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Chapler 2+ Peoyeckve and Injecive Represortions

Projechive reprepteions and ‘[:Uadivt rcrumth‘mr are ey conapt in vepraenidion Hhcony. A wpeandstion P is calladh projective if the
fimchor Hom (f,-) maps surjectie maphisins b gutjectic moyloims: A vepeamKhon T s esllegl injective if e fmebr Hom (-, T) waps
injechive morp Wirms o infechve morphisms . Jor ey repgniton M fhere is & projectic eprantdion ¥, ot Mo exik o furjectve
ovpWism * oM
Tor eny reprgidton ¥ Yhere is an inechive repramtchion T, st e exirk an injective morphism’
L M1,
 Mis not projective itlf, thon Yo nopisth p, soe will have o Liernel, ancl we can Gd cnctber projectve Po gt e exith a surjechive
morpWim p, fom P, b the hernel of p.-
% 2 fa Po
e e 7l R 0 (iteeadivg Yo froazdum)
each f; (s & proRcive rqmgmkﬁm. Such & sequence ir called o Projective resolution Yrofc*i\& resdlubions ore & wey to
agrroximele e reproukdion M by projective re pretemtshions. Offn it i parible fo deduce propertis of M fom « proechive yaolubiae of M.
We aly hove Injective vesolutions , exact fequancas of Yre form
07 M & I 1, BT, ST, -
cac I¢ i cam in\]&c‘x\v& s C\OFCSPM‘E“M'
o mxmemk*\’av\? of Aauivers wthant oriented cyleS e fijnation i f/?h//e.
Every quiver refranthm har a projctive vesolution of ¥he forne
00— Pr—ofe 2 M50
and an injechve resoluhon of Hae form
0- M-I, —I,—0 (we il o thir leder)
WithAus rault we con show that even] 1ubprantstion of o projechive e prontation S projective. Catepriel With e property are
called here duteny,
It is ealy) b wile dann all inde.composedle. rrgjec’r‘)vt represonttions of 4 quiver & ot orentd oycles. Thert i exactly e
indecom pormble prijechie yepresantation Pl) for eath verkex (e @y and tir reprpmbhion PG i5 %iven by Tre paths in G starking
of e werfex L. There ¢ exackly one indecam porble '\fﬂ\)cc}{\\& rcymo,\-}aﬁoh T() Br eath verkx e @, owd TW) if 2«»{//1 43
e f@.ﬂ/tf' Onding at He vordex .

et 6=(6,, 04,54 be a quiver , ,j €Q, . A path ¢ dom C to j of (efnjﬂxn € in Q ¢ a fequence
C=(tlota, b, 0l))
with w, €Q, st

SL"(A): L
Sloxty) = b lotnon) | for W=2)3,., 4
16(0(() = J

s 2 path fom (o i & wey b 9o from verkx ¢ boverkex ) in @, weae anly allowsd b walk alony e
amow W the direckion (1 1€ p cinking.
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ln e quiver .

« GN—— 243
we owe et (Al ), (Alee,Pl2), (A lx,x,B]2) are paths (4]0(,(5,5)2) & 1ot & rcﬁh
AS We Can't fhe P amow hr,finm it i ponding W the Wrong AirecRow.

@ e constart path (Llli) af vertex ¢ o Y path of longda €70 Witk newr leaves verkx ¢ e denok it 5 €1
@ M apow () s aypatie (L) of lngte A \E (=) Yaom L s caled @ Loop.

O A gt of dha form s,
v
o<g

Jivon by (lea,o(L,o<s,-~ -,Kc-«,“zli) it alled an orionted cycle. Thws a loop i 4n arivrkel cycla of leng th ane.

