ADDITIONAL NOTES FOR THE PAPER “CELLULAR STRUCTURES
USING U,-TILTING MODULES”
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ABSTRACT. This eprint contains additional notes for the paper “Cellular structures using
U ,-tilting modules”. We recall some basic notions about representation and tilting theory
for Uq(g), and give some proofs are omitted in the published version.
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1. INTRODUCTION

In this note we first recall some facts, notions and notations about the representation theory
of quantum enveloping algebras attached to some Cartan datum. (In particular, results that
are useful to understand the construction in [6].) This is done in Section 2 and Section 3,
where we stress that almost all results are known, but, to the best of our knowledge, were
never collected in one document before.

Second, we give a more detailed construction of the cellular bases for the Temperley—Lieb
algebras given in [6, Section 6B], which we also use to deduce semi-simplicity criteria as well
as dimension formulas for the simple modules of the Temperley—Lieb algebras. This is done
in Section 4. Again, no of the results are new, but might be helpful to understand the novel
cellular bases obtained in [6, Section 6B].

We stress that we throughout have (almost no) restriction on the underlying field or the

quantum parameter q.
1
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Additional remarks. We hope that this note provides an easier access to the basic facts on
tilting modules adapted to the special quantum group case than currently available (spread
over different articles) in the literature. The paper [6] — as well as [5] — follow the setup here.

We might change this note in the future by adding extra material or by im-
proving the exposition.

The first two sections of this note can be read without knowing any results or notation
from [6], but Section 4 depends on the construction from [6] in the sense that we elaborate the
arguments given therein (we only recall the main results). We hope that all of this together
will make [6] (and [5]) reasonably self-contained.

2. QUANTUM GROUPS AND THEIR REPRESENTATIONS

In the present section we recall the definitions and results about quantum groups and their
representation theory in the semisimple and the non-semisimple case. From now on fix a field
K and set K* = K — {0, —1}, if char(K) > 2, and K* = K — {0}, otherwise.

2A. The quantum groups U, and U,. Let ® be a finite root system in an Euclidean space
E. We fix a choice of positive roots ®+ C ® and simple roots II C ®T. We assume that we
have n simple roots that we denote by ay, ..., a,. For each o € ®, we denote by oV € ®V the
corresponding coroot, and we let p = %Z aca+ @ be the half-sum of all positive roots. Then
A = ((oi,a));—y is called the Cartan matriz.

As usual, we need to symmetrize A and we do so by choosing for ¢ = 1,...,n minimal
d; € Z>o such that (d;a;;)7;_; is symmetric. (The Cartan matrix A is already symmetric in
most of our examples. Thus, d; =1 for alli =1,...,n.)

By the set of (integral) weights we mean X = {\ € E | (\, ) € Z for all a; € II}. The
dominant (integral) weights X are those A € X such that (A, ;) > 0 for all a; € II.

The fundamental weights, denoted by w; € X for i =1,...,n, are characterized by

<w¢,ajV> =06;; forallj=1,...,n

Recall that there is a partial ordering on X given by p < X if and only if A — p is an
Z>p-valued linear combination of the simple roots, that is, A — pu = Z?:l a;oy with a; € Z>g.

Example 2.1. One of the most important examples is the standard choice of a Cartan datum
(A, TI, ®, 1) associated with the Lie algebra g = sl for n > 1. Here E = R"*1/(1,... 1)
(which we identify with R™ in calculations) and Il = {a; = ¢; —€;41 | ¢ = 1,...,n}, where the
gi’s denote the standard basis of E. The positive roots are @ = {g; —¢; | 1 <i < j<n+1}
with maximal root cg = €1 — €p41. Moreover,

n+1 n+1
p=3) (n=201-1))e =) (n—i+1)e—3(n,...,n).
i=1 i=1
(Seen as a sl,,1-weight, i.e. we can drop the —%(n, coym).

)
The set of fundamental weights is {w; =e1 +---+¢; | 1 <i < n}. For explicit calculations
one often identifies .
A= Z a;w; € X +
i=1

with the partition A = (A; > --- > X, >0) given by \py = > /" ya; for k=1,...,n. A
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As some piece of notation, for a € Z and b,d € Z>g, |a]q denotes the a-quantum integer
(with [0]4 = 0), [b]4! denotes the b-quantum factorial. That is,
,Uad _ ,U—ad

lala = —5——5 laJ=I[a}y and [b]g!=[1]g---[b—1]a[bla, [b]! = [b]1!

vd —p—d
(with [0]4! = 1, by convention) and
[a] _alala—1]g---la— b+ 2]4la — b+ 1]y [a] B [a}
bl, [b]4! b b,
denotes the (a,b)-quantum binomial. Observe that [—als = —[al4.
Next, we assign an algebra U, = U,(A) to a given Cartan matrix A. Abusing notation,

we also write U,(g) etc. if no confusion can arise. Here and throughout, v always means a
generic parameter, while ¢ € K* will always mean a specialization (to e.g. a root of unity).

Definition 2.2. (Quantum enveloping algebra — generic.) Given a Cartan matrix A,
then the quantum enveloping algebra U, = U,(A) associated to it is the associative, unital
Q(v)-algebra generated by Klil, ...,Kf" and Ey, Fy,..., E,, F,, where n is the size of A,
subject to the relations

Kin = KjKi, KiKi_l = K,L_le =1,

KB = v B, K;,  K;Fj = v %% FK;,

Ki—K!

s 1-— aij r s . . .

> (-1 . ETE;E; =0, if i#j,
r4+s=1—a;; i

S 1 - al] I8 S . . .

> (-1 ) E'FjFf =0, if i#
r+s=1—a;; i

with the quantum numbers as above. A

It is worth noting that U, is a Hopf algebra with coproduct A given by
AB)=E®1+KeE, AFR)=FoK '+1aF, A(K)=K K,
The antipode S and the counit ¢ are given by
S(E;))=-K;'E;, S(F)=-FK; S(K;)=K",
e(E;) =¢e(F;) =0, e(K;) =1

We want to “specialize” the generic parameter v of U, to be, for example, a root of unity
q € K*. In order to do so, let &7 = Z[v,v™!].

Definition 2.3. (Lusztig’s </-form Ug,.) Define for all j € Z>¢ the j-th divided powers

; J , J
EZ.(j ) = ,E’ and FZ-(] ) = Fl .
[i]a;! []a;!

Then U, = Uy (A) is defined as the «7-subalgebra of U, generated by KZ-,Ki_l, Ei(j) and
FY fori=1,...,nand j € Zso. A
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Lusztig’s «7-form originates in [25] and is designed to allow specializations.

Definition 2.4. (Quantum enveloping algebras — specialized.) Fix ¢ € K*. Consider
K as an @/-module by specializing v to gq. Define

U,=0,(A)=Uy s K

Abusing notation, we will usually abbreviate EZ»(j ) ®1¢€ U, with EZ-(j ), Analogously for the
other generators of Uy,. A

Note that we can recover the generic case U, by choosing K = Q(v) and ¢ = v.

Example 2.5. In the sly case and the datum A as in Example 2.1 above, the Q(v)-algebra
U, (sly) = Uy(A) is generated by K and K—! and E, F subject to the relations
KK '=K 'K =1,
K—-K™!
EF -FE=——_,
v —v
KE =v*EK and KF =v?FK.

We point out that U,(sly) already contains the divided powers since no quantum number
vanishes in Q(v). Let ¢ be a complex, primitive third root of unity. Thus, ¢+¢ ! = [2] = —1,
PH+1+qg?=[3]=0and ¢ +¢' +¢ ' +¢ 3= [4] = 1. More generally,

l[a] =i € {0,+1,—1}, i =amod 3.

Hence, Uy (sly) is generated by K, K1 E,F E® and F® subject to the relations as above.
(Here E®), FG) are extra generators since E® = [3]!E®) = 0 because of [3] = 0.) This is
precisely the convention used in [18, Chapter 1], but specialized at q. A

It is easy to check that U, is a Hopf subalgebra of U,, see [23, Proposition 4.8]. Thus, U,
inherits a Hopf algebra structure from U,.

Moreover, it is known that all three algebras—U,, U, and U,—have a triangular decom-
position

U, =U,Uu)uf, U,=U_U%U} = U,=U,UJUS,

where U, , U_,, U denote the subalgebras generated only by the F;’s (or, in addition, the
divided powers for U_, and U;) and U, U;’i, U;r denote the subalgebras generated only by
the E;’s (or, in addition, the divided powers for U:,; and U;r). The Cartan part US is as usual
generated by Kj, K;l for i = 1,...,n. For the Cartan part Ugj one needs to be a little bit
more careful, since it is generated by

Ki _ ﬁ Kﬂ)di(l—s) o K;l’u_di(l_s)
t

1) Ko |

e Udls —v d;s

fori=1,...,n and t € Z>¢ in addition to the generators Kj, K;l. Similarly for Ug.
Roughly: the triangular decomposition can be proven by ordering F’s to the left and E’s

to the right using the relations from Definition 2.2. (The hard part here is to show linear

independence.) Details can, for example, be found in [18, Chapter 4, Section 17] for the

generic case, and in [25, Theorem 8.3(iii)] for the other cases.
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Note that, if ¢ = 1, then U, modulo the ideal generated by {K; —1|i=1,...,n} can be
identified with the hyperalgebra of the semisimple algebraic group G over K associated to the
Cartan matrix, see [19, Part I, Chapter 7.7].

2B. Representation theory of U,: the generic, semisimple case. Let A\ € X be a
U,-weight. As usual, we identify A\ with a character of UY (an algebra homomorphism to

Q(v)) via
A UY = QKT ..., K] = Qu), KFf— o) -1 n

Abusing notation, we use the same symbols for the U,-weights A and the characters A.
Moreover, if € = (eq,...,€,) € {£1}", then this can be viewed as a character of UY via

e UV =Q)[KT,...,Kf] = Qv), Kfw— +e, i=1,...,n.

This extends to a character of U, by setting e(E;) = e(F;) = 0.
Every finite-dimensional U,-module M can be decomposed into

M =P M,
A€

My ={m e M |um = Au)e(u)m,u € UY}

where the direct sum runs over all A € X and all € € {+1}", see [18, Chapter 5, Section 2].
Set My = @y M) 1,..,1) and call a U,-module M a U,-module of type 1 if My = M.

(2)

Example 2.6. If g = sly, then the U, (sly)-modules of type 1 are precisely those where K has
eigenvalues v* for k € Z whereas type —1 means that K has eigenvalues —v*. A

Given a U,-module M satisfying (2), we have M = P _M; ® e. Thus, morally it suffices
to study U,-modules of type 1, which we will do in this paper:

Assumption 2.7. From now on, all appearing U,-modules are assumed to be of type 1 and
we omit to mention this in the following. Similarly for U,-modules later on. A

Proposition 2.8. (Semisimplicity: the generic case.) The category U,-Mod consisting
of finite-dimensional U,-modules is semisimple. O

Proof. This is [4, Corollary 7.7] or [18, Theorem 5.17]. |

The simple modules in U,-Mod can be constructed as follows. For each A € X set
Vo(A) =IndJ> 0 Q(v),

called the dual Weyl U,-module associated to A\ € X*. Here Q(v), is the one-dimensional
U, U%module determined by the character A (and extended to U, UY via A\(F;) = 0) and

InngUO(-) is the induction functor from [4, Section 2], i.e. the functor

Indg:,Ug : U, U)-Mod — U,-Mod, M’ — F(Homy (U, M'))

obtained by using the standard embedding of U; UY < U,,. Here the functor F—as given in
[4, Section 2.2]—assigns to an arbitrary U,-module M the U,-module

(2

F(M) = {m € @rex My | EVm=0=F"m foralli€Zso and for r > 0} .
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(Which thus, defines 7 (M) for M = Homy-yo(Uy, M').)

