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Where are we?

The six main fields of pure mathematics algebra , analysis , geometry ,

topology , logic , discrete mathematics

The map of (pure) mathematics

Black blob. Representation theory and its categorical analog My research area

Dashed blob. Where I usually apply them My research reach

Applications beyond my current research? The future (within TUM?)

Today

(1) I will briefly sketch categorical representation theory

(2) Applications within representation theory
(3) Applications to low dimensional topology

(4) Applications to Lie theory
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Categorical representation theory = representation theory + categories

I Categorification = replace set-theoretical structures by category-theoretical ones

I Categorifcation reveals hidden structures “Shadow vs. real object”

I Goal Combine categorification and representation theory

Careful

There are zillions of choices involved
and there are many way to categorify representation theory

There is no unique way of doing this!

Some examples of categorical representation theory

Jones, Ocneanu, Popa, others ∼1990
Categorical group rep theory on semisimple categories

Etingof, Ostrik, others ∼2005
Categorical algebra rep theory on abelian categories

Chuang, Rouquier, Khovanov, Lauda, others ∼2005
Categorical Lie algebra representations on additive categories

Joint with Mackaay, Mazorchuk, Miemietz, Zhang, others ∼2011
Categorical algebra rep theory on additive categories

Today

An example instead of formal definitions
and applications of the theory
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Instead of G -reps study (G -rep)-reps

I Goal of chemistry Find the periodic table of elements

I Goal of group theory Find the periodic table of simple groups

I Goal of (cat) rep theory Find the periodic table of simple reps

finitary
fiat

Classical

A rep is called simple (the “elements”)

if it has no stable ideals

We have the Jordan–Hölder theorem: every rep is built from simples

Goal Find the periodic table of simples

Categorical

A cat rep is called simple (the “elements”)

if it has no stable 2-ideals

We have the weak Jordan–Hölder theorem: every rep is built from simples

Goal Find the periodic table of simples

The actors are finitary/fiat 2-cats
They act on finitary cats

Theorem

Completeness All simples of Rep(G ,C) are of the form V(K , twist)

Non-redundancy We have V(K , twist) ∼= V(K ′, twist′)
⇔

the subgroups and twists are conjugate

Advancing the abstract theory over 8 years

∼2011:

∼2016:

∼2017:

∼2019:

∼2019:
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Instead of G -reps study (G -rep)-reps

Reps
!

matter
simple ! elements

indecomposable ! compounds
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We have the Jordan–Hölder theorem: every rep is built from simples

Goal Find the periodic table of simples

Categorical

A cat rep is called simple (the “elements”)

if it has no stable 2-ideals
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Instead of G -reps study (G -rep)-reps

Examples instead of formal defs

I Let C = Rep(G ) (G a finite group)

I C is part of the theory. For any M, N ∈ C , we have M⊗ N ∈ C :

g(m ⊗ n) = gm ⊗ gn

for all g ∈ G ,m ∈ M, n ∈ N. There is a trivial representation 1

I The regular cat representationM : C → End(C ):

M //

f

��

M⊗
f⊗
��

N // N⊗

I The decategorification is the regular representation
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We have the Jordan–Hölder theorem: every rep is built from simples

Goal Find the periodic table of simples

Categorical

A cat rep is called simple (the “elements”)

if it has no stable 2-ideals
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Instead of G -reps study (G -rep)-reps

I Symmetric group
generalize←−−−−− Hecke algebras

categorify←−−−−− Hecke categories

I We used the Rep(G ,C)-result to classify simple reps of the Hecke categories

I This categorifies rep theory of Hecke algebras
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Applications of categorical representation theory

From Burnside’s book Theory of Groups of Finite Order

first

edition

∼1897

second

edition

∼1911

I Rep theory is everywhere in math & the sciences but it took a while to get started

I Short and long terms goal Find applications of categorical rep theory

There are many more applications, and not just by me
Here are three examples:

Faithful 2-reps of braid groups Low dim top, symplectic geometry

Broué’s abelian defect conjecture via 2-reps Finite groups, rep theory

The Kazhdan–Lusztig conjecture using the Hecke category Combinatorics, geometry

Euler characteristic
categorifies←−−−−−− homologies

knowns−−−−−−−−−→
continuous maps

functoriality

knot polynomials
categorifies←−−−−−− knot homologies

knowns−−−−−−−−−−→
maps between knots

functoriality

We proved Khovanov’s “conjecture” using cat rep theory Low dim top

Its about morphisms!

We used cat rep theory of the Hecke category to study modular reps of SL2 Lie theory

Monoidal cats and their reps are a potential source of Diffie–Hellman-type-protocols

2 4 6 8 10 12

100000

200000

300000

400000

500000

We are currently investigating applications to cryptography

Why cat
representation

theory?

Young, vibrant
field of pure
mathematics

Studies objects
and not their

shadows

Open questions
are still

trackable

Mix of rep +
category theory,
combinatorics

Representation
theory of the

21th century!?

Growing
importance via
its applications

Students can
jump right

into the field

Fits to TUM
and adds

something new

Future at TUM?!

Invariant theory ⇔ cat versions of Schur–Weyl duality ⇔ cat rep theory

Algebraic geometry in char p ⇔ Satake equivalence ⇔ cat rep theory

Deligne–Lusztig varieties ⇔ cat actions of Kac–Moody algebras ⇔ cat rep theory

Higher categories ⇔ version of TQFTs ⇔ cat rep theory
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There are many more applications, and not just by me
Here are three examples:

Faithful 2-reps of braid groups Low dim top, symplectic geometry

Broué’s abelian defect conjecture via 2-reps Finite groups, rep theory

The Kazhdan–Lusztig conjecture using the Hecke category Combinatorics, geometry

Euler characteristic
categorifies←−−−−−− homologies

knowns−−−−−−−−−→
continuous maps

functoriality

knot polynomials
categorifies←−−−−−− knot homologies

knowns−−−−−−−−−−→
maps between knots

functoriality

We proved Khovanov’s “conjecture” using cat rep theory Low dim top

Its about morphisms!

