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Generalised Cartan matrices
Let I be a (finite) indexing set
Let C = (Cij)i ,j∈I be a symmetrizable generalised Cartan matrix:
⇐⇒ cii = 2, cij ≤ 0 if i 6= j , cij = 0 ⇐⇒ cji = 0

and DC is symmetric for a diagonal matrix D = diag(di |i ∈ I ), for di > 0

We assume that C is indecomposable in the sense that if ∅ 6= J ( I then
there exist i ∈ I \ J and j ∈ J such that cij 6= 0

A Cartan datum (P,P∨,Π,Π∨) for C consists of:
A weight lattice P with basis fundamental weights {Λi | i ∈ I }
Dual weight lattice P∨ = Hom(P,Z)

Simple roots Π = {αi | i ∈ I }
Simple coroots Π∨ = { hi | i ∈ I } ⊂ P∨

A pairing such that 〈hi , αj〉 = cij and 〈hi ,Λj〉 = δij

Let h∗ = Q⊗Z P =⇒ symmetric bilinear form on h∗: (αi , αj) = dicij
Let P+ =

⊕
i∈I NΛi be the dominant weight lattice

and Q+ =
⊕

i∈I Nαi the positive root lattice
The positive root α =

∑
i aiαi ∈ Q+ has height ht(α) =

∑
i ai
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Symmetrizable quivers
Type Cartan Quiver

Ae


2 −1 ··· 0

−1
. . . . . .
. . . . . . −1

0 ··· −1 2


Ce


2 −2 ··· 0

−1
. . . . . .
. . . . . . −1

0 ··· −1 2


+ Be , De , E6, E7, E8, F4, G2 (finite types)

A∞

A
(1)
e . . .

C
(1)
e

+ B
(1)
e , D(1)

e , E (1)
6 , E (1)

7 , E (1)
8 , F (1)

4 , G (1)
2 A

(2)
2e , A

(2)
2e−1, D

(2)
e+1, E

(2)
6 , D(3)

4

If there are eij edges
from i to j then for i 6= j

cij =


−eij , if eij > eji

−1, if eij < eji

−eij − eji , otherwise
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Graded modules and graded algebras
In these talks, graded will always means Z-graded
A graded module M is a module with a decomposition M =

⊕
d∈ZMd

If m ∈ Md then m is homogeneous of degree d and we write degm = d

The graded dimension of M is dimq M =
∑

d(dimMd)qd ∈ N[q, q−1]
=⇒ dimM = (dimq M)|q=1 (assuming only finitely many Md 6= 0)

If s ∈ Z let qsM be the graded module that is equal to M but with the
degree shifted upwards by s so that (qsM)d = Md−s .

More generally, if f (q) =
∑

s fsq
s ∈ N[q, q−1] let

f (q)M =
⊕

s(qsM)⊕fs =⇒ dimq f (q)M = f (q) dimq M

An algebra A is graded if A =
⊕

k∈Z Ak and AkAl ⊆ Ak+l

A graded A-module is a graded module M such that AkMd ⊆ Mk+d

A map f :M−→N is homogeneous of degree d if deg f (m) = d + degm
=⇒ Hom(M,N) =

⊕
d Hom(M,N)d ,

where Hom(M,N)d is the space of homogeneous maps of degree d

In the graded category, all isomorphisms are homogeneous of degree zero
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Quiver Hecke algebras – the Q-polynomials
Let k =

⊕
d kd be a positively graded commutative ring

Fix polynomials (Qij(u, v))i ,j∈I in k[u, v ] with Qij(u, v) = Qji (v , u) and

Qij(u, v) =


∑

a,b qabu
avb , if i 6= j ,

0, if i = j ,
where qab = qa,b,i ,j ∈ k−2(αi ,αj )−a(αi ,αi )−b(αj ,αj ) and q−cij0 ∈ k