It turns out that the V,(\) for A € X form a complete set of non-isomorphic, simple
U,-modules, see [18, Theorem 5.10]. Moreover, all M € U,-Mod have a U,-weight space
decomposition, cf. (2), i.e.:

(3) M:@M)\:@{meM!um:/\(u)m,ueUg}.
AeX AeX

Remark 1. One can show that the category U,(g)-Mod is equivalent to the well-studied
category of finite-dimensional U(g)-modules, where U(g) is the universal enveloping algebra
of the Lie algebra g. A

By construction, the U,-modules V, () satisfy the Frobenius reciprocity, that is, we have
(4) Homy, (M, V(X)) =2 Homy—0 (M, Q(v)y) for all M € U,-Mod.
Moreover, if we let ch(M) denote the (formal) character of M € U,-Mod, that is,

ch(M) = " (dim(My))y* € Z[X][y).
AeX

(Recall that the group algebra Z[X], where we regard X to be the free abelian group generated
by the dominant (integral) U,-weights X, is known as the character ring.) Then we have

(5) ch(V,(\) = x(\) € Z[X][y] forall A€ XT.

Here x(A) is the so-called Weyl character, which completely determines the simple U,-mo-
dules. In fact, x(\) is the classical character obtained from Weyl’s character formula in the
non-quantum case (cf. Remark 1). A proof of the equation from (5) can be found in [4,
Corollary 5.12 and the following remark], see also [18, Theorem 5.15].

In addition, we have a contravariant, character-preserving duality functor

(6) D: U,-Mod — U,-Mod

that is defined on the Q(v)-vector space level via D(M) = M* (the Q(v)-linear dual of M)
and an action of U, on D(M) is defined by

uf =m— f(w(S(u)m), meM,uecU,,feDM).

Here w: U, — U, is the automorphism of U, which interchanges F; and F; and interchanges
K; and K, !, see for example [18, Lemma 4.6]. Note that the U,-weights of M and D(M)
coincide. In particular, we have D(V,(\)) = A,(A\), where the latter U,-module is called
the Weyl U,-module associated to A € X . Thus, the Weyl and dual Weyl U,-modules are
related by duality, since clearly D? = idy,-Mod-

Example 2.9. If we have g = sly, then the dominant (integral) slo-weights X can be
identified with Z>.

The i-th Weyl module A, () is the i + 1-dimensional Q(v)-vector space with a basis given
by my, ..., m; and an U,(sly)-action defined by
i—k+jJ

(7) Kmg =0 *my, EDmy, = [ ]mk_j and FUm, = [ jj] M5,
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with the convention that mo = m~; = 0. For example, for i = 3 we can visualize A,(3) as

»—3 p1 ol »t3

() om O @ U)o ()

(8) m3 < m2 my mo,
3 2 ]

Character: y=2 +y ' + ¢! + 45,

where the action of E points to the right, the action of F' to the left and K acts as a loop.
Note that the U,(sly)-action from (7) is already defined by the action of the generators
E,F,K*! For U,(sl2) the situation is different, see Example 2.13. A

2C. Representation theory of U,: the non-semisimple case. As before in Section 2A,
we let ¢ denote a fixed element of K*.
Let A € X be a Ug-weight. As above, we can identify A with a character of U?j via

AU o KT e prdilhed) R <>\vaz‘v> -

U, , ; ) il it ; d, t=1,...,n, t € Z>o,
which then also gives a character of Ug. Here we use the definition of f(,-’t from (1). Abusing
notation again, we use the same symbols for the Ug-weights A and the characters A.

It is still true that any finite-dimensional Ug,-module M is a direct sum of its Ug,-weight
spaces, see [4, Theorem 9.2]. Thus, if we denote by U,-Mod the category of finite-dimensional
U,-modules, then we get the same decomposition as in (3), but replacing Ug by Ug.

Hence, in complete analogy to the generic case discussed in Section 2B, we can define the
(formal) character x(M) of M € U;-Mod and the (dual) Weyl Ug-module Ag(X) (or Vg4(N))
associated to A € X .

Using this notation, we arrive at the following which explains our main interest in the root
of unity case. Note that we do not have any restrictions on the characteristic of K here.

Proposition 2.10. (Semisimplicity: the specialized case.) We have:

g € K* — {1} is not a root of unity,

U,-Mod is semisimple < .
g = %1 € K with char(K) = 0.

Moreover, if U,-Mod is semisimple, then the V4 (A)’s for A € X form a complete set of
pairwise non-isomorphic, simple Ug-modules. O

Proof. For semisimplicity at non-roots of unity, or ¢ = +1, char(K) = 0 see [4, Theorem 9.4]
(and additionally [24, Section 33.2] for ¢ = —1). To see the converse: (most of) the V,(\)’s
are not semisimple in general (compare to Example 2.13). |

Remark 2. In particular, if K = C, ¢ = 1 and the Cartan datum comes from a simple
Lie algebra g, then, U;-Mod is equivalent to the well-studied category of finite-dimensional
U(g)-modules. This is as in the generic case, cf. Remark 1. A

Thus, Proposition 2.10 motivates the study of the case where ¢ is a root of unity.

Assumption 2.11. If we want g to be a root of unity, then, to avoid technicalities, we assume
that ¢ is a primitive root of unity of odd order [ (a treatment of the even case, that can be used
to repeat everything in this paper in the case where [ is even, can be found in [2]). Moreover,
if we are in type Ga, then we, in addition, assume that [ is prime to 3. A
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In the root of unity case, by Proposition 2.10, our main category U,-Mod under study is no
longer semisimple. In addition, the U -modules V() are in general not simple anymore, but
they have a unique simple socle that we denote by Ly(A). By duality (note that the functor
D(-) from (6) carries over to U,-Mod), these are also the unique simple heads of the Ay(\)’s.

Proposition 2.12. (Simple U,-modules: the non-semisimple case.) The socles L, ()
of the V4(\)’s are simple Ugmodules Ly(\)’s for A € X*. They form a complete set of
pairwise non-isomorphic, simple Ug-modules in U,-Mod. O

Proof. See [4, Corollary 6.2 and Proposition 6.3]. [ |

Example 2.13. With the same notation as in Example 2.9 but for ¢ being a complex, primitive
third root of unity, we have [3] = 0 and we can thus visualize A4(3) as

g3 g1 qt! qt3
(Y 41 0 =2 04 o (U
ms mo Zmq mo,

) N
+1/
Character: y—° +y 1 + ¢! + 45,

where the action of F points to the right, the action of F' to the left and K acts as a loop. In
contrast to Example 2.9, the picture in (9) also shows the actions of the divided powers FE ()
and F® as a long arrow connecting mgo and ms (recall that these are additional generators
of Uy(sly), see Example 2.5). Note also that, again in contrast to (8), some generators act on
these basis vectors as zero. We also have F®)m; = 0 and E®)mgy = 0. Thus, the C-span of
{m1, ma} is now stable under the action of Uy(sls).

In particular, Ly(3) is the Ug(slz)-module obtained from Ay(3) as in (9) by taking the
quotient of the C-span of the set {m, ma}. The latter can be seen to be isomorphic to L,(1).

We encourage the reader to work out its dual case V,(3). Here the result, using the same
conventions as before:

(]7\2 +1 (17\2 N OV B O
ms mo m1 mo,

Character: y~2 +y ' + ¢! + ¢,

Note that V,(3) has the same character as A4(3), but one can check that they are not equiv-
alent. This has no analog in the generic sly case.

It turns out that Ly(1) is a Ug-submodule of Ay(3) and Ly(3) is a Ug-submodule of V,(3)
and these can be visualized as

g1 gt1 g3 g3
IR SN
Ly(1)= moz——my and L4(3)= mjz——=m],

-1 +1

where for L,(3) the displayed actions are via E®) (to the right) and F®) (to the left). Note
that Ly(1) and Ly(3) have both dimension 2. Again, this has no analogon in the generic sly

~

case where all simple U,-modules L, (i) = A, (i) = V,(i) have different dimensions. A
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A non-trivial fact (which relies on the g-version of the so-called Kempf’s vanishing theorem,
see [32, Theorem 5.5]) is that the characters of the V,())’s are still given by Weyl’s character
formula as in (5). (By duality, similar for the A;(\)’s.) In particular, dim(V4(A)) = 1 and
dim(Vg(A),) = 0 unless ¢ < A. (Again similar for the Ay(\)’s.)

Example 2.14. We have calculated the characters of some (dual) Weyl U,-modules in Ex-
ample 2.9, and in case of U, in Example 2.13. They agree, although the modules behave
completely different. A

On the other hand, the characters of the L,(\)’s are only known if char(K) = 0 (and
“big enough” ). In that case, certain Kazhdan—Lusztig polynomials determine the character
ch(L4(N)), see for example [36, Theorem 6.4 and 7.1] and the references therein.

3. TILTING MODULES

In the present section we recall a few facts from the theory of U,-tilting modules. In the
semisimple case all Ug-modules in U,-Mod are Ug-tilting modules. Hence, the theory of
U,-tilting modules is kind of redundant in this case. In the non-semisimple case however the
theory of U,-tilting modules is extremely rich and a source of neat combinatorics. For brevity,
we only provide some of the proofs. For more details see for example [13].

3A. U;-modules with a A,- and a V-filtration. As recalled above Proposition 2.12, the
U,-module Ay(\) has a unique simple head L,(\) which is the unique simple socle of V().
Thus, there is a (up to scalars) unique U, -homomorphism

(10) A Ay(\) = V4(\)  (mapping head to socle).

To see this: by Frobenius reciprocity from (4)—to be more precise, the g-version of it which
can be found in [4, Proposition 2.12]—we have

Homuy, (Ag4(N), V4(A)) = HomU;Ug (Ay(N),K))

which gives dim(Homuy, (Aq(A), V4(A))) = 1. This relies on the fact that Ay(\) and Vg ())
both have one-dimensional A-weight spaces. The same fact implies that Endy, (Le())) = K
for all A € X, see [4, Corollary 7.4]. (Note that this last property fails for quasi-hereditary
algebras in general when K is not algebraically closed.)

Theorem 3.1. (Ext-vanishing.) We have for all A,y € Xt that

Ke*, ifi=0and A = p,

Exti; (Aq(\), V =
XUq( ¢(A), Vg(1)) {O, clse. 0

Although the category U,-Mod has enough injectives in characteristic zero, see [1, Propo-
sition 5.8] for a treatment of the non-semisimple cases, this does not hold in general. Hence,
in the following, we will use the extension functors Ext{;q in the usual sense by passing to
the injective completion of U,-Mod. One can find the precise definition of this completion
in [22, Definition 6.1.1] (where it is called indization). In this framework one can then work
as usual thanks to [22, Theorem 8.6.5 and Corollary 15.3.9 and its proof], and so our formal
manipulations in the following make sense.
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Proof. Denote by W and WV~ the categories of integrable Ug and U2Uq_-modules respec-
tively. Then, for any Ug—module M:

MeW’ e M= M,
AeX
Similarly, for any Uqu_—module M’

for all m’ € M’ there exists r € Z>q
M e W'~ & M € W° and holds.

such that Fi(r)m’ =0foralli=1,...,n

Moreover, let W denote the category of integrable Uq—modulesl.
Below we will need a certain induction functor. To this end, recall the functor F which to
an arbitrary Ug—module M € WY assigns

F(M)={m e @yexMx| F'm =0 forall i € Zsg and for r > 0},
see [4, Section 2.2]. Then set
(11) Imdo : W0 — WO, M s F(Homyyo(UU, , M)).
(Obtained by using the standard embedding of Ug — USU;, see [4, Section 2.4].)
Recall from [4, Section 2.11] that this functor is exact and that
0 _
IndYo (M) = (M) @ K[U,]-»).
AeX
Here K[U_ ] is the quantum coordinate algebra for U, (see [4, Section 1.8]). Note in particular
that the weights A € X of K[U_] satisfy A > 0 with A = 0 occurring with multiplicity 1.

