2.2 Projective Reso\uions &
Radicals of PWSQL’YNGJS

Firsh, vkl do @ Shoft recap aboul ’rh'm%s LR know 50 for

"Ahere eXISY S\mple ; prUiRCINR. A inieckive. represemaiions
of & quines Q

* Ane. cepresentonons  S(i) ;PO TR oo indecompasoble,
= wel show in ¥hig chepter that vhere are. no OYher
indecompasoble  projecrive. af In\Rcrive. TRPresemorians

» the sums o} roj. (resp.iny) represeriotions o5& pray. (tesp.iry)
L Yhe summonds OS( ?cos. ((Q%SP. '\\'\3-) RDI. af’ ?VGS. (ces?. '\V\‘B )
= We\ Soow dny peoy. eRt. PE Pl) @ P(19)9 ..@ Pie)

* pra). fepf. can e used o dRICTIR +hr. NECTOfr SPACRS af
an_oroiirory repl- M using e Hom Junchot * tom (P W)= My,
=> e\ see. onotnes way of descOoing orbirrary veer. M

WEING  prajRctive.  resoluiions
So Let's svary with fwa definitions

Def 25 let MerepQ.

(1) A projective, resobution of M is on eXact seGUENCE
.. = P3Py 2P =P =M= 0, where RACh ¥} i5 & PK0). TRPY.



(2) Aniniective tesolution of M s on @K0CY sequence
0= M>To"T4=21T, 7T ,phefe each T B on \0Y. €RPY.

Nexk , we e, qoing o seR Yhar sudn  resolwions
a\w 0\55 RISY.

Thm.745 Let MewpQ.

(M) There exists a projecrive resoltion of M of ¥he form:
Q=P1=Pc>N—> O

(1) There, edsts an wnjecrive. resolution o} M of ¥ne form:
0= N=Te=Ts=0.

The proo} is quite Yecdnnical X Long ,Yoerejore. \'\L juer

preseor e 1ded ‘oehind the Heady.

ProotIDEA  patt 1:

Construchion of the so colled standard prajective cesoluiion
0% N\ = (N\LI\VL).
(A) Detine  Po=8, diP() A P=8; dsw Ple)
wnese diy=dim Mi.
(2) \otvoduce specific ‘boses for Pa,Po &k M :
- YieQo , \RY {™Miur,.. migi} oo a vasis For Mi
= B= {my \1eQo/)=42..., di3 isa basis for M



- B={cijlieQo ¢ potn s¥. s(c)=U & =1, , di}
basis for To
— B'= {\ooy %€ Q4 , 0o potn 5¥. 5(0a)stE) & =, dsie) 3
basis fof ¥a
3) Define g & § on these boses :
Lek g Po—> M s¥. ¥ciyeB® gleg)=Yeiloiy) & M)
Lok £:7,=P0 s¥. ¥ Doy €8 f(Bod)= loe) - bt , Lahese. x'ox

A

15 41e, Path from B0 =4 (o) Kk b= 2. Oubal . wiexe

O ace ¥he scalors Anakr occut When w\“\\-'mcz Wex (tnep) 3%;;1
+he basis {""\.u,.)l, |L=4,., d—l:(ot)z O‘{ M () =2 Wo (o0 spe;) =& STRUTAAT
(4) Prove ¥nNaX O— PA H P22 M>0  is a shoty exack sequence
\e. =g sur\ective
- imi=kerg
s m‘&e,c‘('\\le,
(5) Conclude:
- 5iNCR 5UMO OF pray. TePV. are proRGiNe =2 ¥4, Po projective
- 0P B Po> M0 is 6 =notk KOG SRGUENCE by (&)
= 02 Pr=Pe1M=0 is a pray. resolufion of M @

Rk (1) Thee exist ovnes proy. resolutions ¥han +he stondasd
esolurion as well .
(7) In A%, next cnapies 2.3. we'll heal about Yne so caled
Nakayoma fuactor , which maps prajective, resciuiions
Yo injective ones , ¥herefore part (7) of Thm. .13
con e deduced from Hhat.