2./l Simple, Trgecive dnd: \njective Represertortions

(ot G be e quivr withart orented cyeles .
Lt ¢ Le a vrkx of Q. Defne veprgenttions S(), PLL) andl T(d) as pllows -
® S0 is of dimension me at verkx ¢, and %o gt evew) aer Vorlex ; Hhus
Sli)= (S(i)j,\{’a)‘jwo/xegq where. Stiy = {(L.j ‘;,\;;dm and = 0 Hor <l armows o
S() s called ¥ae Simple. vepre gntton at \erex o
@ P(L) = (P(L)J/ Y’o()Jégv,erﬂ
where PL); (s fhe Wovector Spa with basis the setof all paths from &t § in Q; so the elements of P} Gre of e form

Zox.c, where ¢ vuns over all patis fom L to jend Ao ek and if Joo i an amow in Q) then Py Py s
o Uneor map definadk on the bsis by mporing e paths fom [ b j with the amow S Mo peecisely, Hae anow
% induces an injeckve map  hetwesn e bases
basis 0f eW;  — basis of €lile
= Wl o sly) > Coe = (Ll pa, oy, s, 02 \L)
and Yo is defined by
v (20 )= 28w
PL) is called the projeckive 1 eprntetion ot verfex o
© I0)= (FW ) jea,, wean

whare TLO) st Wvector Spaca withe basie the gt of all paths fom § b {n 8,50 the elements of Tli)j arc of Hhe
w2 heC where € orpng over all paths  fom jto O and A ek, and if Jﬁvﬁ w an amow jn @, them
Yoo T = Ll U the Unear map defined onthe buasis by delefing e anow 2L fom Yok pathrs fom o & which
st with 2 and frding b o Yo paths that do not plart with o Mo precisely , e avow o nduces & surjective map £

Lo tvewn fne  bares

besis of T (0] 5 Lasis of Tli,

i, Bl 0) if Pamec
€= (\S\(J"'P"/"/PS\L) - {((/Uﬁ oWer wise

ancl Vo is defined by
Vet (Z e = ZXh €0
T 5 cold e injechive represutklion  of vordex L.
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N nead. Yo Wypotiesis Wat QL \as ho ornted cyces | otrernise Hame wald be averkx ¢ st R rs i finite - dimensional vl Hhus

ot & reperondston in vep Q.
Exp: Q Yo quiver N7222 Hew  PWand P2) would be inGwite - dimengional-

et PLY = (PWy , ypu) be e ¢ jective reprsutions at verkx i and @t ¢ be 4 pdin Skrfing ot ¢ ¢ Sy
c= (L\ 6"/(5'-/—/(51. IJ)
Thon we can defne tha may

Yo PLO = P Yo = Yoo o e Yo
as Yo Compalition of fae maps n dne pwkion PU) alog Yee path . Then, if €; denotes the conskut path ot
Verdex O, ik blows fom Hae definition 0§ R st Yelet) =¢

O The grojective represut=Nan ot verlex L (s e Simple repremttion at wrkx ¢ tere i o arow & in G st SK)=C
Sudn Vorhices owe calud sinls of the quiver Q. Thus

SW=P() < L 3 asiak m &
@ The jechve epresontdion at vertex ¢ is e Siwple reprenttion gt verkx ¢ (ff ther (sno avrow of in 6 sk bla)= (. Sucka
\orhas are calld Sources of the quiver Q. Taus

SW=TW) <™ L ¢ & worw in Q

Cxe| ot G he $oo quiver N> &= 3 oy
u3 J
5
Tham
S@) = O—~>O¢——\\<<ﬂo PR)E (— W&~ ka0
U 2,
@] 'S

TRE (— 0<—k <k

"

&

t @ he e quivey N— 23—/ Y4
\ \\J /7
2
S , (8% . ~ ., lod 2
?(/\)_ﬁ,k CS)\/\ })\A T = (—)ﬁ w o —
N/ Gay
e W

W cadeqeny Yaeory | o projgective obect i an object £ gk the Yom fnctor Hom (p,-) maps surjective worpluems o surjechive
W\O(Y\/\MMS-W {"DHUIMV\j f«omri‘\iur\ Shows Yhat PC0) sabisfies tair amolition.

(gt 3‘~M->l\) L a Sur)e.c_’h‘vg mor(f\/uwm Letwean rq‘:rmﬂ\'w of @, cnd et 0(0) L the projectiv rtrrﬁﬂm#ﬁ‘m et vk ¢ Thonthe my
9 Hom (L), M) — Hom (1), N) s turjective.
Wootee words (i f £ RN is ey mopluism Yoy, Yert exists 4 morphism W P = M gk e diagram

A

I ?()
/ 1} f - commukes  (£= 9o = 9, ()
M > N ?