If A\ € X, then we denote by Ky € W the corresponding one-dimensional Ug—module.
This modules extends to Uqu_ by letting all Fi(r)’s act trivially for » > 0 and we, by abuse
of notation, denote this USUq_—module also by K.

Claim3.1. We claim that

A K, ifi=0and A=0
12 Exti o (Ko, Ky) 24 ’
(12) Kyyo- (Ko, Kx) {o, ifi>0and A £ 0,

for all A € X.

Proof of Claim3.1. The ¢ = 0 part of this claim is clear. To check the ¢ > 0 part, we construct
an injective resolution of Ky as follows.

We set Ip(A) = Ind%87 (Ky). Note that K is a Uqu_—submodule of Ip(\). Thus, we may
define the quotient Q1(\) = Ip(A)/Qo(A) by setting Qo(A) = K.

This pattern can be repeated: define for k > 0 recursively

I(N) = IndW¥ (Qx(V),  with Qu(A) = -1 (\)/Qr—1(\)

1We need to go to the categories of integrable modules due to the fact that the injective modules we use are
usually infinite-dimensional. Furthermore, we take UgU; here instead of U, Ug, since we want to consider
USU; as a left Ug-module for the induction functor.
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and obtain
(13) 0= Ky <= Iho(A\) — Li(A) — -
All Ug—modules in WY are clearly injective and the functor from (11) takes injective Ug—mo—

dules to injective UgU;—modules (see [4, Corollary 2.13]). Thus, (13) is an injective resolution
of Ky in W°~. Moreover, by the above observation on the weights of K[Uq_], we get

In(A), =0 forall u20,
I(A\), =0 forall p#0, k>0.
It follows that Homy,y- (Ko, Ix()A)) = 0 for k£ > 0 which shows the second line in (12).

Note now that
(14) Ext}0- (Ku, Ky) = Extl o (Ko, Ka—y)
for all ¢ € Z>g and all A\, € X.

Let M € WY be finite-dimensional such that no weight of M is strictly bigger than A € X.
Then (12) and (14) imply

(15) Ext}o- (M,Ky) =0 for all k > 0.

We are now aiming to prove the Ext-vanishing theorem. Recall that V,()\) = Indwo,KA.
From the g-version of Kempf’s vanishing theorem—see [32, Theorem 5.5]—we get
(16) Extyy (Aq(A), Vo(u)) = EXt%/\;O* (Ag(A), Kp).

Thus, the Ext-vanishing follows for u £ A from (15). So let © < A. Recall from above
that the character-preserving duality functor D(-) as in (6) satisfies D(V4(\)) = Aq(X) and
D(Aq(N)) = V4(A) for all X € X+, This gives
Extiy(8q(A), Vo(1)) = Extiy (Aq (1), V(A).
Thus, we can conclude as before, since now A £ p. Finally, if ¢ = 0, then (16) implies
~ K, lf )\ = /,L,
HomW(AZI()‘)v vq(ﬂ)) = HomWO* (AZI()‘)aK/L) = {0 " g \

If u < A, then we apply D as before which finally shows that

Ke*, A= p,

Homwy (Aq(A), V(1)) = {0 else

for all A\, € X*. This proves the statement since U,-Mod is a full subcategory of W. R

Definition 3.2. (A,- and Vfiltration.) We say that a Us-module M has a A,-filtration
if there exists some k € Z>o and a finite descending sequence of U,-submodules
M=My>DM;D---DMy DD M_1DM,=0,

such that My /My 11 =2 Ay(Ap) for all & =0,...,k — 1 and some A\ € X .
A V-filtration is defined similarly, but using V() instead of A4()) and a finite ascending
sequence of Ug-submodules, that is,

OZMOCM]_C"‘CMk/C"'CMk_ICMk:M’
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such that M1 /My = V(M) for all ¥ =0,...,k — 1 and some \py € X . A

We denote by (M : Ag(X)) and (N : V4(X)) the corresponding multiplicities, which are
well-defined by Corollary 3.4 below. Clearly, a Us,-module M has a A-filtration if and only
if its dual D(M) has a V- filtration.

Example 3.3. The simple Ug-module Ly(\) has a Ag-filtration if and only if Ly (A) =2 Ag(N).
In that case we have also Lg(\) = V4(X) and thus, Ly(\) has a V-filtration as well. A

A corollary of the Ext-vanishing Theorem 3.1 is:

Corollary 3.4. Let M,N € U,-Mod and A € X*. Assume that M has a Ag-filtration and
N has a Vgfiltration. Then

dim(Homy, (M, V¢()))) = (M : Ay(N)) and  dim(Homy, (Ag(N), N)) = (N : V4(N)).
In particular, (M : Agy(\)) and (N : V4(A)) are independent of the choice of filtrations. [

Note that the proof of Corollary 3.4 below gives a method to find and construct bases of
Homy, (M, V4())) and Homy, (A4(N), V), respectively.

Proof. Let k be the length of the A,-filtration of M. If k = 1, then

(17) dim(Homy, (M, V() = (M : Ag(N))
follows from the uniqueness of ¢* from (10). Otherwise, we take the short exact sequence
0 M'C M Ag(p) ——0

for some p € Xt. Since both sides of (17) are additive with respect to short exact sequences
by Theorem 3.1, the claim in for the A,’s follows by induction.
Similarly for the V,’s, by duality. ]

Fix two Ug-modules M, N, where we assume that M has a Ag-filtration and N has a
Vfiltration. Then, by Corollary 3.4, we have

(18) dim(Homy, (M, N)) = Z (M = Ag(N)(INV = Vg(N)).
AeX+
We point out that the sum in (18) is actually finite since (M : Aq4(A)) # 0 for only a finite
number of A € X*. (Dually, (N : V4())) # 0 for only finitely many A € X*.)
In fact, following Donkin [12] who obtained the result below in the modular case, we can
state two useful consequences of the Ext-vanishing Theorem 3.1.

Proposition 3.5. (Donkin’s Ext-criteria.) The following are equivalent.
(a) An M € Uj,-Mod has a Ag-filtration (respectively N € U;-Mod has a V- filtration).
(b) We have Exty (M, Vg4(A)) = 0 (respectively Exty (Ag(A), N) = 0) for all A € Xt
and all ¢ > 0.
(c) We have Ext%;q(M, V4(X)) = 0 (respectively Ext%q(Aq()\), N)=0)forall A e X*. O

Proof. As usual: we are lazy and only show the statement about the A,-filtrations and leave
the other to the reader.

Suppose the Ug,-module M has a Ay-filtration. Then, by the results from Theorem 3.1,
Extzﬁq (M,Vg4(X) =0 for all A € X* and all ¢ > 0—which shows that (a) implies (b).
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Since (b) clearly implies (c), we only need to show that (c) implies (a).

To this end, suppose the Uj,-module M satisfies Ext%q(M, VyA)=0foral A e Xt. We
inductively, with respect to the filtration (by simples L,(\)) length ¢(M) of M, construct the
Agfiltration for M.

So, by Proposition 2.12, we can assume that M = L,()) for some A € X .

Consider the short exact sequence

pro*

(19) 0 —— ker(pro*)—— A, (\) — Ly(\) —— 0.
By Theorem 3.1 we get from (19) a short exact sequence for all p € X of the form
0 +— Homuy, (ker(pro*), V(1)) 4— Homuy, (A4(N), V(1)) «+—Homu, (Lg(A), Vg(u)) +— 0.

By Theorem 3.1, Homy, (Aq(A), V(n)) is zero if p # A and one-dimensional if 4 = A. By con-
struction, Homy, (Lq()), V4(A)) is also one-dimensional. Thus, Homy, (ker(pro*), V4 (u)) = 0
for all u € X+ showing that ker(pro*) = 0. This, by (19), implies A,(\) = L, ().

Now assume that ¢(M) > 1. Choose A € X+ minimal such that Homy, (M, Ly(\)) # 0. As
before in (19), we consider the projection pro*: A,(\) — L,(A) and its kernel ker(pro*).

Note now that Ext%q (M,V4(X)) = 0 implies Ext%Jq(M7 ker(pro*)) = 0:

Assume the contrary. Then we can find a composition factor L,(u) for i < A of ker(pro*)
such that Ext%}q (M, Lqg(pe)) # 0. Then the exact sequence

Homuy, (M, V4(1t)/Lq(p)) — EXt%Jq (M, Lqg(p)) # 0 —— EXt%Jq(Ma Ve(n) =0

implies that Homuy, (M, Vy(p)/Le(p)) # 0. Since p < A, this gives a contradiction to the
minimality of A.
Hence, any non-zero U,-homomorphism pro € Homy, (M, Ly(X)) lifts to a surjection

pro: M — Ag(A).

By assumption and Theorem 3.1 we have Ext%;q(M, Vo(p) =0= Ext%Jq(Aq()\),Vq(,u)) for
all p € XT. Thus, we have Ext%jq (ker(pro), V4(p)) = 0 for all p € X' and we can proceed by
induction (since ¢(ker(pro)) < ¢(M), by construction). |

Example 3.6. Let us come back to our favorite example, i.e. ¢ being a complex, primitive
third root of unity for U, = Ug(slz). The simple Ug,-module Ly(3) does neither have a Ag-
nor a V-filtration (compare Example 2.13 with Example 3.3). This can also be seen with
Proposition 3.5, because Ext%}q (Lq(3),Lg(1)) is not trivial: by Example 2.13 from above we
have Ay(1) = Ly(1) = V4(1), but

0 Ly(1) > Ay(8) — Ly(3) —— 0

does not split. Analogously, Ext%jq (Lg(1), Lg(3)) # 0, by duality. A

3B. U,-tilting modules. A U;-module 7' which has both, a A, and a V- filtration, is
called a U,-tilting module. Following Donkin [12], we are now ready to define the category of
U,-tilting modules that we denote by 7. This category is our main object of study.
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Definition 3.7. (Category of U -tilting modules.) The category T is the full subcategory
of U,;-Mod whose objects are given by all Ug-tilting modules. A

From Proposition 3.5 we obtain directly an important statement.
Corollary 3.8. Let T'€ U,-Mod. Then
TeT ifandonlyif Exty, (T,V4())=0=Exty, (AN, T) foral Ae X
When T € T, the corresponding higher Ext-groups vanish as well. ]

Recall the contravariant, character preserving functor D: U,-Mod — U,-Mod from (6).
Clearly, by Corollary 3.8, T € T if and only if D(T) € T. Thus, D(-) restricts to a functor
D: T — T. In fact, we show below in Corollary 3.12, that the functor D(-) restricts to (a
functor isomorphic to) the identity functor on objects of T .

Example 3.9. The L,(\) are Ug-tilting modules if and only if Ag(X) = Ly(A) = V4(N).
Coming back to our favourite example, the case g = sly and ¢ is a complex, primitive third
root of unity: a direct computation using similar reasoning as in Example 2.13 (that is, the
appearance of some actions equals zero as in (9)) shows that L,(i) is a Ug-tilting module if
and only if i = 0,1 or 4 = —1 mod 3. More general: if ¢ is a complex, primitive [-th root of
unity, then L4(7) is a Ug-tilting module if and only if ¢ =0,...,/ —1 or i = —1 mod [. A

Proposition 3.10. 7T is a Krull-Schmidt category, closed under duality D(-) and under finite
direct sums. Furthermore, 7 is closed under finite tensor products. O

Proof. That T is Krull-Schmidt is immediate. By [6, Corollary 3.8] we see that T is closed
under duality D(-) and under finite direct sums.

Only that T is closed under finite tensor products remains to be proven. By duality, this
reduces to show the statement that, given M, N € U,-Mod where both have a V filtration,
then M ® N has a Vfiltration. In addition, this reduces further to the following claim.

Claim3.10.1. We have:
(20) V,(A) ® Vy(u) has a V,filtration for all A\, u € X

In this note we give a proof of (20) in type A where it is true that the w;’s are minuscule.
The idea of the proof goes back to [37]. (We point out, this case and the arguments used here
are enough for most of the examples considered in [6].) For the general case the only known
proofs of (20) rely on crystal bases, see [28, Theorem 3.3] or alternatively [21, Corollary 1.9].

