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Let / be a (finite) indexing set Type Cartan Quiver
Let C = (Cjj)ijes be a symmetrizable generalised Cartan matrix: 20

<— C,',':2,C,'j§0ifi75j,CU:0<:>CJ',':O Ae (1 ) > - - ---—- —>—9——9
and DC is symmetric for a diagonal matrix D = diag(d;|i € 1), for d; > 0 g - =12
We assume that C is indecomposable in the sense that if ) £ J C [ then C. (1 - ) ° 0 —oe—>—9
there exist / € [\ J and j € J such that ¢;; # 0 o 5
A Cartan datum (P, PV, M, M) for C consists of: + Be, De, Eo, E7, Eg, Fa, G2 (finite types)

@ A weight lattice P with basis fundamental weights {A;|i € I} A T — O

@ Dual weight lattice PY = Hom(P,Z) 1) o < ¢

. . Ae

@ Simple roots N = {a;|i €/} @ & Y] @

° Simplle. coroots MY = { h;|iel} C PY c e —

o A pairing such that <h;,aj> = C,'J' and <h,‘,/\j> = (5,‘1' n Bgl) D‘gl) E6(1) E7(1) Eél) Fél) Gz(l) Agz) Agz) . D(2)1 E6(2) Df})
Let h* = Q ®z P = symmetric bilinear form on b*: («;, aj) = djcj; ¢ < - .
Let P+ = D,c/ NA; be the dominant weight lattice If there are e;; edges — i "€ > &

On0 9 fl _ 0
and QT = @, N the positive root lattice from il to j thjen for i = cj =4 1L if e <_eji
The positive root a = Y, aja; € QT has height ht(a) =3, a; —ejj — €jj, otherwise
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In these talks, graded will always means Z-graded Let k = @, kq be a positively graded commutative ring

A graded module M is a module with a decomposition M = P, My Fix polynomials (Qji(u, v))ijes in k[u, v] with Q;(u, v) = Qji(v, u) and
If m e My then m is homogeneous of degree d and we write degm = d B b Gapudvt, if i # ],
The graded dimension of M is dimg M = 3" ,(dim My)q¢ € N[q, 7] Qy(u, v) = 0 if 7=

= dim M = (dimg M)q—;  (assuming only finitely many My # 0)

where = i €K o o) alos o) —blasay @and g_c.o € kX
If s € Z let ¢°M be the graded module that is equal to M but with the dab = 9a,b,ij 2ai0g)=a(aiai)=blay,y) 90 = %o

degree shifted upwards by s so that (¢°M)y = My_s. For 1 < m < n— 1 define 0Qj(u, v, w) = 5,-;(%
More generally, if f(q) = > fsq° € N[q,q 7] let Examples ( s
: . —(u—v) His=j, P
f(qM = D (¢°M)®F = dimy f(q)M = f(q) dimg M o — 2 ifi—j ut+w—2v ifis],
An algebra Als graded if A= @kez Ak and AkA[ - Ak+/ w2 —v if <:J _(u+ W)’ if i :>J
. ’ u+ w, ifi<—j
A graded A-module is a graded module M such that AxMy C My, 4 Qi(u,v) = u—v, ifi—j =— 0Qy= 1 2 _}j
A map f: M— N is homogeneous of degree d if deg f(m) = d + degm v—u, if i ¢—j 1 ’ i
—  Hom(M, N) = @, Hom(M, N)4, 1, if i—-j 0’ —
where Hom(M, N)4 is the space of homogeneous maps of degree d 0, if i = ’ otherwise
In the graded category, all isomorphisms are homogeneous of degree zero
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The symmetric group &,, acts on /" by place permutations: The elements of %, can be described diagrammatically: -
wi = (iw(1)s -+ Iw(n)), for w € &, and i € 1"
Forae Qtlet I*={iel"|a=a;+ - +aj }, where n = ht(«) Li= yrli = rli =
Definition (Khovanov-Lauda, Rouquier 2008) e e B

If D and E are diagrams then the diagram D o E is zero if the residues of
the strings do no match up and, when the residues coincide, D o E is
obtained by putting D on top of E and then rescaling using isotopy