×
0

For 1 ≤ m < n − 1 define ∂Qijk(u, v ,w) = δik
Qij (u,v)−Qij (w ,v)

w−u
Examples

Qij(u, v) =



−(u − v)2 if i � j ,
u − v2, if i =⇒ j

u2 − v , if i ⇐= j

u − v , if i −→ j

v − u, if i ←− j

1, if i / j

0, if i = j

=⇒ ∂Qiji =



u + w − 2v if i � j ,
−(u + w), if i =⇒ j

u + w , if i ⇐= j

−1, if i −→ j

1, if i ←− j

0, otherwise
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Quiver Hecke algebras
The symmetric group Sn acts on I n by place permutations:

w i = (iw(1), . . . , iw(n)), for w ∈ Sn and i ∈ I n

For α ∈ Q+ let Iα = { i ∈ I n |α = αi1 + · · ·+ αin }, where n = ht(α)

Definition (Khovanov-Lauda, Rouquier 2008)
The quiver Hecke algebra, or KLR algebra, Rα is the unital associative
k-algebra generated by { 1i | i ∈ Iα } ∪ {ψr | 1 ≤ r < n } ∪ { yr | 1 ≤ r ≤ n }
subject to the relations:

1i1j = δi,j1i,
∑

i∈Iα 1i = 1, ψr1i = 1sr iψr ,
yr1i = 1iyr , yryt = ytyr , ψ2

r 1i = Qir ,ir+1(yr , yr+1)1i

ψryt = ytψr if s 6= r , r + 1, ψrψt = ψtψr if |r − t| > 1
(ψryr+1 − yrψr )1i = δir ,ir+11i = (yr+1ψr − ψryr )1i

(ψr+1ψrψr+1 − ψrψr+1ψr )1i = ∂Qir ,ir+1,ir+1(yr , yr+1, yr+1)1i

Let Rn =
⊕

α∈Q+
n

Rα, where Q+
n = {α ∈ Q+ | ht(α) = n }

Importantly, Rn is graded with the grading determined by
deg 1i = 0, deg yr1i = (αir , αir ), and degψr1i = −(αir , αir+1)
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Diagrammatic presentation for Rn

The elements of Rn can be described diagrammatically:

1i =

i1 i2 ir in

yr1i =

i1 i2 ir in

ψr1i =

i1 i2 inirir+1

If D and E are diagrams then the diagram D ◦ E is zero if the residues of
the strings do no match up and, when the residues coincide, D ◦ E is
obtained by putting D on top of E and then rescaling using isotopy

The relations become “local” operations on the diagrams that describe how
to move dots and strings past crossings.

For example, the relation yr+1ψr1i = (ψryr + δir ir+1)1i and the braid
relation (in the simply laced case when e 6= 2), can be written as:

= +δir ir+1 and

ii ii i i ± 1 ii ± 1 i ± 1

= ∓
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A spanning set
A reduced expression for w ∈ Sn is a word w = sa1 . . . sak with k minimal,
where sa = (a, a + 1)

If w = sa1 . . . sak is reduced set ψw = ψa1 . . . ψak

Warning In general, ψw depends on the choice of reduced expression!

Proposition
The algebra Rn is spanned by the following set of elements:

{ yk11 . . . yknn ψw1i | k1, . . . , kn ∈ N,w ∈ Sn and i ∈ I n }

Proof By definition, Rn is spanned by all diagrams. Using the relations,
we can move all of the dots to the top of the diagram, giving the result.
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The nil Hecke algebra
Let α = nαi , for some i ∈ I =⇒ Iα = {(i , . . . , i)} (omit 1(in) below)

=⇒ Rn is generated by y1, . . . , yn, ψ1, . . . , ψn−1 with relations

yryt = ytyr , ψ2
r = 0, ψrψr+1ψr = ψr+1ψrψr+1,

ψrψt = ψrψt if |r − s| > 1, ψryt − ysr (t)ψr = δr+1,t − δr ,t
=⇒ the ψr satisfy the Sn-braid relations =⇒ ψw depends only on w

Further, deg yr = (αi , αi ) = 2di = − degψt

Moreover, the ψr ’s satisfy the relations of the nil Hecke algebra NHn
=⇒ there is an action of NHn on the polynomial ring k[x] = k[x1, . . . , xn],
where yt acts as multiplication by xt and ψr acts as a Demazure operator

∂r f =
sr f−f
xr−xr+1

, where sr f (x1, . . . , xn) = f (x1, . . . , xr+1, xr , . . . , xn)

Exercise Check that ∂2
r = 0, ∂r∂r+1∂r = ∂r+1∂r∂r+1 and that
∂r∂t = ∂t∂r if |r − t| > 1