Claim3.10.2. s suffices to show
(21) V,(A\) ®V,(w;) has a V,filtration for all A € Xt and alli =1,...,n.
(Note that our proof of the fact that (21) implies (20) works in all types.)

Proof of Claim3.10.2. To see that (21) implies (20) we shall work with the the Q>¢-version
of the partial ordering < on X given by u <g A if and only if A — p is a Q>p-valued linear
combination of the simple roots, that is, A — p = Y1 | ajoy with a; € Q. Clearly p <g A
implies 1 < A. Note that 0 <g w; for all 7 = 1,...,n which means that 0 is the unique minimal
U,-weight in X with respect to <g.
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Assume now that (21) holds. We shall prove (20) by induction with respect to <g. For
A =0 we have V,(\) =2 K and there is nothing to prove.

So let A € X+ — {0} and assume that (20) holds for all ;1 <g A. Note that there exists a
fundamental Ug,-weight w such that 4 = A —w. This means that, by (21), we have a short
exact sequence of the form

(22) 0 —— M V(1) ® Vg(w) — V() —— 0.

Here the Ug-module M has a V- filtration. By induction, V4(\) ® V4(u) has a V-filtration
for all N € X and so, by (21), has V4(X) ® V(i) ® V4(w). Moreover, the V-factors of M
have the form V,(v) for v <g A. Hence, by the induction hypothesis, we have that V,(\')® M
has a V- filtration for all N’ € X+. Thus, tensoring (22) with V4(\') from the left gives a
V- filtration for the two leftmost terms. Therefore, also the third has a V,filtration (by
Proposition 3.5). This shows that (21) implies (20).

Proof of Claim3.10.1 in types A. Assume that the fundamental U,-weights are minuscule. By
the above, it remains to show (21). For this purpose, recall that

Vo(A) =Ind;> oK.

By the tensor identity (see [4, Proposition 2.16]) this implies

Vi) @ Vy(w;) = Indgz_ o (Kx @ Vg(wi)

for alli =1,...,n. Now take a filtration of Ky ® V,(w;) of the form
(23) 0=MyCM C--CMp C-+C M1 CM=K\®Vy(w),

such that for all ¥ = 0,...,k — 1 we have My /M = K)\k,ﬂ for some )\ € XT. Thus,
the set {\w | K = 1,...,k} is the set of Ug-weights of Ky ® V,(w;). But the Ug-weights of
V4(w;) are of the form {w(w;) | w € W} where W is the Weyl group associated to Uy. Hence,
Ay = A 4wy (w;) for some wy € W. We get?

()\k/,a}/) = <)\,a}/> + (wi,wlz,l(a}/)) >0+ (-1)=-1

for all j = 1,...,n. Said otherwise, \js + p € X . Hence, the g-version of Kempf’s vanishing
theorem (see [32, Theorem 5.5]) shows that we can apply the functor InngU0(~) to (23) to
obtain a V- filtration of V,(\) ® V,(w;). Thus, we obtain (21). |

In particular, for g of type A, the proof of Proposition 3.10 gives us the special case that
T = Ag(wiy) ® -+ @ Ag(wy,) is a Ug-tilting module for any i, € {1,...,n}. Moreover, the
proof of Proposition 3.10 generalizes: using similar arguments, one can prove that, given the
vector representation V = A (w1) and g of type A, C or D, then T = V&4 is a U,-tilting mod-
ule. Even more generally, the arguments also generalize to show that, given the U,-module
V = A,()\) with A € X* minuscule, then T = V% is a U,-tilting module.

Next, we come to the indecomposables of 7. These U,-tilting modules, that we denote
by T,()), are indexed by the dominant (integral) Ug,-weights A € X (see Proposition 3.11

2Here we need that the w;’s are minuscule because we need that (w;, wt (o)) > —1.
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below). The Ug-tilting module Tj,(\) is determined by the property that it is indecomposable
with A as its unique maximal weight. Then A appears in fact with multiplicity one.
The following classification is, in the modular case, due to Ringel [31] and Donkin [12].

Proposition 3.11. (Classification of the indecomposable U,-tilting modules.) For
each A € X there exists an indecomposable U-tilting module T;(\) with Ug-weight spaces
Ty(N) = 0 unless u < X. Moreover, Ty(\)y = K.

In addition, given any indecomposable U,-tilting module 7" € T, then there exists A € X T
such that T = T, (\).

Thus, the T;(\)’s form a complete set of non-isomorphic indecomposables of T, and all
indecomposable U,-tilting modules T3 () are uniquely determined by their maximal weight
A € X1, that is,

{indecomposable U,-tilting modules} &L xt O

Proof. We start by constructing T, () for a given, fixed A € X .
If the Weyl U,-module A, () is a Ug-tilting module, then we simply define T, (X) = Ag(A).
Otherwise, by Theorem 3.1, we can choose a Ugweight gz € X minimal such that
dim(Ext%Jq(Aq(,ug), Ag(X))) = mg # 0 (note that all appearing Ext’s are finite-dimensional).
Then there is a non-splitting extension

0—— Ay(\) = M1—— My —» Ay(u2)®™ —— 0.

Note the important fact that necessarily ps < A. This follows from the universal property of
A4(X) saying that

Homuy, (Ag(A), M) = {m € My | E”m =0foralli =1,...,n, r € Zso}

for any Ug-module M (here M) again denotes the A-weight space of M). This is the dual of
the (g-version of the) Frobenius reciprocity, i.e. the dual of (4).

If Ms is a Ug-tilting module, then we set T, () = M. Otherwise, by Theorem 3.1 again, we
can choose p3 € X minimal with dim(Ext%q(Aq(,ug), M>s)) = m3 # 0 and we get a non-split
extension

0 M€ M3 Aq(ug,)@m?’ — 0.

Again p3 < A and also u3 < po.
And hence, we can continue as above and obtain a filtration of the form

(24) -+ D M3 D MyDM DMy=0

which is a A,-filtration by construction, since we have M1 /My = Ay(ppr41)F™+1 for all
k'=0,1,2,..., where we use u; = A and m; = 1.

Thus, because there are only finitely many p < A (with 4 € X ), this process stops at some
point giving a Ug-module M},. The U;-module M}, has a V filtration, since otherwise there
would, by Proposition 3.5, exist a piy1 € X with Ext%q(Aq(,ukH), M) # 0. Moreover, we
have constructed a A -filtration for M}, in (24) which shows that M}, is a Ug-tilting module.
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To show that Mj, is indecomposable, let us denote T'= My, U = My_1, m = my and g = u
for short. By the above we have

0 Uc¢ T Ay (p)®m —— 0,
Exthq(Aq(V),T) =0forallve XT, Ext%;q(Aq(y), U)=0forallve X v+#yp,

and with m minimal satisfying these properties. Note that U is the largest Ug-submodule of
T such that Homu, (U, Ag(n))-

Assume that we have a decomposition T' = T} @& T5. This thus induces a decomposition
U = U,8U;,. By induction, U is indecomposable and so we can assume we can assume without
loss of generality that U; = U and Us = 0. Thus, T/U = Ty /U; & To = Ay(pn)®™. By the
Krull-Schmidt property we get Ty /Uy = Ay(1)®7, T = A, ()P for some j < m and we
have a short exact sequence

(25) 0 Uc¢ Ty Ay (p)® —— 0.

Now, since Ext%;q(Aq(y), Ag(p)) =0 for v > p, we have
EXt%J-q (Aq(y), T) = EXt%Jq (Aq(lj), TVeTy) = EXt%Jq (Aq(lj), Tl)

for any v > p. Hence, by (25) and the minimality of m we obtain m = j which in turn implies
Ty = 0. This means that T' = M}, is indecomposable, and setting T,(\) = T" we are done.

We have to show that any indecomposable U,-tilting module is isomorphic to some T} ().
To this end let us suppose that T' € T is indecomposable. Choose any maximal Ug-weight
A of T'. Then we have Homy; -0 (T,K,) # 0. By the Frobenius reciprocity (or, to be more
precise, the g-version of it) from (4), we get a non-zero Ug-homomorphism f: T"— V,(X). By
duality, we also get a non-zero Uj,-homomorphism g: Ay(\) — T with fog # 0. Consider
now the diagram

A

AgNES Ty =5 V(A
(26) Ny e
N,

where ¢} is the inclusion of the first U,-submodule in a A filtration of T,(\) and 7 is the
surjection onto the last quotient of in a V,-filtration of T;(\). Since both path in the diagram
(26) are non-zero, we can scale everything by some non-zero scalars in K such that (26)
commutes—which we assume in the following. (To see this, recall that there is an (up to
scalars) unique U, -homomorphism ¢*: Ay (X) — V4(A).)

As in the proof of Proposition 3.5, we see that

(27) Exty, (Aq(N),T)=0=Exty, (T, V4(\)) = Extyy, (coker(:)), T) =0=Exty (T, ker(7))

holds. Here ker(7) and coker(:}) are the corresponding kernel and co-kernel respectively.

Thus, we see that the Uj,-homomorphism g extends to an Ug-homomorphism g: T4(A) — T
whereas f factors through T via f: T — T,(\). Then the composition fo§ is an isomorphism
since it is so on T5(A)x. Hence, T,(\) is a summand of T" which shows T' = T, (\) since we
have assumed that T is indecomposable.
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Next, suppose that 77 € T satisfies the characteristic properties of T;(\). Consider the
short exact sequences

0 —— Ay T,(\) coker(1)) —— 0,

0 AN—T coker(t) —— 0,

where the cokernels have Aj-flags. Thus, by Corollary 3.8, we have Ext%q (coker(1*),T1) = 0,
and so the restriction map

Hoqu (Tq<)\), Tl) — Hoqu (Aq(A), Tl)

is surjective. In particular, the “identity map” Agy(A) — im(¢) has a preimage f: Ty(\) — Th.
Similarly, we find a preimage g: 71 — Ty(\) of Ay(\) — im(¢*). The composition g o f is an
endomorphism of the indecomposable Uz -module T,()\), and thus an isomorphism since it is
not nilpotent. Hence, we get T7 = T, ().

The other statements are direct consequences of the first three which finishes the proof. W

Remark 3. For a fixed A € X+ we have Uj-homomorphisms
L)\ 71')‘
Ag(N)——=T5(A) — V(N

where ¢* is the inclusion of the first Ug-submodule in a A, filtration of T,(\) and 7 is the
surjection onto the last quotient in a V-filtration of T, (A). Note that these are only defined up
to scalars. One can fix scalars such that 7% 0} = ¢* (where ¢ is again the U,-homomorphism
from (10)). This is done in [6] and crucial for the construction of the cellular basis therein. A

Remark 4. Let 7' € T. An easy argument shows (see also the proof of Proposition 3.5) the
following crucial fact:

Exty, (8q(0),T) =0=Exty, (T, V4(\)) = Extyy, (coker(:), T') =0 =Exty, (T, ker(7))

for all A € XT. Consequently, we see that any U,-homomorphism g: Ay(\) — T extends to
a Ug-homomorphism g: T;(A) — T whereas any Ug,-homomorphism f: 7" — V,(\) factors
through T,(\) via some f: T — T,(\). A

Corollary 3.12. We have D(T') = T for T' € T, that is, all U,-tilting modules T" are self-dual.
In particular, we have for all A € X T that

(T : Ay(N)) = dim(Homuy, (T, V(X)) = dim(Homy, (Ag(A),T)) = (T : V¢(N)). O

Proof. By the Krull-Schmidt property it suffices to show the statement for the indecomposable
U,-tilting modules T, (). Since D preserves characters, we see that D(T;())) has A as unique
maximal weight, therefore D(T; (X)) = T, () by Proposition 3.11. Moreover, the leftmost and
the rightmost equalities follow directly from Corollary 3.4. Finally

(T4(A) = Ag(N) = (D(T5(N) : D(Aq(A))) = (D(T5(N)) : Va(A)) = (T4(A) : V(N))
by definition and D(T (X)) = T,(\) from above, which settles also the middle equality. [ |
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Example 3.13. Let us go back to the sl; case again. Then we obtain the family (7,(7))icz-,
of indecomposable U,-tilting modules as follows.