The quiver Hecke algebra, or KLR algebra, Z,, is the unital associative
k-algebra generated by { 1;|i€ [} U{Y, |1 <r<n}U{y, |1<r<n}
subject to the relations:

o LL=d;L Shceli=l L= 14, The relations become “local” operations on the diagrams that describe how

to move dots and strings past crossings.

o =Ly, yive=vyevrn ¥2Li= Qiivvs (Ve yrs1)li _ _

o Uy =y ifsErr+1, by =, if [r—t|>1 For example, the relation y,11%,1; = (¥ryr + 6;i,,,)1i and the braid

o (Uryra1 — yibr)Li = 6 i 1i = (yra1thr — oy i relation (in the simply laced case when e # 2), can be written as:
Irylr+1 -

° (wr—b—lwrwr—kl - wer-lwr)li = aQir,ir+1,ir+1(}/r7}/r+la)/r+1)1i and . .
Let Zn = Dpcqr Zor where QF = {a € QT [ht(a) =n} R

Importantly, %, is graded with the grading determined by PR rrER s TaEd
degl; =0, degy,li=(w,c;), and degi,lj=—(aj,.,)
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A reduced expression for w € &, is a word w = s, ... s, with k minimal,
where s, = (a,a+ 1)

is reduced set ¢, = 15, ... Ya,

Warning In general, v, depends on the choice of reduced expression!

If w=s5...5,

Proposition

The algebra %, is spanned by the following set of elements:
{yfr oyl tilk,. . ko eN,we S, andie I}

Proof By definition, Z, is spanned by all diagrams. Using the relations,
we can move all of the dots to the top of the diagram, giving the result.
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Let Sym, = k[x]®" be the ring of symmetric polynomials in k[x]
By the product rule, 0,(fg) = 9,(f)g + fo,(g)
—= 0Oy is a Sym,-module endomorphism of k[x]

The polynomial ring k[x] is a free Sym,-module with basis { p,, |w € &, }. l

Sketch Let wyy ) be the longest element of &,. We claim Pwy, = 1.
Now, W1 o] = Sp—1-..S1W[ 5, Where wp ; is the longest element
of &2, . n1, SO

2 -1
Pwy ) = On—-1-..010w,, (xox5 ...x) ")

=0p-1...01(x2.. ‘X")8W[2,n] (x3.. .x";*2) =1

by induction. Now suppose that f = Awpw =0, for A, € Sym, and
let v € &, be of minimal length such that A\, # 0. Applying 0
to f shows that A\, = 0.

Wi, vt

Counting graded dimensions, with x, in degree 2d;, completes the proof
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Let o = nay, for some i € | = [ ={(i,...,i)}  (omit 1(j») below)
— %, is generated by y1,...,yn, ¥1,...,%,_1 with relations

Ye¥e = Ye¥ro U7 =0, Urhrp19r = Yri1hrbria,

Vrhr = Ypipe if [r —s| > 1, rye — Yo, (8)r = Ort1,t — Ort
—> the 1), satisfy the &,-braid relations = 1), depends only on w
Further, deg y, = (o, ;) = 2d; = — deg ¢
Moreover, the 1),'s satisfy the relations of the nil Hecke algebra NH,

—> there is an action of NH, on the polynomial ring k[x] = k[x1, ..., x,],
where y; acts as multiplication by x; and v, acts as a Demazure operator
o f = :f—x_ril where *f(xq,...,%n) = F(X1, ) Xrt1y Xry e -+, Xn)
Exercise Check that 63 =0, 0,0,+10, = 0y+10,0,41 and that

8,«815 = atar if ]r— t’ > 1

— if w=s,,...5, then 0, = 0,, ...0,,, reduced, depends only on w

For w € &, define the (Schubert polynomial) p, = 9w (x2x2 ... x™"1)
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Theorem (Khovanov-Lauda, Rouquier)

Let « = Q;F. Then %, has basis
{Y1k1 ---y,lf”¢w1i |k 2 0,w € Gpicl®}

Sketch When o = naj, for i € I, the proof reduces to the nil-Hecke case

The general case is similar in spirit. Using the relations you check that Z,,
has a faithful polynomial representation

klxlo = Dic/o klxi]
where y1, ..., y, act by multiplication, 1jk[x;] = d;k[x;] and 1,1; acts
on k[x;] via
8, (x;), if i, = i1
Yrf(x) = (),
Qi (Vr+1, ¥, )7 f(x;), otherwise