=⇒ if w = sa1 . . . sak then ∂w = ∂a1 . . . ∂ak , reduced, depends only on w

For w ∈ Sn define the (Schubert polynomial) pw = ∂w (x2x
2
3 . . . x

n−1
n )
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Symmetric polynomials and the coinvariant algebra
Let Symn = k[x]Sn be the ring of symmetric polynomials in k[x]

By the product rule, ∂r (fg) = ∂r (f )g + f ∂r (g)

=⇒ ∂w is a Symn-module endomorphism of k[x]

Theorem
The polynomial ring k[x] is a free Symn-module with basis {pw |w ∈ Sn }.

Sketch Let w[1,n] be the longest element of Sn. We claim pw[1,n]
= 1.

Now, w[1,n] = sn−1 . . . s1w[2,n], where w[2,n] is the longest element
of S{2,...,n}, so

pw[1,n]
= ∂n−1 . . . ∂1∂w[2,n]

(x2x
2
3 . . . x

n−1
n )

= ∂n−1 . . . ∂1(x2 . . . xn)∂w[2,n]
(x3 . . . x

n−2
n ) = 1

by induction. Now suppose that f =
∑

w λwpw = 0, for λw ∈ Symn and
let v ∈ Sn be of minimal length such that λv 6= 0. Applying ∂w[1,n]v−1

to f shows that λv = 0.

Counting graded dimensions, with xr in degree 2di , completes the proof
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Quiver Hecke algebra basis theorem
Theorem (Khovanov-Lauda, Rouquier)

Let α = Q+
n . Then Rα has basis

{ yk11 . . . yknn ψw1i | kr ≥ 0,w ∈ Sn, i ∈ Iα }

Sketch When α = nαi , for i ∈ I , the proof reduces to the nil-Hecke case

The general case is similar in spirit. Using the relations you check that Rα

has a faithful polynomial representation

k[x]α =
⊕

i∈Iα k[xi]

where y1, . . . , yn act by multiplication, 1ik[xj] = δijk[xi] and ψr1i acts
on k[xi] via

ψr f (xi) =


∂r f (xi), if ir = ir+1
sr f (xi), if there is an edge from ir to ir+1,
Qir ir+1(yr+1, yr )sr f (xi), otherwise

The faithfulness of the Rα action and the freeness of k[x]α implies that
the elements in the spanning set are linearly independent
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Cyclotomic quiver Hecke algebras
Fix a dominant weight Λ ∈ P+ and for each i ∈ I fix a monic
polynomial κi (u) ∈ k[u] of degree (hi ,Λ) of the form:

κi (u) =
∑(hi ,Λ)

d=0 kdu
(hi ,Λ)−d , where kd ∈ kd(αi ,αi )

Definition (Khovanov-Lauda, Rouquier, Brundan-Stroppel,
Brundan-Kleshchev)

Let Λ ∈ P+ and α ∈ Q+
n . The Cyclotomic quiver Hecke algebra, or

Cyclotomic KLR algebra, RΛ
α is the quotient of Rα by the two-sided ideal

generated by {κi1(y1)1i | i ∈ Iα }. Set RΛ
n =

⊕
α∈Q+

n
RΛ
α

We abuse notation and identify the elements ψ1, . . . , ψn−1, y1, . . . , yn, 1i,
and ψw of Rn with their images in RΛ

n

Corollary

The algebra RΛ
n is spanned by the elements
{ yk11 . . . yknn ψw1i | kr ≥ 0,w ∈ Sn, i ∈ Iα }

It is not obvious how to find a smaller spanning set
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Finiteness of cyclotomic quiver Hecke algebras
Proposition

The algebra RΛ
n is finitely generated as a k-module

Proof It is enough to show that for any i ∈ I n there exists a monic
polynomial hr (u) ∈ k[u] such that hr (yr )1i = 0. By definition, such a
polynomial exists when r = 1. Hence, by induction, it is enough to
show how to construct hr+1(u) from hr (u)

Case ir 6= ir+1: Let h′r (u) be such that h′r (yr )1sr i = 0. Then

h′r (yr+1)Qir ir+1(yr , yr+1)1i = h′r (yr+1)ψ2
r 1i = ψrhr (yr )1sr iψr = 0

Case ir = ir+1: Let ϕr = ψr (yr − yr+1)1i =
(

(yr+1 − yr )ψr − 2
)
1i.