Start by setting T,(0) = A (0) = Ly(0) = V,4(0) and T5(1) = Ay(l) = Ly(1) = V(D).
Then we denote by mg € T,(1) any eigenvector for K with eigenvalue ¢g. For each i > 1
we define T,(i) to be the indecomposable summand of T,(1)®? which contains the vector
mo @ -+ ®@mo € Ty(1)®". The U, (slz)-tilting module T,(1)®" is not indecomposable if i > 1:
by Proposition 3.11 we have (T,(1)®" : A4(i)) = 1 and

T,()® = T,(i) @ @Tq(k)@mult’“ for some multy, € Z>o.
k<i

In the case | = 3, we have for instance T,(1)®% = T,(2) @ T,(0) since the tensor product
T4(1) ® T4(1) looks as follows (abbreviation m;; = m; ® m;):

g1 gt
(Y 1+ U
® my %> mo

— — 1 —
¢t my ¢ 2mi] T——=mo1 <g°

~y N 1.
1“1 1“1 A+ 1“1
I~ | ~
e G > — Y2
alm ¢® mig T——= Mmoo ¢q

0 & 0 0 g

By construction, the indecomposable U (slz)-module T;(2) contains mgg and therefore has to
be the C-span of {mqg, ¢~ 'mig + mo1,m11} as indicated above. The remaining summand is

~

the one-dimensional Ug-tilting module 7;(0) = L,(0) from before. A
The following is interesting in its own right.

Corollary 3.14. Let u € XT be a minuscule Ug-weight. Then 7' = A,(u)®? is a U,-tilting
module for any d € Z>o and dim(Endy, (7)) is independent of the field K and of ¢ € K*, and
is given by

(28) dim(Endy, (T)) = > (T: A;(N) = D (T : V4(N)2.

Aex+ xeXx+

In particular, this holds for A,(wq) being the vector representation of U, = U,(g) for g of
type A, C or D. 0

Proof. Since p € X is minuscule: Ag(p) = Lg(p) is a simple Ug-tilting module for any field
K and any ¢ € K*. Thus, by Proposition 3.10 we see that T is a Ug-tilting module for any
d € Z>o. Hence, by Corollary 3.4—in particular by (18)—and Corollary 3.12, we have the
equality in (28). Now use the fact that the character of Ay(p) and V4 () is as in the classical
case, which implies the statement. |

3C. The characters of indecomposable U,-tilting modules. In this section we describe
how to compute (T,(\) : Ay(p)) for all A\, p € X T (which can be done algorithmically in the
case where ¢ is a complex, primitive [-th root of unity). As an application, we illustrate how to
decompose tensor products of Ug-tilting modules. This shows that, in principle, our cellular
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basis for endomorphism rings Endy, (T') of Ug-tilting modules T (as defined in [6, Section 3])
can be made more or less explicit.

We start with some preliminaries. Given an abelian category Ab, we denote its Grothendieck
group by Go(Ab) and its split Grothendieck group by K§ (Ab). We point out that the notation
of the split Grothendieck group also makes sense for a given additive category that satisfies
the Krull-Schmidt property where we use the same notation. (We refer the reader unfamiliar
with these and the notation we use to [27, Section 1.2].)

Recall that Gy and Ky are Z-modules and one might ask for Z-basis of them. Moreover, if
the categories in question are monoidal, then Gy and Ky inherit the structure of Z-algebras.

The category U,-Mod is abelian and we can consider Go(U,-Mod). In contrast, T is
not abelian (see Example 3.9), but it is additive and satisfies the Krull-Schmidt property,
so we can consider Ko(7T). Since both U,-Mod and T are closed under tensor products,
Go(U;Mod) and K (T) get a—in fact isomorphic—induced Z-algebra structure.

Moreover, by Proposition 2.10 and Proposition 2.12, a Z-basis of Go(U,-Mod) is given
by isomorphism classes {{A;(A)] | A € XT}. On the other hand, a Z-basis of K (T) is, by
Proposition 3.11, spanned by isomorphism classes {[T;(\)]s | A € X}

Corollary 3.15. The inclusion of categories ¢: T — U,-Mod induces an isomorphism
1]: K&(T) = Go(UpMod),  [T,(V]e > [T,(V)], Ae X+
of Z-algebras. O

Proof. The set B = {[T(\)] | A € X} forms a Z-basis of Ky (7T") by Proposition 3.11 and it
is clear that [¢] is a well-defined Z-algebra homomorphism.
Moreover, we have

(29) [T, = AN+ D (Ta(w) = Ag(u))[Ag(w)] € Go(Uy-Mod)

H<AEX T
with T5,(0) = A4(0) by Proposition 3.11. Hence, [¢](B) is also a Z-basis of K((U,-Mod) since
the Ay(A)’s form a Z-basis and the claim follows. [ |

In Section 2B we have met Weyl’s character ring Z[X]. Further, recall that Z[X] carries an
action of the Weyl group W associated to the Cartan datum (see below). Thus, we can look
at the invariant part of this action, denoted by Z[X]".

We obtain the following (known) categorification result.

Corollary 3.16. The tilting category T (naively) categorifies Z[X]", that is,
KS(T) =2 Z[X]"  as Z-algebras. O

Proof. 1t is known that there is an isomorphism Ky(g-Mod) = Z[X]W given by sending
finite-dimensional g-modules to their characters (which can be regarded as elements in Z[X]").
Now the characters x(Aq(A)) of the Ag(A)’s are (as mentioned below Example 2.13) the
same as in the classical case. Thus, we can adopt the isomorphism from Ky (g-Mod) to Z[ XV
from above. Details can, for example, be found in [8, Chapter VIII, §7.7].
Then the statement follows from Corollary 3.15. |
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For each simple root «; € II let s; be the reflection

5i(A) =X — (\, o))y, for A€ E,

in the hyperplane H,v = {z € E | (z, ;) = 0} orthogonal to ;. These reflections s; generate
a group W, called Weyl group, associated to our Cartan datum.

For any fixed | € Z>g, the affine Weyl group W; = W x IZI11 is the group generated by the
reflections sg, in the affine hyperplanes H,, . = {z € E | (x,8Y) =1Ir} for B € ® and r € Z.
Note that, if I = 0, then Wy = W. ’

Example 3.17. Here the prototypical example to keep in mind. We consider g = sl3 with
the Cartan datum from Example 2.1, i.e.:

2 -1
E=R%/(1,1,1)(= R?), az=(0,1,-1) =03, A= (_1 2)
af = (1,0,-1) = af + oy,
R? v
Qs rp A %o
—ar) rrreenees t.v"
cap-ay¥ g

where we—for simplicity—have identified the roots and coroots. Choosing [ =1 or [ = 2 gives
then the following hyperplanes:

l=1: Hélvm:{(a,b,c)eE\a—b:r}, H, =
l=2: Hpy, ={(abc)eEla-b=2r}, H;
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Using the isomorphism E = R3/(1,1,1) = R? (which we will in later sl3 examples), these can
be illustrated via the classical picture of the hyperplane arrangement for sls:

H' | H' H', H'
\ ”l' / r\l ,2 ”l ,0 C

\ / 1

Ha;,l

1
H, v,

1
ay, HVU

5

/NN N

/N/NN

"\ VVVYNY / /
/\
T

aY,0 Higu

N
/ // Q \\ Hl\/ . Hlv ,
1=1 1=2

In these pictures we have additionally chosen an origin and a fundamental alcove (as defined in
Definition 3.18 below). Note that both hyperplane arrangements are combinatorial the same,
but the precise coordinates of the lattice points within the regions differs. (Every second
hyperplane ch-v,r is omitted in case | = 2.)

The affine Weyl group W; is now generated by the reflections in these hyperplanes. A
For € ® there exists w € W such that 8 = w(«;) for some i = 1,...,n. We set I3 =1[;
where [; = m. Using this, we have the dot-action of W; on the Ug-weight lattice X via

sgr-A=53(A+p)—p+lgrS.

Note that the case [ = 1 recovers the usual action of the affine Weyl group Wi on X.

Definition 3.18. (Alcove combinatorics.) The fundamental alcove Ay is

(30) Ar={ eX|0<{A+pa’) <l forala € dT} C X+,

Its closure Ay is given by

(31) Ay={DeX|0<A+p,aY) <, forallac dt} c XT —p.

The non-affine walls of Ay are
n
OAy = Ao (Hovo—p)yi=1,...,n, 0As=|J0A

i=1

Let ag denote the maximal short root. The set

Ay = Ay N (Hoy1—p)
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is called the affine wall of Ayg. We call the union of all these walls the boundary d.Aq of Ag.
More generally, an alcove A is a connected component of

E- |J Hpr—p)
reZ,ped
We denote the set of alcoves by Al. A

Note that the affine Weyl group W; acts simply transitively on Al. Thus, we can associate
1eW;— A1) = Ay € Al and in general w € W; — A(w) € AL

Example 3.19. In the case g = sly we have p = w; = 1. Consider for instance again [ = 3.
Then k € Z>o = X is contained in the fundamental alcove Ay if and only if 0 < k£ + 1 < 3.
Moreover, —p € 3.,40 and 2 € 0.Ag are on the walls. Thus, Ay can be visualized as

—pP 0 1 2
—_—

where the affine wall on the right is indicated in red and the non-affine wall on the left is
indicated in green.
The picture for bigger [ is easy to obtain, e.g.:
- 0 1 2 3 - 0 1 2 3 4

as we encourage the reader to verify. A

Example 3.20. Let us leave our running sl example for a second and do another example
which is graphically more interesting.

In the case g = sl3 we have p = a1 + as = wy +ws € X and ag = a1 + as. Now consider
again [ = 3. The condition (30) means that Ay consists of those A = A\jw; + Agws for which

0< <)\1w1—|—)\2w2—|—w1+w2,a;/> <3 fori=1,2,0.

Thus, 0 <A1 +1<3,0<A2+1<3and0 < A +A2+2 < 3. Hence, only the Uy(sl3)-weight
A =(0,0) € X is in Ap. In addition, we have by condition (31) that

OAo = {—p, —w1, —wa, w1 —wa,wp —wi},  OAg = {wr, w2, 2w1 — wa, 2wy — w1}
Hence, Ay can be visualized as (displayed without the —p shift on the left)

2wo 4w 2wi w2 w2 Wi

3‘*/'1 2&)2—&)1 2&)1—0.)2
2wo e (171) 2w1 wo—w1e (O, 0) w1 —wsa
al —wie —wa

where, as before, the affine wall at the top is indicated in red, the hyperplane orthogonal to
a1 on the left in green and the hyperplane orthogonal to as on the right in blue. See also
FExample 3.17, where we again stress that the precise coordinates of points in the alcoves or
on their boundaries depend on . A

We say A € XT — p is linked to u € X if there exists w € W such that w.\ = u.
We note the following theorem, called the linkage principle, where we, by convention, set
Ty(X) = Ag(X) = V4(X) = Ly(X) =0 for A € 0A.
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Theorem 3.21. (The linkage principle.) All composition factors of T,(\) have maximal
weights p linked to A\. Moreover, T,()) is a simple U -module if A € Ajy.
If X is linked to an element of Ag, then T;()) is a simple Ug-module if and only if A € Ay.00

Proof. This is a slight reformulation of [2, Corollaries 4.4 and 4.6]. |

The linkage principle gives us now a decomposition into a direct sum of categories

T=P T.0o P T

AEAQ A€dAg

where each T consists of all T € T whose indecomposable summands are all of the form
T,(p) for p € X+ lying in the Wi-dot orbit of A\ € Ay (or of A € dAy). We call these
categories blocks to stress that they are homologically unconnected—although they might be
decomposable. Moreover, if A € Ay, then we call T, an [-reqular block, while the T )’s with
A € 0Ay are called [-singular blocks. (We say for short just regular and singular blocks in
what follows.)