quiver Q: 4—92<—3

cepresentotions » 3(3): 0 —0«—k 3(3)=3
M k —mk&s—K M' =3

(L) Find a proy. tesol. for M=3(2)=3,

Therefore, we'l use Yne standacd resolution defined
0 Y0k proofidea of thm. 2.45.
Po= ;,%Qo di ?(.\) X \D/\ = q?@,t O\a(pt) P(t(D())
aince M=3(3)=3 : 00— 0 =Kk we con LR +hal
da=dim (M) =dim (0)=0 =dg & dz=dim (Mz)= dim (k)=4
=2 Pg = dq P() ® do P(2)® dz - P(3)=

= OPM)®0P2)®1P(R)=P(2)=3 : O—=kex

Py =ds-P2)® dz- P2) =

ZOPY®AP)=P(2)=2 : Q= k&0
Hence We_get ¥he srondord proj. resolufion :
00— 2 —25—>3—>0_

P4 Yo  sra)

) M'=F = di=dy=ds=14 ,
Po = Do di P(1) = A-PU)®1-P(2) ® 1 P(3)= 297 @3
since PA): k=2 K&«0
P2): 0=k« O
P(R): 0O—2kek
Pa = o2 dab) Pllx) = 1P0) ®1-F(2)= 28 9
Hence W& gofr +he srandatd pro). esolution:
01287 ;89283 =% >0




3
>
> Q_/
\)4 )

. [o] con'_] K

regpresentaiion M: « = ‘“1\/ M= 5%

A &
4

N\ =

quines Q:

= d4- Pl1) D dy P(2) ®d2P(2) ®dg P(4)
=4-Ph) @ 2 Pm@/\ P2) ® 4. P4)

= 'L

2 ®(53®5)® 3

4
since.  P(4) - k — k’ji F(2): “::
?(%> : 0—30::; P(q.) —:Oai

Pa= o\e.QA dse) Y(£ ) = APl )9 Ao ?(5) D d-;_\’(‘!—)

= 4-PQ)® 2L-P(R)® 2 P(4)
za ©(383) 0 (494)

Hence. e QRF ¥R gvom d\cwd\ co\Be,c‘r\\re Tesolution:
0-> 3 9(.5@5>9H@4'>‘—3 34)9394—:‘ 22 — 0

RE: (A) yne, proy. tesol. found for M' in Exp. 2.5 is no¥ minimal
os W2 cap \MINGYR o direcy swnmond 2" in boYh

Yo % Pa X ¥he, CRBWTING  sequeknNce O0=2- 203 23-0
is sY\\ o rod c2.50\wHion

(2) 0 Exp.2.6 W con eliminate 4ne three direcr
summonds 3" 4" 5"

' usa a??emmg both N Po % P4
5F. 02204 > 2 0% 222 >0 15 st a pra).
reSOLUTIoN , ANus 4ne found cesuly W0 Exe. 2.6

'S noY mm\mcx\ 2 hes



To talk aoout The minimaliiy of resduions, well need
fucher  defintiions.

Def. 1.4 et MesepQ.

(/\) A pto’se,cfﬁ'\\le covet of M s a PrOy. vap(&semo’r'\on P +og\ethev
WD a sur). motpnistn g: P2 M with the propesiy 4nat
Vg‘-P‘—o M_suc). morph. with ¥ proy. D h:P= P! sury. MorPh.
3.T. Yhe diagram™m

= RN &
b g
P—M—0
9
J
o

comnmMUuTes 1.e. 3°‘n=g‘ .

(2) Aninjechive. eoNelope oF M s an inj. wepregitation T
fogerner with an inj. morph. §: M =T with Yhe propesty that
Vi M1 ia). morph. with T' 0} 30 TSI inj. morph.

5.3. the. diagram™
O

O —» (\\/’\ ._-j—a T
T
Tle”
commWes  i.e. hof= £

AN

QTS



Def.2.5

(A) A proy. resolution .= 9511-??239?4*19 Po>M=0 s caled
coinimal 1§ forPo M is o proj. cover k fit P kesfi s
a_ proy. cover Yi>0.