The faithfulness of the %, action and the freeness of k|[x], implies that
the elements in the spanning set are linearly independent

if there is an edge from i, to i 41,
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Fix a dominant weight A € P and for each i € / fix a monic
polynomial x;(u) € k[u] of degree (h;,\) of the form:

ki(u) = Zg’l’é\) kqu(hi-N—d, where kg € kg(q;.a,)

Proposition

The algebra %!\ is finitely generated as a k-module

Proof It is enough to show that for any i € /" there exists a monic
Definition (Khovanov-Lauda, Rouquier, Brundan-Stroppel, polynomial h,(u) € k[u] such that h,(y,)1; = 0. By definition, such a

Brundan-Kleshchev) polynomial exists when r = 1. Hence, by induction, it is enough to
show how to construct h,y1(u) from h.(u)

Let A€ P™ and a € Q. The Cyclotomic quiver Hecke algebra, or

Cyclotomic KLR algebra, Z” is the quotient of %, by the two-sided ideal Case iy # ir41:  Let h.(u) be such that h.(y,)1s; = 0. Then
generated by {Kil(yl)li |I € } Set %'/’\ - EBO‘EQ: %‘/"\ h/r(yr+1)Qi,ir+1(Yr7Yr-i-l)]-i = h,r()/r-i-l)w%li - wrhr()/r)lsriwr =0
We abuse notation and identify the elements ¥1, ..., %01, y1,..., ¥n 1;, Case iy = irg1: Let @r = r(yr — yra1)li = ((Yr+1 Y, — 2) 1.

and ¢, of %, with their images in %/

= o)l = =29, 1; — (1 + (Pr)z = 1;

= 1L, =(1+ 1+ ;, = ~h 1); =0 a

The algebra %! is spanned by the elements yraili = 1+ o)yl + ool Wy )l

k kn ] R . . .

'y wlilke > 0,w € Gpyi€ 1%} Currently, bases for % can be found in the literature only in type A
It is not obvious how to find a smaller spanning set
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Fix i € I and take o = naj, A = nA; and r;(u) = u”. Then Z/ is a For 5 € QT and i € | define 157 = Zjela 1;;. Define functors:
cyclotomic quotient of the quiver Hecke algebra %, that we considered in & : Xp+a;,-Mod — Zg-Mod; M — 15 ;M
the nil Hecke case. i 1 fi :#5-Mod — Xp 1o, -Mod; N — Zp, 10, @y N
e i
Recall that p1 = xox5...x, ;. For v,w € &, define Proposition (Khovanov-Lauda, Rouquier)
—1
Yow = y=1Y2Y3 - Y1 hw The functors (e;, f;) are an adjoint pair.
—  deghyw = di(”(” —1) —2{(v) - 2£(W)> In particular, these functors are exact and send projectives to projectives

There are natural cyclotomic analogues of these functors:

e{\ :‘@é\+a; -Mod —x@é\—Mod; M — 15;:M

7 :%Q—Mod _>‘%//3\+a,- -Mod; N — ,%’é\ﬁa,, Bl N

Proposition

The algebra % has graded cellular basis { {., | v,w € }. In particular, %'
has a unique irreducible module, up to grading shift

Theorem (Kashiwara, Rouquier)

A

To prove this you need to explicitly describe how the y,'s act on the
> J . I The functors (e

irreducible module after which you can show that multiplication
by yay2 .. .y,’,’__l1 sends the “bottom” basis element to the “top” basis Theorem (Kang-Kashiwara, Li)
element and so, in particular, is non-zero :

, £\) are an adjoint pair.