In fact, by Proposition 3.11, the Ug-weights labeling the indecomposable U-tilting modules
are only the dominant (integral) weights A € X*+. Let dC = {z € F | (z,8Y) > 0,8 € ®}.
Then these Ug-weights correspond blockwise precisely to the alcoves

AT = AN dc,

contained in the dominant chamber dC. That is, they correspond to the set of coset represen-
tatives of minimal length in {wWy | w € Wi}, In formulas,

(32) Tq(w.)\) €Ty e .A(w) € .AIJF «~ wWy C Wh,
for all A € Ag.

Example 3.22. In our pet example with g = sly and [ = 3 we have, by Theorem 3.21 and
Example 3.19 a block decomposition

T2 T To T1 To

(Taking direct sums of the categories on the right-hand side.) The Wj-dot orbit of 0 € A
respectively 1 € Aj can be visualized as

dondend = =1 W o Ny N N N
1 . °

Compare also to [7, (2.4.1)].

It turns out that, for K = C, both singular blocks 7 _1 and T 2 are semisimple (in particular,
these blocks decompose further), see Example 3.27 or [7, Lemma 2.25].

All of this generalizes as already indicated in Example 3.19. A

Example 3.23. In the sl3 case with [ = 3 we have the block decomposition
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(Again, taking direct sums of the categories on the right-hand side.) Note that the singular
blocks are not necessarily semisimple anymore, even when K = C.
The Wj-dot orbit in AC™ of the regular block T (0,0) looks as follows.

Here we reflect either in a red (that is, ag = (1,1)), green (that is, a; = (2, —1)) or blue (that
is, ag = (—1,2)) hyperplane, and the r measures the hyperplane-distance from the origin
(both indicated in the left picture above). In the right picture we have indicated the linkage
(we have also displayed one of the dot-reflections).

Theorem 3.21 means now that T,((1, 1)) satisfies

(To((1,1)) : Ag(w)) #0 = p€{(0,0),(1,1)}
and T5((3,3)) satisfies

(T4((3,3)) : Ag(p)) #0 = p€{(0,0),(1,1),(3,0),(0,3),(4,1),(1,4),(3,3)}.
We calculate the precise values later in Example 3.25. A
In order to get our hands on the multiplicities, we need Soergel’s version of the (affine)
parabolic Kazhdan—Lusztig polynomials, which we denote by
(33) naA(t) € Zv,v ], A pe Xt —p.

For brevity, we do not recall the definition of these polynomials—which can be computed
algorithmically—here, but refer to [34, Section 3] where the relevant polynomial is denoted
Ny, for x,y € W) (which translates by (32) to our notation). The main point for us is the
following theorem due to Soergel.

Theorem 3.24. (Multiplicity formula.) Suppose K = C and ¢ is a complex, primitive [-th
root of unity. For each pair A,y € X+ with X being an l-regular Ug-weight (that is, T;())
belongs to a regular block of T7) we have

(Ta(N) = Ag() = (T4(N) : V(p) = mua(1).
In particular, if A, x € X are not linked, then n,(v) = 0. O
Proof. This follows from [33, Theorem 5.12], see also [34, Conjecture 7.1]. |

In addition to Theorem 3.24, we are going to describe now an algorithmic way to compute
(T4(X) = Ag(p)) for all T,(N) lying in a singular blocks of 7. We point out that Theorem 3.26
below is valid for ¢ € K being a primitive I-th root of unity, where K is—in contrast to
Theorem 3.24—an arbitrary field.
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Assume in the following that A € X is not l-regular. Set Wy = {w € W; | w.\A = A}.
Then we can find a unique /-regular Ug-weight A € W,.0 such that A is in the closure of the
alcove containing A and A is maximal in Wy.\. Similarly, we find a can find a unique I-regular
U,-weight A € W;.0 such that A is in the closure of the alcove containing A and A is minimal
in Wy.\. Some examples in the g = sl3 case are

We stress that, in the p case above, Theorem 3.26 is not valid: recall that in those cases
Ty(p) = Ag(p) = Lg(p) = V(1) = 0 and thus, we do not have to worry about these.

Example 3.25. Back to Example 3.23: For v = w; + w2 = (1,1) we have n,,(v) = 1 and
N,(0,0)(v) = v, as shown in the left picture below. Similarly, for § = 3w + 3wz = (3, 3) the only
non-zero parabolic Kazhdan-Lusztig polynomials are nge(v) = 1, ne14)(v) = v = ng)(v),
neg(0,3) (V) = v? = ng(3.0)(v) and ng, (v) = v* as illustrated on the right below.

Therefore, we have, by Theorem 3.24, that (T,(v) : Ay(p)) = 1 if p € {(0,0),(1,1)} and
(Ty(v) : Ag(p)) = 0if p ¢ {(0,0), (1,1)}. We encourage the reader to work out (T5(&) : Ag(p))
by using the above patterns and Example 3.23. For all patterns in rank 2 see [35]. A

We are aiming to show the following Theorem.
Theorem 3.26. (Multiplicity formula—singular case.) We have
(TyN) : Agi)) = (T,(N) : Ag(1)
for all p € Wy AN XT.
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We consider the translation functors 7?/: Te¢ — T for various &, & € X in the proof.
The reader unfamiliar with these can for example consider [19, Part II, Chapter 7]. We only
stress here that ’T; : Te¢ — T is the biadjoint of 75! Te — Te.

Proof. In order to prove Theorem 3.26, we have to show some intermediate steps. We start
with the following two claims.

Claim3.26a. We have:

(34) [A;(N): Ly A)] =1 forall N e Wy

Moreover, for all X € Wy.A:

(35) there is a unique ¢ € Homuy, (Ag(X),Ag(A))  with [Im(y) : Le(A)] = 1.

Here uniqueness is meant up to scalars.

Proof of Claim3.26a. We start by showing (34). We have ?(Aq()\’)) = A4(A). In addition,
for any A’ € W, AN X, we have TX)\(L‘]()‘H)) >~ Ly(N\) if and only if N =X e XT.
Next, we show (35). We use descending induction. If A’ = A, then (35) is clear. So assume

X < X and denote by A’ the alcove containing ). Choose an upper wall H of A’ such that
the corresponding reflection sy belongs to Wy. Then X\’ = sg.\ > X. Thus, by induction,

there exists an (up to scalars) unique non-zero Ug-homomorphism 1: Ag(N") — Ay(X\) with
[Im(v)) : Ly(A)] = 1. We claim now that for all ' € Wy.A:

(36)  there exists a unique ¢ € Homy, (Ag(X),Ag(A"))  with  [Im(@) : Ly(A)] = 1.

Again uniqueness is meant up to scalars.

Because (36) implies that ¢ = 1o is the (up to scalars) unique non-zero U,-homomorphism
we are looking for, it remains to show (36). To this end, choose v € H. Then we have a short
exact sequence

0 —— Ag(N)— TAAG () — Agy(N) —— 0.
This sequence does not split since f,XAq(y) has simple head L,(\"). Thus, the inclusion
Homy, (Ag(X), Ag(X")) = Homu, (84(N), TAq(v))
= Homu, (75 Ag(\), Ag(v))
= Endy, (Aq(v)) =K

is an equality. So we can pick any non-zero Ug-homomorphism ¢ € Homuy, (A4(N), Ag(X"))
which will be unique up to scalars. Then L,(\') is a composition factor of Im(p). This im-
plies that 7Y € Endy, (A(v)) is non-zero and thus, an isomorphism. In particular, Lg(A) is
a composition factor of Im(p), because 7}’Lq()\’) # 0. Hence, (36) follows and thus, (35) holds.

Claim3.26b. We keep the notation from before.
(37) We have (T,(A): Ay(N)) =1 forall X € Wy
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Proof of Claim3.26b. By (35) we have Homuy, (A4(X'), Ag(N)) = K. This together with
Homuy, (Aq(N), T,(X)) D Homy, (Ag(X), Ay(A)) 2K
implies (37).

Claim3.26¢. Our last claim is:
(38) We have  TXT,(\) = T,(N).

Proof of Claim3.26¢c. We have ﬂXTq(A) = T,(\) @ rest where rest is some U-tilting module
with U,-weights < A. However, applying TX)\()’ we get
T,(A) B ’TX)‘Tq()\) ® 'TX)‘(rest).
However, by (37), we also have
TRT,(N) = T,(\)#™.
Thus, 7}\(rest) = 0. This implies rest = 0:
Suppose the contrary. Then there exists A€ Xt with
0 # Homuy, (Lq(A), rest) C Homy, (Lg(A), TR Ty(N)) & Homuy, (T2 Lg(A), Ty(N)).
But then 0 # ’7%’\Lq(5\) C 7%)‘(rest). This is a contradiction. Hence, (38) follows.

We are now ready to prove the theorem itself. For this purpose, note that we get
(T,(N) = Ag(w. ) = (T,(N) : Ag(w.N))) for all w € W, with w.A € XT.
from (38). This in turn implies the statement of the theorem by the linkage principle. |

Since the polynomials from (33) can be computed inductively, we can use Theorem 3.24
and Theorem 3.26 in the case K = C to explicitly calculate the decomposition of a tensor
product of Ug-tilting modules T'= T, (A1) ® - - - ® Ty(Aq) into its indecomposable summands:

e Calculate, by using Theorem 3.24 and Theorem 3.26, (T5(\;) : Ag(p)) fori=1,...,d.
e This gives the multiplicities of T, by the Corollary 3.15 and the fact that the characters
of the A,(\)’s are as in the classical case.

e Use (29) to recursively compute the decomposition of 7' (starting with any maximal
U,-weight of T').

Example 3.27. Let us come back to our favourite case, that is, g = sly, K= C and [ = 3.
In the regular cases we have T, (k) = A,(k) for k = 0,1 and the parabolic Kazhdan-Lusztig
polynomials are

1, ifj=k,
njr(v) = Q v, if j < k are separated by precisely one wall,
0, else,

for k > 1. By the above we obtain T (k) = A, (k) for k € Z>¢ singular, hence, the two singular
blocks T _1 and T, are semisimple.
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In Example 3.13 we have already calculated T5(1)®T,(1) = T,(2)®T,(0). Let us go one step
further now: T, (1) ® T,(1) ® T,(1) has only (T,(1)® : A4(3)) = 1 and (T,(1)®3 : Ay(1)) = 2
as non-zero multiplicities. This means that T,(3) is a summand of T5(1) ® T5(1) ® T, (1). Since
T4(3) has only (7,(3) : Ay(3)) =1 and (T4(3) : Ay(1)) = 1 as non-zero multiplicities (by the
calculation of the periodic Kazhdan—Lusztig polynomials), we have
(39) To(1) ® Ty(1) @ Ty(1) = T4(3) & Ty(1) € Th.

Moreover, we have (as we, as usual, encourage the reader to work out)

Ty(1) ® Ty(1) @ Ty(1) @ Ty(1) = (Ty(4) © T4(0)) ® (T4(2) © Ty (2) © T4(2)) € To @ T

To illustrate how this decomposition depends on I: Assume now that [ > 3. Then, which
can be verified similarly as in Example 3.19, the Ug-tilting module T;(3) is in the fundamental
alcove Ag. Thus, by Theorem 3.21, T;,(3) is simple as in the generic case. Said otherwise, we
have T,(3) =2 A4(3). Hence, in the same spirit as above, we obtain as in the generic case

(40) T,(1) @T,(1) @ Ty(1) = T4(3) & (Ty(1) @ To(1)) € T3 @ T

in contrast to the decomposition in (39). A

4. CELLULAR STRUCTURES: EXAMPLES AND APPLICATIONS

4A. Cellular structures using U,-tilting modules. The main result of [6] is the following.
To state it, we need to specify the cell datum. Set

(P.<)=({Ae XT[(T:Vy(N) = (T: Ag(N)) # 0}, <),

where < is the usual partial ordering on X T, see at the beginning of Section 2. Note that P
is finite since T is finite-dimensional. For each A € P define

' ={1,...,(T: VW) = {1,.... (T : A(N)} = T*,
and let i: Endy, (7)) — Endy,(T'), ¢ — D(¢) denote the K-linear anti-involution induced by
the duality functor D(-). For ?j‘ and g7 as in [6, Section 3A] set

A =groi@) =gl of,, forAeP,ijeT

Finally let C: I x 7" — Endy, (T') be given by (i,j) — cf‘] Now we are ready to state the
main result from [6].