. . . o A 2 1=
(2) Ao injective cesalion 0-2MES T T BT, B30 is caled
nimol i§ - o M=To is an in). ennelope & V120
fi: cokecfia 21 s on iny eme,\p?e/ oS> well.

WE, WL 8now ¥not proy. CONEXS 0fe \NIQUE, UP YO 1S0MOTPNIam.
Prop. 2,43 Let g PN\ be a pro). cowes of M & Lef

g':P'— M be a Suf). moiphism with P' projechive.
Tloen P is isomorphic To a disect suymmand of .

We Wil fake this proposition foc %:cm\re,d . use
it fo prove he fo \ow'\ﬂ% It pPOTYONT  propositian.
(you_can fin0_the proot 0% Prop. 2.8, n {he bonus matesiol )

P\‘O?l’\% Let g P-M % OJ P'=M both PYO). COoNRSS
of MepQ. Then PEP',




Proot: We know that q: P~ M is a pd). covs

kg~ M s as well. By yre definviion of praj.
CONELS WR hov® Mot P! is proy. X g 1S d SUf). morphis.
Thus we can use  Peop. 243, To deduce Ihat P is
190MOTpPMC to a ditect susmond of P'. \ice, vessa

w% %Qé’v forn Peop. 247 4ot P's o direch summond
0 .

Thesefore, we can conclwide Yhal P =, ®

Rk: Duo\ stotements to Prop. 2.43 X 9 A%. dbow \D).
eonglopes hold os well. .o, i f:M-T L gt m-oT
are i0j. emt\,o?es L oen T=T1T'. (proot: Boous moYesiol)

Next; we will talk about frer representaiions , Wnose

ProfoTYPRS OFR ¥R, UM Of the, indecompozoble  projRCiive.
Cepreseitaions.

Def. 2.b.: Let A=F PlU). A cepresentotion Ferend s
coled fTree \f FITAS. @A

Prop.2.20.° MerepQ is projecrive iff
IFewp@ frre s+ M is isomorphic Yo a direcr sushmand of T.

To prove, ¥NiS svorement ; we'\lL have Yo tecall a few
results af eoarlier  Yalks.



(A) Let Q quiver , MesepQ  4hen
MEMAO N, 8. &My, Were My erepQ are ndecompesole
A unigque Wp o order.

(2) G), P6) X T() are indecomposable.

(3) PP erep@ . Tren PoP! proj. Wt PP proj.

(4) { P proj. ,¥men ony oXact 4. 0=L-M%P~0 Slits.
(5) Le¥ 0—L> M2>N>0 be a shaft exach Q. in vep.

\§ § section , Aven ienf=kerq 1S o diveCk swwewnand of W.

Proof (Prop.2.20.)°

(<) Let's assume Ynere exists a free wepr. Terepl.
L. TEA® N wrere A= PH).
By assumpiion M is isomorphic o o divect suwnmond of F.
Since evesy diveck suwmmond of T iS a difect sum of
Plil's ;winicn are proj. we gef by Prop. 2.3. +nay
exgryy - direct swomond of ¥ s ?(‘0\.3
Using fhar P)'s ore ndecomposable (Yrop. 2.%.)
kAN unigueness of AR decompasition OF N
buy ¥re  Krull- SAMAT Yom, we con  deduck
hot M 1S projechive as well .

(=2) Let's assume, Yhat M= (Mi4a) i projective. Dendte
di= dim (M) YieQo. \hsing ¥ne. srondord proy. resolution
Po= % diP) wR oRY o su). motphism g Pe— M.,
Hence, we con buwld o enotk roct sequence, of
Yhe form O —>xerg — ¥o oM -0,



Bince, M 15 pro. by asSUmpiion we oY by Cor. 2.4.
that above seq. splits 00d Yhus by Prop. 4.9,

M is isomotphic o a direct summand of Po = F,diPh).
Now we can choose T lorge enmidn st . Po is a

direcy sutnmond of T ond “thus “we found

o free vepr. Ferep@ si. M is isomorphic fo o direc
summand ot T, =

Foomn Ynig Propesition Yhe nexy CRUCOIAL Coro\\omﬁ
Tollows  ditectly .