Let k be a commutative graded ring. Then %" is free as a k-module.
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Let A = Z[q,q 1], for g an indeterminate

Let Rep(#?) be the Grothendieck group of the finitely generated
graded #"-modules, modulo short exact sequences

So, Rep(#)) is the A-module generated by symbols [M], as M runs over
the isomorphism classes of finitely generated %/\-modules, with relations

e [gM] = q[M] (g acts as grading shift)
e [M] = [L] + [N], whenever 0 — L — M — N — 0 is exact

Similarly, let Proj(%") be the split, or projective, Grothendieck group
of finitely generated projective %'modules modulo direct sums

Observe that e and £ induce linear endomorphisms of
Rep(#"\) = @nzo Rep(#)) and Proj(#") = @nzo Proj(#))
given by eMM] = [eMM] and FAM] = [ AM]

Similarly, we have Grothendieck groups Rep(#),) and Proj(%,) and
the functors e; and f; induce endomorphisms of

Rep(#) = @ >0 Rep(#n) and  Proj(%) = @, Proi(Zn)
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Theorem (Khovanov-Luda, Rouquier)

Suppose that k is a field. Then there are A-algebra isomorphisms
Un(g) = Proj(#) and  (Ux(9))" = Rep(Z#)

In fact, these are isomorphisms of twisted bialgebras where the
multiplication on Rep(#) and Proj(#) is induced by the convolution
product: if M € %Z,-Mod and N € Zz-Mod then

Mo N = (@a+/gla’5 ®gga®gﬁ M N
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The quantum group U,(g) associated with (C, P, P¥, 11, M) is the unital
associative Q(g)-algebra with generators { E;, F;, K,-i |i €1}, subject to
the relations:
_ Ki—K !
KiKj = KiKi, KiK' =1, [E, Fj] =87
KEK™ = q*9E, KFK™ =g 99,
1—cj; 1—c;—
Zogcg—c,-j(_l)c[[ ccj]]iEi CJ CEjEiC =0

1—c; 1—cji— .
Zogcgl—c,-j(_l)c[[ ccj]]iFi o CI:jFiC =0

where g; = g%, [m];! = [I;_1(¢" —q7%)/(q — g77),

and [7]. = [b]i!/[a]i'[b — a];! for integers a < b,m € N.

Let Uf(g) = (Ei|icl)and U (g)=(Fi|iel)

— There is a PBW decomposition U,(g) = U, (g) ® Ud(g) @ U (g)
Finally, the Lusztig integral form of U, (g) is the A-subalgebra U, (g)
of U,(g) generated by the quantised divided powers E,-(k) = EF/[K]!
and F¥) = Fk/[k];! for k >0 and i € I
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The Grothendieck groups Rep(#) and Proj(#) come equipped with
distinguished bases:

Rep(Z,) = ([D] | D self-dual irreducible Z,-modules )

Proj(#%,) = ([P] | P self-dual indecomposable projective Z,-modules )

Warning: different dualities are used in Rep(#,) and in Proj(%,). We will
give more precise details later

On the quantum group side, U, (g) and Uq_(g)v also come equipped with
distinguished bases: Lusztig's canonical basis and dual canonical basis or,
equivalently, Kashiwara's upper and lower global crystal bases

Theorem (Varagnolo-Vasserot, Brundan-Stroppel,
Brundan-Kleshchev, Webster)

Assume that k is a field of characteristic zero and that C is a symmetric
Cartan matrix (d; = 1 for all i € I). Then canonical basis of U (g)
coincides with the basis of self-dual projective indecomposable modules and
the dual canonical basis coincides with the basis of self-dual irreducible
modules.
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For each dominant weight A € P there is a unique irreducible integral
highest weight module L(A) for U,(g).

Let vpo € L(A) be a highest weight vector and define La(A) = Up (g)va
and La(A)Y = @ La(A),;, where La(A),; = Homa(La(A),, A)

Theorem (Kang-Kashiwara, Webster)

Let C be a generalised symmetrizable Cartan matrix. Then
La(h) = @) Proj(#)  and La(N)" = D) Rep(21)

n>0 n>0

Prior to this result, Lauda and Vazirani proved the weaker statement that
the irreducible Z7\-modules categorify the crystal of L(A)
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Combining the last two results proves the following:

Corollary (Varagnolo-Vasserot, Brundan-Stroppel,

Brundan-Kleshchev, Webster)

Assume that k is a field of characteristic zero and that C is a symmetric
Cartan matrix (d; = 1 for all i € I). Then:
e The canonical basis of Lp(N) coincides with
{[P]| self dual projective indecomposable %"-module, n > 0}
e The dual canonical basis of Ly ()Y coincides with
{ [D] | self dual irreducible %"-modules, n >0}

In general, this result cannot hold for non-symmetric Cartan matrices
because there are known examples where the structure constants for the
canonical bases are polynomials with negative coefficients
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