Theorem 4.1. ([6, Theorem 3.9]) The quadruple (P, Z,C,i) is a cell datum for Endy,(7').H

We also use the following consequences of Theorem 4.1. First note that each cellular algebra
gives rise to a construction of simple modules which we denote by L()) for A € Py € X in
case of Endy, (7). (The precise definition can be found in [6, Section 4].) Then:

Theorem 4.2. ([6, Theorem 4.12]) If A € Py, then dim(L(\)) = my, where m) is the
multiplicity of the indecomposable tilting module T, (\) in T'. [ |

Theorem 4.3. ([6, Theorem 4.13]) The cellular algebra Endy, (7)) is semisimple if and only
if T is a semisimple Ug,-module. ]
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4B. (Graded) cellular structures and the Temperley—Lieb algebras: a comparison.
We want to present one explicit example, the Temperley—Lieb algebras, which is of particular
interest in low-dimensional topology and categorification. Our main goal is to construct new
(graded) cellular bases, and use our approach to establish semisimplicity conditions, and
construct and compute the dimensions of its simple modules in new ways.

Fix § = ¢ + ¢! for ¢ € K*.? Recall that the TemperleyLieb algebra T Lq(5) in d strands
with parameter § is the free diagram algebra over K with basis consisting of all possible
non-intersecting tangle diagrams with d bottom and top boundary points modulo boundary
preserving isotopy and the local relation for evaluating circles given by the parameter® ¢:

O:5:q+q_1eK.

The algebra T L4(0) is locally generated by

i 1+ 114

i+2 d
1_‘ ‘ ‘ .“
d

1—1 ¢ 1+1i+42 — i i+ 1i+2

RRESEPY

fori =1,...,d — 1 called identity 1 and cap-cup U; (which takes place between the strand i
and i + 1). For simplicity, we suppress the boundary labels in the following.
The multiplication y o z is giving by stacking diagram gy on top of diagram z. For example

‘ -/ U
O Y e W
o - o = - € TL5(5)
M M W/ ‘ M
~ M

Recall from [6, 5A.3] (whose notation we use now; in particular, U, = U,(slz)) that, by
quantum Schur—Weyl duality, we can use Theorem 4.1 to obtain a cellular basis of T L4(9).
The aim now is to compare our cellular bases to the one given by Graham and Lehrer in [14,
Theorem 6.7], where we point out that we do not obtain their cellular basis: our cellular basis
depends for instance on whether 7 L;(0) is semisimple or not. In the non-semisimple case, at
least for K = C, we obtain a non-trivially Z-graded cellular basis in the sense of [15, Definition
2.1], see Proposition 4.21.

Before stating our cellular basis, we provide a criterion which tells precisely whether 7 L4(6)
is semisimple or not. Recall that the following known criteria whether Weyl modules A, (%)

3The sy case works with any g € K*, including even roots of unity, see e.g. [7, Definition 2.3].
4We point out that there are two different conventions about circle evaluations in the literature: evaluating
to § or to —J. We use the first convention because we want to stay close to the cited literature.



ADDITIONAL NOTES FOR THE PAPER “CELLULAR STRUCTURES USING U,-TILTING MODULES” 31

are simple, see e.g. [7, Proposition 2.7] or [4, Corollary 4.6]:

q is not a root of unity,

£1: Ag(i) is a simple Ug-module <
q# q(4) is a simple Ugz-module {q2l:1and(@'<lori:1modl).

char(K)

=0
=41:  Ay(i) is a simple Ug-module & ’
q o(7) is a simple Ug-module {char(K)Zpand(i<pori:1modp)-

We use this criteria to prove the following.

Proposition 4.4. (Semisimplicity criterion for 7L;(5).) We have the following.
(a) Let § # 0. Then T L4(d) is semisimple if and only if [i] = ¢~ + -+ + ¢"~1 # 0 for all
i =1,...,d if and only if ¢ is not a root of unity with d < I = ord(¢?), or ¢ = 1 and
char(K) > d.
(b) Let char(K) = 0. Then T L4(0) is semisimple if and only if d is odd (or d = 0).
(c) Let char(K) =p > 0. Then 7 L4(0) is semisimple if and only if d € {1,3,5,...,2p—1}
(or d =0). O

Proof. (a): We want to show that T = V®¢ decomposes into simple U,-modules if and only if
d <1, or ¢ =1 and char(K) > d, which is clearly equivalent to the non-vanishing of the [i]’s.

Assume that d < [. Since the maximal Ug-weight of V@ ig d and since all Weyl U,-modules
Ag4(i) for i <1 are simple, we see that all indecomposable summands of V®d are simple.

Otherwise, if | < d, then T (d) (or T,(d — 2) in the case d = —1 mod [) is a non-simple,
indecomposable summand of V®? (note that this arguments fails if [ = 2, i.e. § = 0).

The case ¢ = 1 works similarly, and we can now use Theorem 4.3 to finish the proof of (a).

(b): Since § = 0 if and only if ¢ = ++/—1, we can use the linkage from e.g. [7, Theorem
2.23] in the case | = 2 to see that T' = V@4 decomposes into a direct sum of simple U,-modules
if and only if d is odd (or d = 0). This implies that 7 £4(0) is semisimple if and only if d is
odd (or d = 0) by Theorem 4.3.

(c): If char(K) = p > 0 and 6 = 0 (for p = 2 this is equivalent to ¢ = 1), then we have
Ag(i) = Ly(i) if and only if i = 0 or i € {2ap™ — 1 | n € Z>0,1 < a < p}. In particular, this
means that for d > 2 we have that either T,(d) or T,(d — 2) is a simple Ug-module if and

only if d € {3,5,...,2p—1}. Hence, using the same reasoning as above, we see that 7' = yed
is semisimple if and only if d € {1,3,5,...,2p — 1} (or d = 0). By Theorem 4.3 we see that
T L4(0) is semisimple if and only if d € {1,3,5,...,2p — 1} (or d = 0). |

Example 4.5. We have that [k] # 0 for all & = 1,2,3 is satisfied if and only if ¢ is not a
fourth or a sixth root of unity. By Proposition 4.4 we see that T L3(9) is semisimple as long as
q is not one of these values from above. The other way around is only true for ¢ being a sixth
root of unity (the conclusion from semisimplicity to non-vanishing of the quantum numbers
above does not work in the case ¢ = +v/—1). A

Remark 5. The semisimplicity criterion for 7L£;(0) was already already found, using quite
different methods, in [39, Section 5] in the case § # 0, and in the case § = 0 in [26, Chapter
7] or [30, above Proposition 4.9]. For us it is an easy application of Theorem 4.3. A

A direct consequence of Proposition 4.4 is that the Temperley—Lieb algebra T L4(d) for
q € K* — {1} not a root of unity is semisimple (or ¢ = £1 and char(K) = 0), regardless of d.
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4B.1. Temperley—Lieb algebra: the semisimple case. Assume that ¢ € K* — {1} is not a root
of unity (or ¢ = £1 and char(K) = 0). Thus, we are in the semisimple case.

Let us compare our cell datum (P,Z,C,1i) to the one of Graham and Lehrer (indicated by a
subscript GL) from [14, Section 6]. To this end, let us recall Graham and Lehrer’s cell datum
(PeL,ZaL,CaL,igL). The K-linear anti-involution igy, is given by “turning pictures upside

down”. For example
\/ . k/ u
Jar,
M M N M

For the insistent reader: more formally, the K-linear anti-involution igy, is the unique K-linear
anti-involution which fixes all U;’s for i = 1,...,d — 1.

The data Pgy, and Zgp, are given combinatorially: Pgr, is the set AT(2,d) of all Young
diagrams with d nodes and at most two rows. For example, the elements of A*(2,3) are

(41) N e T

where we point out that we use the English notation for Young diagrams. Now IéL is the set
of all standard tableaux of shape A, denoted by Std()), that is, all fillings of A with numbers
1,...,d (non-repeating) such that the entries strictly increase along rows and columns. For
example, the elements of Std(u) for p as in (41) are

_[1]3] (1] 2]
(42) t1—2 , t2—3 .

The set Pgr, is a poset where the order < is the so-called dominance order on Young
diagrams. In the “at most two rows case” this is 4 < X if and only if u has fewer columns (an
example is (41) with the same notation).

The only thing missing is thus the parametrization of the cellular basis. This works as
follows: fix A € A™(2,d) and assign to each t € Std(\) a “half diagram” z; via the rule that
one “caps off” the strands whose numbers appear in the second row with the biggest possible
candidate to the left of the corresponding number (going from left to right in the second row).
Note that this is well-defined due to planarity. For example,

~ T =

AN ) )

Then one obtains cé‘t by “turning s upside down and stacking it on top of x;”. For example,
O

N PN

for A € AT(2,6) and s,t € Std()\) as in (43). The map Cqy, sends (s,t) € Z3; x I3y, to ¢y

112[3]6]
4[5

113]4]5]

(43) s = 516

W':US:

;1=

cg‘t =igL(zs) oxy =

Theorem 4.6. ([14, Theorem 6.7]) The quadruple (Pcr,ZcL,CcL,igr) is a cell datum for
the algebra T L4(0). |
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Example 4.7. For T L3(0) we have five basis elements, namely

\ . / /
Cee = ’ Ctltl = ’ Ctltg Ctgtl CtQtQ
M
where we use the notation from (41) and ( (and the “canonical” filling ¢ for \).

Let us now compare the cell datum of Graham and Lehrer with our cell datum. We have
the poset Pqr, consisting of all A € A*(2,d) in Graham and Lehrer’s case and the poset P
consisting of all A € X such that A,()) is a factor of T in our case.

The two sets are the same: an element A\ = (A1, \2) € Pqr, corresponds to \y — Ay € P.
This is clearly an injection of sets. Moreover, A,(i) ® Ag(1) = Ay(i +1) @ Ay(i —1) for i >0
shows surjectivity. Two easy examples are

A=) =6,0=[ ] [ JePaL~ A —X=3€P,

and

p=(p1,p2) = (2,1) = |€7>GL~W1—M2=167>,

which fits to the decomposition as in (40).

Similarly, an inductive reasoning shows that there is a factor A,(7) of T" for any standard
filling for the Young diagram that gives rise to ¢ under the identification from above. Thus,
I, is also the same as our 7.

As an example, we encourage the reader to compare (41) and (42) with (40).

To see that the K-linear anti-involution igy, is also our involution i, we note that we build
our basis from a “top” part g{\ and a “bottom” part f])‘ and i switches top and bottom similarly
as the K-linear anti-involution igr..

Thus, except for C and Cqr,, the cell data agree.

In order to state how our cellular basis for 7 L4(d) looks like, recall the following definition(s)
of the (generalized) Jones—Wenzl projectors.

Definition 4.8. (Jones—Wenzl projectors.) The d-th Jones—Wenzl projector, which we
denote by JW, € TL4(d), is recursively defined via the recursion rule

[w 1 =[] -

where we assume that JW; is the identity diagram in one strand. A

Note that the projector JWy can be identified with the projection of T' = V®? onto its
maximal weight summand. These projectors were introduced by Jones in [20] and then further
studied by Wenzl in [38]. In fact, they can be generalized as follows.