Cot. 2.24.° P\“\l pray. repreRonon PerepQ isa direcy sum
of Pl)'s ¥novr \s PEP(L)®..® Plir) wivh ia,., iy 0ok NRCeSSATIY
distinct.

Now we will, introduce a pociicular sublepresettation of TU),
which we will uwse to show Yhat subvq)resm’m*‘\ons o
Proy. CpC. aTR  projecine  +o0 .

Def. 2.%.: Let Pli)= (Pli)j,Wa) be ¥he proy. reer. ar vertex i .

The rodical of PU) is +ne vept. cad PL) = (Ry,Wa) defned ‘0\5
QO if sl)=1

Ri=0, Ry=P@M)) f L#] A Wu'= ]\ otherwise




At Last we'll hawe, o Look gt a few results cowmcesning
rad PL)  wivoouyr gNng  ¥he, proafS. (proof (idea)s * bonus material)

Lewmma 7.97.° Any propet suwbrepresertaion g P is corvaned
wm rad PQ).

Lemma 2.23.° \§ PU) is simple s Yhen tad P(1)=0. \§ PG) \s noY
simple , then cad P(i) is projective .

Thm. 7.7 Subrepresentations of pro). fepr. W RPA are gprajective.

Rk: Ca¥eqories witn the, propesty Anat subrepresentations
nnerit ¥ne projeciivivy ork calied he,red'\’mr\ﬂ :

Cor. 7.76. Loy $*M>P be a noNZRTO MOrphism  witn MecepQ
\ndemmPosob\e 0 Pecepl \DGGSQC\NQ.Theﬂ M is peoy. % A 0.

Toe, \Lost Corollory Yells uS  Tnat Wi, musy shact wWikh
The $ray. TRHL. ‘\?» We WY Yo consituct e Auslondes -
Reiten quiiRe of @ Xk (MOmRQVRT ; Yhak hese epl. oSk,
pow’riﬂ\.\\ﬁ oradeced by WAWSIoN.



Bonus  material

Compute a pfoj. fesolution fot each simple rept. S(1)
for rach of ine ‘fo\\ow'\n% GUINRSS.

6 ST

As n Exp. 2.5. % 2.6. we'lL compuie the srondocd
PLOYRCHIVE.  feso\uiion whese Po= P diP0)
)N Pﬁfc,%,\ Asiey T (£ (o) .

LZ/\ /\1\:5{4):/\ = ds=1 Kk \IL'\F‘L.-H‘:d‘L:;\O
Po= daP(A)® ... ®d3PR)=4-P()= 2

Pa = daPl2) @ 3, PR) @ 42 P@) * .
® 4, P(2)® dsP[F)®dsPE) = 4-70) =5,
v3 A

=2 X . - 3 - 2 - —
peoy. resol. = 02,3 - A= 0

=9 M=3Q2)=1 = do=A X Yie{13.45,63f : di=0
Po=4-P(2) = 4 ¥4=4-Y(3) = 2=

'
= exty fesol.t 00 = 5= 2.0



123 M=5[@)=2 = dz=A %k Nie$42,45,6A3: di=0

Poz A-PR) =4 744 P4)®1-PR)=4e%}
=2 \avo} resql 0-946%—%3—7» 2320
1=4 | M=35(4)=4% = da=A &k Nief2:3,5,63% ¢ di=0
Po= A-¥ (&)= 4 P4= 0
=7 pr0). wRsol. 2 0»20-=>4—>4-0
=D M=5(®)=S =° dg=A  o¥wers: O
Yo=A-P)= 3 Pa =4 P4)=4
=2 pro). real. 1 Q=4 = 2520