We used cat rep theory of the Hecke category to study modular reps of SL2 Lie theory

Monoidal cats and their reps are a potential source of Diffie–Hellman-type-protocols
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Future at TUM?!

Invariant theory ⇔ cat versions of Schur–Weyl duality ⇔ cat rep theory

Algebraic geometry in char p ⇔ Satake equivalence ⇔ cat rep theory

Deligne–Lusztig varieties ⇔ cat actions of Kac–Moody algebras ⇔ cat rep theory

Higher categories ⇔ version of TQFTs ⇔ cat rep theory
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Dashed blob. Where I usually apply them My research reach

Applications beyond my current research? The future (within TUM?)

Today

(1) I will briefly sketch categorical representation theory

(2) Applications within representation theory
(3) Applications to low dimensional topology

(4) Applications to Lie theory
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I Categorification = replace set-theoretical structures by category-theoretical ones

I Categorifcation reveals hidden structures “Shadow vs. real object”

I Goal Combine categorification and representation theory

Careful

There are zillions of choices involved
and there are many way to categorify representation theory

There is no unique way of doing this!

Some examples of categorical representation theory

Jones, Ocneanu, Popa, others ∼1990
Categorical group rep theory on semisimple categories

Etingof, Ostrik, others ∼2005
Categorical algebra rep theory on abelian categories

Chuang, Rouquier, Khovanov, Lauda, others ∼2005
Categorical Lie algebra representations on additive categories

Joint with Mackaay, Mazorchuk, Miemietz, Zhang, others ∼2011
Categorical algebra rep theory on additive categories

Today

An example instead of formal definitions
and applications of the theory
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Instead of G -reps study (G -rep)-reps

I Goal of chemistry Find the periodic table of elements

I Goal of group theory Find the periodic table of simple groups

I Goal of (cat) rep theory Find the periodic table of simple reps

finitary
fiat

Classical

A rep is called simple (the “elements”)

if it has no stable ideals

We have the Jordan–Hölder theorem: every rep is built from simples

Goal Find the periodic table of simples

Categorical

A cat rep is called simple (the “elements”)

if it has no stable 2-ideals

We have the weak Jordan–Hölder theorem: every rep is built from simples

Goal Find the periodic table of simples

The actors are finitary/fiat 2-cats
They act on finitary cats

Theorem

Completeness All simples of Rep(G ,C) are of the form V(K , twist)

Non-redundancy We have V(K , twist) ∼= V(K ′, twist′)
⇔

the subgroups and twists are conjugate

Advancing the abstract theory over 8 years

∼2011:

∼2016:

∼2017:

∼2019:

∼2019:
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We have the Jordan–Hölder theorem: every rep is built from simples

Goal Find the periodic table of simples

Categorical

A cat rep is called simple (the “elements”)

if it has no stable 2-ideals
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From Burnside’s book Theory of Groups of Finite Order
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I Rep theory is everywhere in math & the sciences but it took a while to get started

I Short and long terms goal Find applications of categorical rep theory

There are many more applications, and not just by me
Here are three examples:

Faithful 2-reps of braid groups Low dim top, symplectic geometry

Broué’s abelian defect conjecture via 2-reps Finite groups, rep theory

The Kazhdan–Lusztig conjecture using the Hecke category Combinatorics, geometry

Euler characteristic
categorifies←−−−−−− homologies

knowns−−−−−−−−−→
continuous maps
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knot polynomials
categorifies←−−−−−− knot homologies

knowns−−−−−−−−−−→
maps between knots

functoriality

We proved Khovanov’s “conjecture” using cat rep theory Low dim top

Its about morphisms!

We used cat rep theory of the Hecke category to study modular reps of SL2 Lie theory

Monoidal cats and their reps are a potential source of Diffie–Hellman-type-protocols
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Invariant theory ⇔ cat versions of Schur–Weyl duality ⇔ cat rep theory

Algebraic geometry in char p ⇔ Satake equivalence ⇔ cat rep theory

Deligne–Lusztig varieties ⇔ cat actions of Kac–Moody algebras ⇔ cat rep theory

Higher categories ⇔ version of TQFTs ⇔ cat rep theory
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There is still much to do...

Thanks for your attention!
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We have the weak Jordan–Hölder theorem: every rep is built from simples

Goal Find the periodic table of simples

The actors are finitary/fiat 2-cats
They act on finitary cats

Theorem

Completeness All simples of Rep(G ,C) are of the form V(K , twist)

Non-redundancy We have V(K , twist) ∼= V(K ′, twist′)
⇔

the subgroups and twists are conjugate

Advancing the abstract theory over 8 years

∼2011:

∼2016:

∼2017:

∼2019:

∼2019:

Functors, not matrices Categorical representation theory and applications July 2022 4 / 6

Instead of G -reps study (G -rep)-reps

I Let K ⊂ G be a subgroup

I Rep(K ) is a cat representation of Rep(G ), with action

ResGK ⊗ : Rep(G )→ End(Rep(K )),

which is indeed a cat action because ResGK is a ⊗-functor

I The decategorifications are N-representations

finitary
fiat

Classical

A rep is called simple (the “elements”)

if it has no stable ideals
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There is still much to do...
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