Definition 4.9. (Generalized Jones—Wenzl projectors.) Given any d-tuple (with d > 0)

of the form €= (e1, ..., eq) € {£1}¢ such that Z?Zl ej >0forallk=1,...,d. Seti= Z?’:l €j
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We define recursively two certain “half-diagrams” ¢, ., +1) via

|— JWit1 | | JW; 1 |

t(el""76d7+1) = T ’ t(el)"wed:*l) =

| S

where t(y1) € TL1(5) is defined to be the identity element. By convention, t«, ., 1) =0
if i —1 < 0. Note that ¢, ., +1) has always d + 1 bottom boundary points, but 7 + 1 top
boundary points.

Then we assign to any such € a generalized Jones—Wenzl “projector” JWz € T L4(9) via

JWe=i(tz) ote,

where i is, as above, the K-linear anti-involution that “turns pictures upside down”. A

Example 4.10. We point out again that the ¢2’s are “half-diagrams”. For example,

1\
by =] 5t = [T v -y = v 141 =
2~ M M
where we can read-off the top boundary points by summing the ¢;’s. A

Note that the Jones—Wenzl projectors are special cases of the construction in Definition 4.9,
Le. JWy= JWy1, . 41)- Moreover, while we think about the Jones-Wenzl projectors as pro-
jecting to the maximal weight summand of T' = V®?, the generalized Jones-Wenzl projectors
JWz project to the summands of T'= V&4 of the form A, (i) where i is as above i = Z;-lzl €.
To be more precise, we have the following.

Proposition 4.11. (Diagrammatic projectors.) There exist non-zero scalars az € K
such that JW. = azJWg are well-defined idempotents forming a complete set of mutually
orthogonal, primitive idempotents in 7 L4(d). O

Proof. That they are well-defined follows from the fact that no (appearing) quantum number
vanishes in the semisimple case, cf. Proposition 4.4.

The other statements can be proven as in [11, Proposition 2.19 and Theorem 2.20] (beware
that they call these projectors higher Jones—Wenzl projectors), since their arguments work —
mutatis mutandis — in the semisimple case as well. |

One can also show that the sum of the JW/’s for fixed i = 2?21 €; are central. These
should be thought of as being the projectors to the isotypic Ag(i)-components of T' = yed

Example 4.12. Recall from Example 3.27 that we have the following decompositions.
(44) VEL=Ag(1), VI AL2) @ A(0), V& ZA(3) @ A1) A(1).
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Moreover, there are the following € vectors.

—

= (4+1,+1), & =(+1,-1),
(+1,41,-1), & = (+1,—1,+1).

€= (+1), &
€= (+1,+1,+41), &=
(We point out that (+1,—1,—1) does not satisfy the sum property from Definition 4.9.)
By construction, J Wei JWe, is the identity strand in one variable and hence, is the
projector on the unique factor in (44). Moreover, we have

L\ N\
S . JWe

€3 —

2~ ~
where JW:z

&, 1s the projection onto Ay(2) and JWe, is the (up to scalars) projector onto A4(0)
as in (44), respectively. Furthermore, we have

TWo = JWE = JWe, =

, 2) (™
JW3 = JWz, = JWg = _E + _~_7
M
is the projection to the A,(3) summand in (44). The other two (up to scalars) projectors are
/
JWe, = , IWe =
M

as we invite the reader to check. Note that their sum (up to scalars) is the projector on the
isotypic component Ay (1) @ Ag(1) in (44). A

Proposition 4.13. ((New) cellular bases.) The datum given by the quadruple (P,Z,C,1)
for TL4(d) = Endy,(T) is a cell datum for 7L4(5). Moreover, C # Cqr, for all d > 1 and
all choices involved in the definition of im(C). In particular, there is a choice such that all
generalized Jones-Wenzl projectors JW. are part of im(C). O

Proof. That we get a cell datum as stated follows from Theorem 4.1 and the discussion above.
That our cellular basis C will never be Cqr, for d > 1 is due to the fact that Graham and
Lehrer’s cellular basis always contains the identity (which corresponds to the unique standard
filling of the Young diagram associated to A = (d,0)).
In contrast, let Ay = (d — k, k) for 0 < k < [4]. Then

(45) T=V2Ad)ed P Ayld—2k)"™
0<k<|%)

for some multiplicities my, € Z~q, we see that for d > 1 the identity is never part of any of
our bases: all the Ay(i)’s are snnple U,-modules and each c - factors only through A, (k). In

particular, the basis element ¢, for A = Ay has to be (a scalar multiple) of JW( 1 . 41)-
As in [6, 5A.1] we can choose for C an Artin-Wedderburn basis of Endy, (1) = T L4(6).
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By our construction, all basis elements cfj are block matrices of the form
M, 0 o0
0 Mys - 0
0 0 <o M,

with e = 0 if d is even and € = 1 if d is odd (where we regard V' as decomposed as in (45),
the indices should indicate the summands and My_o is of size my X my).

Clearly, the block matrices of the form EZ for ¢ = 1,...,my with only non-zero entry in
the i-th column and row of My form a set of mutually orthogonal, primitive idempotents.
Hence, by Proposition 4.11, these have to be the generalized Jones-Wenzl projectors JW? for

k= Z§:1 €j up to conjugation. [ |
Example 4.14. Let us consider T£3(d) as in Example 4.7 for any ¢ € K* — {1, +/—1} that
is not a critical value as in Example 4.5. Then T L3(d) is semisimple by Proposition 4.4.

In particular, we have a decomposition of V&3 as in (44). Fix the same order as therein.
Identifying A, p with 3,1, we can choose five basis elements

A 3 1 1 1 1
Cee = B1, Cffltl = Ep, Cﬁtg = Ep, Ci‘m = Es, Cfm = Es,

where we use the notation from (41) and (42) (and the “canonical” filling ¢ for A) again.

Note that ¢, corresponds to the Jones-Wenzl projector JW3 = J W(’ corre-

"
+1+141) Ctatq
sponds to JW(/+1+171) and ¢}, corresponds to JIW/ Compare to Example 4.12. A

(+1-1+1)"
Note the following classification result (see for example [30, Corollary 5.2] for K = C).

Corollary 4.15. We have a complete set of pairwise non-isomorphic, simple 7 L;(d)-modules
L(\), where A = (A1, A\2) is a length-two partition of d. Moreover, dim(L(\)) = [Std())],
where Std()\) is the set of all standard tableaux of shape A. O

Proof. This follows directly from Proposition 4.13, the classification of simple modules for
Endy, (T), see [6, Theorem 4.11], and Theorem 4.2 because we have my = [Std())]. |

Example 4.16. The Temperley—Lieb algebra T £3(0) in the semisimple case has

dm(Z([T])=1 dim (L (_ |)> .

Compare to (42). A

4B.2. Temperley—Lieb algebra: the non-semisimple case. Let us assume that we have fixed
q € K* — {1,£/~1} to be a critical value such that [k] = 0 for some k = 1,...,d. Then, by
Proposition 4.4, the algebra TL4(d) is no longer semisimple. In particular, to the best of our
knowledge, there is no diagrammatic analog of the Jones—Wenzl projectors in general.

Proposition 4.17. ((New) cellular basis — the second.) The datum (P,Z,C,i) with C
as in Theorem 4.1 for TL£4(0) = Endy, (T') is a cell datum for 7L4(0). Moreover, C # Car for
all d > 1 and all choices involved in the definition of our basis. Thus, there is a choice such
that all generalized, non-semisimple Jones—Wenzl projectors are part of im(C). O

Proof. As in the proof of Proposition 4.13 and left to the reader. |
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Hence, directly from Proposition 4.17, the classification of simple modules for Endy, (1),
see [6, Theorem 4.11], and Theorem 4.2, we obtain:

Corollary 4.18. We have a complete set of pairwise non-isomorphic, simple 7 L4(d)-modules
L(\), where A = (A1, A2) is a length-two partition of d. Moreover, dim(L(\)) = my, where mj
is the multiplicity of T,(A; — A2) as a summand of 7' = V&4, |

Example 4.19. If ¢ is a complex, primitive third root of unity, then 7 L3(d) still has the
same indexing set of its simples as in Example 4.16, but now both are of dimension one, since
we have a decomposition of T = V®3 as in (39). A

Remark 6. In the case K = C we can give a dimension formula, namely

dim(L() IStd(\)], if \{ — X2 =—1mod I,
1im =my = w .
Y umwapsrent@a (D Std(w)], if A — Az # ~1mod

where w € W is the affine Weyl group and ¢(w) is the length of a reduced word w € W;. This
matches the formulas from, for example, [3, Proposition 6.7] or [30, Corollary 5.2]. A

Note that we can do better: as in Example 3.22 one gets a decomposition
(46) T=2T 1To2T 19 2T 13T 1 28T 11,

where the blocks 7 _;1 and 77 ;_; are semisimple if K = C. Compare also to [7, Lemma 2.25].

Fix K = C. As explained in [7, Section 3.5] each block in the decomposition (46) can be
equipped with a non-trivial Z-grading coming from the zig-zag algebra from [17]. Hence, we
have the following.

Lemma 4.20. The C-algebra Endy, (T') can be equipped with a non-trivial Z-grading. Thus,
T L4(0) over C can be equipped with a non-trivial Z-grading. O

Proof. The second statement follows directly from the first using quantum Schur—Weyl duality.
Hence, we only need to show the first.

Note that T'= V®¢ decomposes as in (45), but with T,(k)’s instead of A,(k)’s, and we can
order this decomposition by blocks. Each block carries a Z-grading coming from the zig-zag
algebra, as explained in [7, Section 3]. In particular, we can choose the basis elements c?j in
such a way that we get the Z-graded basis obtained in Corollary 4.23 therein. Since there is
no interaction between different blocks, the statement follows. |

Recall from [15, Definition 2.1] that a Z-graded cell datum of a Z-graded algebra is a cell
datum for the algebra together with an additional degree function deg: []\cp I* — Z, such
that deg(cf‘j) = deg(i) + deg(j). For us the choice of deg(-) is as follows.

If A € P is in one of the semisimple blocks, then we simply set deg(i) = 0 for all i € T*.

Assume that A € P is not in the semisimple blocks. It is known that every T,(\) has
precisely two Weyl factors. The g2 that map A,()\) into a higher 7, (x) should be indexed by
a 1-colored i whereas the g mapping A,()) into T,(\) should have 0-colored i. Similarly for
the f;\’s. Then the degree of the elements i € Z* should be the corresponding color. We get
the following. (Here C is as in Theorem 4.1.)

Proposition 4.21. (Graded cellular basis.) The datum (P,Z,C,1i) supplemented with the
function deg(-) from above is a Z-graded cell datum for the C-algebra 7 Ly4(d) = Endy, (T).00
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Proof. The hardest part is cellularity which directly follows from Theorem 4.1. That the
quintuple (P,Z,C,i,deg) gives a Z-graded cell datum follows from the construction. ]

Example 4.22. Let us consider 7L3(d) as in Example 4.14, namely ¢ being a complex,
primitive third root of unity. Then 7 £3() is non-semisimple by Proposition 4.4. In particular,
we have a decomposition of V&3 different from (44), namely as in (39). In this case P = {1, 3},
73 = {1,3} and Z' = {1}. By our choice from above deg(i) = 0if i =1 € Z* or i = 3 € I3,
and deg(i) = 1if i = 1 € I3 As in Example 4.14 (if we use the ordering induced by
the decomposition from (39)), we can choose basis elements as ¢}, = E};, ¢}y = El,, 3, =
El,, 3y = El,, cl; = Ei;, where we use the notation from (41) and (42) again. These are of
degrees 0,1,1,2 and 0. A

Remark 7. Our grading and the one found by Plaza and Ryom-Hansen in [29] agree (up to
a shift of the indecomposable summands). To see this, note that our algebra is isomorphic to
the algebra K, studied in [9] which is by (4.8) therein and [10, Theorem 6.3] a quotient of
some particular cyclotomic KL-R algebra (the compatibility of the grading follows for example
from [16, Corollary B.6]). The same holds, by construction, for the grading in [29]. A
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