=6 M=5(5)=6 = d¢sA  otvers: O
Po= A-P(6)= 3 Pq =A-P(2)= 43

473
6

=> ?‘03. VQISO\ 2 O-—;&?’q_—oA'S__‘_ — 6 =0

=¥ M=SM)=F =>ds331 others: 0
Po =4-PF)=3 Paz O

=2 ?\‘Oj. eol.: 0O—=0—9—=3—-0



15— 9 &= 2

M=5(4)=4 => dy=A ; d=d3=0

Po= da-PA)® d2 P(2)® dzT(2)= P(A) =1
Pa=d2P(4) @ de P(A)® 0z P(9)@d2P(2)=0
= o), eseL.: 0= 02 A=A~ 0
M=35(2)=2 :_’ do=A da=03=0
Po=AP@2)= 4a Pa= P(A) @ P(A) = A 84

=" ?“0). "‘QSO\I : O—? 4@/\-——9 1197\ D 2_90

N\‘S(%)c3 =2 d3=4 ; dA“"‘dz:O

3
Yoz A-PR) =224 Pac PR)OPR) =4 O
2 2 S'L
=> proj. 80l 0=24a®an 2 55 320
/_\
N—9D— 3

)
v

M=5U)=A = da>1 ; dy=d3=da=0

Po=daP[A) ® . ® daP@)= A P(A) =3{§
4



Pa= 4 P)@APR)® dy PRYB AP (4) @ d=P(4)
= P)@PR) =3 @7

A

2

(A 3_3/\__)0
44

. 3
4

EL M=5(2)=2  =ds=A; dr=dz=d4g=0
Po=4-P(2)= 3%  P=?R)@P4) =494

=D ; \/ -0—)364‘—9314‘—92—30
?WJ.W,SG.- a 2

=3 M=S(3)=3 = dz=4 ; da=02=ds=0
Po= A" PR)=42  P4=4P(4)=4%

=> pra). wesol. : 0242 2= 30
=1 M=54)=4 = da=A ; d4=d2=d3=0
Pe=4-74) =4 ¥a=0

=> proj. resol. * 02 0—=4=4=0



Prop.2.47. Let g: PN\ b a proj. coes of M & et
g :P'— M be a suf). maphism with P' projechve.
Thhen P is isomorphic Yo a disect symmand of P

To peoNe ANS  Proposition ; W, Q%Q'\n re.cal Prop. A.S. (©)
b Cor 2.5

(4) { P proj.,¥hen oo exack £q. O=1=M>»P=0 lils.
(2) Le¥ 0—LS M2>N>0 be a shafk eXact R4 in wpQ.
1§ § sechion , Anen ienf=Yerq 1S o dreCk swamand of M.

Proo}: By +ne defintiion of proj. covers we o deduce
ot Yhefe GISTS 0 SUT). morphisth h: f' — 9,
\}\s'\ns TNIS morphism  we con build 00 eRack  SRq.
0 ¥he  followng  way Q- keg nd Pt 2o p 0,

As Pis pra). Cor. 2.4 . WeldS 4hoY obove seq . SOWS
Le. §: xerh =P is o sechion. Hef® vy Prop. A3,
P!T keth®P, 4hus  the cedull  Sollows . ®

Dua\l statemenrs Fo  Prop. Z.43. k 2.43. for \0). LONR\OPRS :

Prop.2.17. (2): Ler §: M=T be on inj. enwelope of M k
Lt £ M2 T be on n). Morphism w17 injechive .
Then T is isoMm. 4o o dicect summond of 1T°.




Pcoof: By *he definifion of in). ennelOpRS +here. wousk
Ay h:TeT' injective. Thus we hove on exach Q.
O T=>T' = cokech 20 which splfts since T injecyne .
Wence I' & coketh ® T, ¥herefore tnhe result folows. w

Prop. 24%.(2)° Loy §: M-T &L §:M>T" we inj. envelopes of M.
Then T=1°.

Proof: Applying Prop. 243 (2) Ywice we ok ¥nat
T is igom. %o o direcr summand of TO A T' is isom.

Yo o direcr summond of T teocR iF mwst haold thay
151, ®

Leoma 2.97." Ay propes %\A‘ova,\)\“esm‘mﬁon 0} PW) s conroined
. rod PAY.

Proof: Letr M= (M, Ya) be o subrepresearotion of P()=(PLy'k).
Hence there exists an inj. matph. M= P(1).