=⇒ ϕrψr1i = −2ψr1i =⇒ (1 + ϕr )2 = 1i

=⇒ yr+11i = (1 + ϕr )yr (1 + ϕr )1i =⇒ hr (yr+1)1i = 0 2

Currently, bases for RΛ
n can be found in the literature only in type A
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The nil Hecke algebra case
Fix i ∈ I and take α = nαi , Λ = nΛi and κi (u) = un. Then RΛ

α is a
cyclotomic quotient of the quiver Hecke algebra Rα that we considered in
the nil Hecke case.

Recall that p1 = x2x
2
3 . . . x

n−1
n−1 . For v ,w ∈ Sn define

ψvw = ψv−1y2y
2
3 . . . y

n−1
n−1ψw

=⇒ degψvw = di

(
n(n − 1)− 2`(v)− 2`(w)

)
Proposition

The algebra RΛ
α has graded cellular basis {ψvw | v ,w ∈}. In particular, RΛ

α

has a unique irreducible module, up to grading shift

To prove this you need to explicitly describe how the yr ’s act on the
irreducible module after which you can show that multiplication
by y2y

2
3 . . . y

n−1
n−1 sends the “bottom” basis element to the “top” basis

element and so, in particular, is non-zero
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Induction and restriction functors
For β ∈ Q+ and i ∈ I define 1β,1 =

∑
j∈Iα 1ji . Define functors:

ei : Rβ+αi
-Mod−→Rβ -Mod;M 7→ 1β,iM

fi : Rβ -Mod−→Rβ+αi
-Mod;N 7→ Rβa+αi

⊗Rβ N

Proposition (Khovanov-Lauda, Rouquier)
The functors (ei , fi ) are an adjoint pair.

In particular, these functors are exact and send projectives to projectives
There are natural cyclotomic analogues of these functors:

eΛ
i : RΛ

β+αi
-Mod−→RΛ

β -Mod;M 7→ 1β,iM

f Λ
i : RΛ

β -Mod−→RΛ
β+αi

-Mod;N 7→ RΛ
βa+αi

⊗RΛ
β
N

Theorem (Kashiwara, Rouquier)

The functors (eΛ
i , f

Λ
i ) are an adjoint pair.

Theorem (Kang-Kashiwara, Li)

Let k be a commutative graded ring. Then RΛ
α is free as a k-module.
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Grothendieck groups
Let A = Z[q, q−1], for q an indeterminate

Let Rep(RΛ
n ) be the Grothendieck group of the finitely generated

graded RΛ
n -modules, modulo short exact sequences

So, Rep(RΛ
n ) is the A-module generated by symbols [M], as M runs over

the isomorphism classes of finitely generated RΛ
n -modules, with relations

• [qM] = q[M] (q acts as grading shift)
• [M] = [L] + [N], whenever 0 −→ L −→ M −→ N −→ 0 is exact

Similarly, let Proj(RΛ
n ) be the split, or projective, Grothendieck group

of finitely generated projective RΛ
nmodules modulo direct sums

Observe that eΛ
i and f Λ

i induce linear endomorphisms of
Rep(RΛ) =

⊕
n≥0 Rep(RΛ

n ) and Proj(RΛ) =
⊕

n≥0 Proj(R
Λ
n )

given by eΛ
i [M] = [eΛ

i M] and f Λ
i [M] = [f Λ

i M]

Similarly, we have Grothendieck groups Rep(Rn) and Proj(Rn) and
the functors ei and fi induce endomorphisms of

Rep(R) =
⊕

n≥0 Rep(Rn) and Proj(R) =
⊕

n≥0 Proj(Rn)
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Quantum groups
The quantum group Uq(g) associated with (C ,P,P∨,Π,Π∨) is the unital
associative Q(q)-algebra with generators {Ei ,Fi ,K

±
i | i ∈ I }, subject to

the relations:

KiKj = KjKi , KiK
−1
i = 1, [Ei ,Fj ] = δij

Ki−K−1
i

q−q−1

KiEjK
−1
i = qdicijEj , KiFjK

−1
i = q−dicijFj∑

0≤c≤1−cij (−1)c
q1−cij

c

y
i
E

1−cij−c
i EjE

c
i = 0∑

0≤c≤1−cij (−1)c
q1−cij

c

y
i
F

1−cij−c
i FjF

c
i = 0

where qi = qdi , JmKi ! =
∏m

k=1(qk − q−k)/(q − q−1),
and

qa
b

y
i

= JbKi !/JaKi !Jb − aKi ! for integers a < b,m ∈ N.
Let U+

q (g) = 〈Ei | i ∈ I 〉 and U−q (g) = 〈Fi | i ∈ I 〉
=⇒ There is a PBW decomposition Uq(g) ∼= U−q (g)⊗ U0

q(g)⊗ U+
q (g)

Finally, the Lusztig integral form of Uq(g) is the A-subalgebra U
A

(g)

of Uq(g) generated by the quantised divided powers E (k)
i = E k

i /JkKi !
and F

(k)
i = F k

i /JkKi ! for k ≥ 0 and i ∈ I
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Categorification of U−q (g)
Theorem (Khovanov-Luda, Rouquier)
Suppose that k is a field. Then there are A-algebra isomorphisms

U−
A

(g) ∼= Proj(R) and (U−
A

(g))∨ ∼= Rep(R)

In fact, these are isomorphisms of twisted bialgebras where the
multiplication on Rep(R) and Proj(R) is induced by the convolution
product: if M ∈ Rα -Mod and N ∈ Rβ -Mod then

M ◦ N = Rα+β1α,β ⊗Rα⊗Rβ M ⊗ N
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Canonical bases
The Grothendieck groups Rep(R) and Proj(R) come equipped with
distinguished bases:

Rep(Rn) = 〈 [D] | D self-dual irreducible Rn-modules 〉
Proj(Rn) = 〈 [P] | P self-dual indecomposable projective Rn-modules 〉

Warning: different dualities are used in Rep(Rn) and in Proj(Rn). We will
give more precise details later

On the quantum group side, U−q (g) and U−q (g)∨ also come equipped with
distinguished bases: Lusztig’s canonical basis and dual canonical basis or,
equivalently, Kashiwara’s upper and lower global crystal bases

Theorem (Varagnolo-Vasserot, Brundan-Stroppel,
Brundan-Kleshchev, Webster)

Assume that k is a field of characteristic zero and that C is a symmetric
Cartan matrix (di = 1 for all i ∈ I ). Then canonical basis of U−q (g)
coincides with the basis of self-dual projective indecomposable modules and
the dual canonical basis coincides with the basis of self-dual irreducible
modules.

Andrew Mathas— Cyclotomic quiver Hecke algebras I 20 / 24



Categorification of highest weight modules
For each dominant weight Λ ∈ P+ there is a unique irreducible integral
highest weight module L(Λ) for Uq(g).

Let vΛ ∈ L(Λ) be a highest weight vector and define LA(Λ) = U
A

(g)vΛ

and LA(Λ)∨ =
⊕

LA(Λ)∨µ , where LA(Λ)∨µ = HomA(LA(Λ)µ,A)

Theorem (Kang-Kashiwara, Webster)
Let C be a generalised symmetrizable Cartan matrix. Then

LA(Λ) ∼=
⊕
n≥0

Proj(RΛ
n ) and LA(Λ)∨ ∼=

⊕
n≥0

Rep(RΛ
n )

Prior to this result, Lauda and Vazirani proved the weaker statement that
the irreducible RΛ

n -modules categorify the crystal of L(Λ)
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Canonical bases for integrable highest weight modules
Combining the last two results proves the following:

Corollary (Varagnolo-Vasserot, Brundan-Stroppel,
Brundan-Kleshchev, Webster)

Assume that k is a field of characteristic zero and that C is a symmetric
Cartan matrix (di = 1 for all i ∈ I ). Then:
• The canonical basis of LA(Λ) coincides with
{ [P] | self dual projective indecomposable RΛ

n -module, n ≥ 0 }
• The dual canonical basis of LA(Λ)∨ coincides with
{ [D] | self dual irreducible RΛ

n -modules, n ≥ 0 }

In general, this result cannot hold for non-symmetric Cartan matrices
because there are known examples where the structure constants for the
canonical bases are polynomials with negative coefficients
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