tor(A, B) = Tor(B, A) Commutative

> Tor(@P, Ar, B) = @, Tor(A;, B) Additive
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» Tor(A,B) =0 if Aor B is torsionfree |Often trivial , e.g. Tor(Q, B) =
(

» Tor(Z/nZ, B) = ker(B - B) Torsion , e.g. Tor(Z/nZ,7) = 7./nZ
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(X * \/)gj/) Hix) @ I

B Hu(X,R)@r Hy(Y,R) = Ha(XxY,R) = @ Tor®(Hy(X,R), Hg(Y,R))

Let X, Y be any topological spaces, and R a PID
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» There are short (non-naturally) splitting exact sequences

p+q=n—1

» There are isomorphism of Q-vector spaces
H.(X,Q) ®q H«(Y,Q) = H.(XXY,Q)

No error terms S

» In particular, P(XXY)
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( A homologx theory H., ls atisfying the dimension axiom fis a functor

H,: Top — Zmod from pairs of topological spaces to Z-modules together with
boundary maps 0 = 0,(X,A): H n(X,A) — H,_1(A,0) = H,_1(A) satisfying:

J » Homotopic maps induce the same map in homology 'Homotopy invariance &~

» If (X, A) is a pair and U C A such that its closure is contained in the interior
of A, then the inclusion

W v (X \U,A\ U) = (X, V)

induces an isomorphism in homology Excision

» Each (X, A) induces a long exact sequence

R S HA(A) S HL(X) B HL (X, A) R H, (A) -

via the inclusions i: A< X and j: X — (X, A) | Exactness
» Direct sums @, H(X;) correspond to disjoint unions [[. X;: they are
isomorphic by the inclusions (;), @ «~ [] @e—> U
@(point) = 0 for all n > 0, and Hp(point) = j

Vv

Theorem. Let X be a cell complex. Then up to equivalence, there is only one homology theory satlsfymg the
dimension axiom.
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» Singular homology is a homology theory satisfying the dimension axiom

» Singular homology is up to equivalence the only such theory (for all reasonable input spaces)
Uniqueness

» This implies that

» Mayer—Vietoris and co. follow from the abstract theory.

(for all reasonable input spaces)

» Omne can compute e.g. the homology of sphe the axioms alone and thus, proof theorems such as
( Brouwer’s fixed point theore@ and‘the hairy ball theorem
No explicit arguments needed