Cleoslu , i Mi=0 ., we hove +not §IML) ecadP(i) os

foad PA) = (R) Mo') with Ri=0 & Ry=P0)} 1} L*).
Thus, Let us suppose thatr Mi+0. We're going o show
Thor W0 this cose § % an 1s0morphism %k Yherefore
M is ook a PROPER suorepresentarion.

Since PO) = Kk §: Mo PR) iny. ir followd ML= K as
well . Hence there 1o an lement mie M sy filmi)=e;.
Now \eX c b o po¥h from 7\ 40 \ 1 Whese | is 0N \esYex.



RE.2.A, Y Y;O\'p\-\-
Then , < = Ye (o) =\Qo(%‘\.(‘\’\'\.\\ =13 (Ye (i) evendy
Since ¢ s an ov‘oi*row\\;) element o} Yhe bvasis of 0V X
c lies in ¥l tngge 0f f, we gof tnar | is sugeCiive.
fence £ 1S oml 1SomoTPniST 4 M\ 1§ Doy o PrOpes
suorepreseniation of P(). )

Lemmad 2.23.° 1§ PU) is simple, ¥hen £ad ?(D=0. \§ PG) s nok
sivaple , then cad P(i) s ?Vol\ed'\\lﬁ.

Proot:

Cose A: PQ) simple

As  PR) 1S simple oy asSAMphon  we ¥Ynow ¥nay
POLEx L PO =0 ¥i*l. By the def. of rodPR)
we hoave  Ri= (cod P =0 &k 8y= P();=0.
Therefore, rad P =0.

Case 2: P(i) not simple.

For ¥N0F cose,we \L show ¥hot tadPl) is isgmerphic
10 P Paeea PLEE)) , WMCD 1S PIOYRCTING | DRAUSR i 1S
G d\TRCT ©UM OF Pro). 1RPresentIohons.

For any 3*L, R)= (rod P(D)j=PQ)) hos os a basis thne
seY o} paths from i o ).

Ler us define o morph. £= (f))jeqo : cad PR) —F
an_TN\s posis by se}ﬁ‘m% £3 (WX Bar-., Ps\))

= (tlo) \ Ba, .., Bs\Y).

Thus, fi sends tne wosis of Ry Yo a bvosis of Py for
any, jeQo Therefore £ is an \somorphism

i-&. @dPR) s projeciive. ‘




Tom. 7.2 ° Subrepresentations 0f proy. fepr. W0 RPA are. pxojective.

Proot IDEA:  Prooy DY ANAUCHOD 00 d=Z 1ep0 At WRKR
(d)ieqs & TR, dimension secYor gf Yne proy. tepr. P.
° %.C. d=4 => P glmple v
* Fix aame.  d2A Lk ossume ANok subteer. o} proy.
FRPr. 10 PR WD dirnnHion s’svic*\\{\ stma\\exr Ynan
d ore  prajechive.
= ley U M=P incdusion  mocphism, .
wsR, PSPl e... ®@P(i+) =2 U= [Uﬂ Gy © Ply)
e Deduce, MT iy, ® . Sy
= Show MUy pro) - for A0y I USR Yok
suborepr. of P(i;) are contained n rad (Puy),
whose dim . is s‘rv‘\dr\\i stholer thon 4.
» Conc\ude , Oy INAUACTON , ¥hotr it Uy 'S projRaive,
wnich  compietes the  praot . 3

(or. 7.76.° LeX $*M>P be a noNZRIO MOrphism  wirtn MecepQ
ndecomposable & Perep@ projeciive. Then W is pray. S 4§ inj.

Pcoof: As im§ s o subrepr. of P, thm. 2.2%. gields
har imf 1S projectNe . Toerefore , by Cor.14.,

The shory exack seq. O —¥er{— M — W} =0 sgWis.
Prop. A, implies thot imf is som. 0 o direcy swmmond
of M. Snce M i5 indecomposoble we get M= im{ &
Ahus M s orojeckive . Lost, we con dedunce et
ver § =0 % Aoerefore. § IS njecrive. B