9




\€ ® s fru'gea’t'\\’tﬁ(\,\m\ oy exact fequence of Y Loom

— 0 L—M ¢ —0 splits.
Prof | prop. 2.3 with §=4, (identty marrlm"xrn) ) et Yo Commudstive disyram
s
M—52P — 0 Taus A=q9oh  andl §if o vetrackon
n calgony Yaeory  mn injechre oBect s an ohect L gt the Yom fnclor Hom (1) maps injechve  worplugms o sugechie
MogWiims - ™a folloang  proparition  Shows that T yeisfies Hais @olifion.
fop | @t 9 LM be e inpehve  morpWism hetweem repremdsions of @, and let () L the igdive rpresntetion ot vurkx ¢ Thonthe mep
15 -
— 9 Mo (M, T ) — Hom (L,I0) s turjechie.
Wootee words (if £ L7TW iy ey mopluism Yoy ert exists 4 morphism W MOT() sk e diagram
o—> L 2 M
€] commutes  ( £=hoy = 5G) )
Tw*e
Cor € T s injeckve Fren any exact sequence 0 Yae form
= 0—T DM—N—0 splits.
fud | We prop. 25 withh £= 47 (iddentily morplaism) b ot & commukbive cliageam:

ER

00— 1T >\

“ / Taus /11=k°j and 9 is a sechion.
T ¥

R single object in cakegony (S & yontess oject S Wat hws no proper Subdbjects. e e preaomistions §Ci) have i prpecty .
e vuxt proporition dtedes that sums of prjectie ohjects ar projectie ancl pummands of projective objects are projective.

@) (& Paad P! iepretations of Q. Tha  Pg? s ordedve P ond £ ace prejecive
Qled T and T e refx&wj&‘»ms of B, Then JToT xi‘&c—d&'\“z i Toad T' = fnded{uq

We enly prove (4) as @) G e Sesn SIMilae

=P ek ‘SNAN \x er‘sen)x\\Jo 0 rep & aed (PN a0y trorpmem 10 FEQ. Ll oks e {dowing o\(abmn
Pt

lm \w \with P :Pn{)ubm on feed Qammand 14 Aepaical Ingkion
/ d gon ek Pao iy - T
v
Moo= N— O

From K 25 Ux koow goe Paf i proychue sk Yhese exiek 8 wap h PeP'~ N st f=[ P{,lo‘(l 2 g heiy

Wl ned deboe W€l as W= hacin aed yx “Q& sk [ %‘»\« This Srees that @ mgaquQduW_ One. con @W .nasm‘a(- %%4 P e pregaoe
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S ©io projedive oy Orp 23 drese exde o mefiom ba sk foive o . By sypomohyy e @0 exts o cnoraien by Pl sk fei = gk
oo us défiee b= (haln) PP W by Heap)halp+hn(p) W bron donin

oblese) T grhate) « ol = feiasgl +fente) = Llpap)
Trs dows fwat fof e projeive and condudes oue proof @

RM@‘«\ 23 }m‘&(e‘o Noat 1 e koow %k\«{ewngmsab\c T:«m:)ul-‘,ue) o fn&edx‘u?,] f@%\’a‘no‘b) Toen We know 3l Pco&(’[}nv@ '\'E‘?. §ri\)CLh'\k,, r(?rt%?nlﬁkm§.
The o frpesition ks us ok e repressios ) and T0) e v ok idesonnposalde

Tre represenabiond € 61) wa T e \‘mlevaa@)&

Tk @ grogd el J ﬂﬁw’c&ioo Perep@ s called ir\cxem(v?o@a\ée £ N20 ard M onrod e wolke as a diseck gupn df o aoreco W\&m
We il e e Sokmeot for €4 ard P) The praok for Tt is Gimilar,

39 As 90 i€ Snde, tredeion W o0 D (epes solockjects e st follavs diveckiy

o poy 2t (R, 1)yt cnas fs O oo no oneaked eyples, Wit bave (), = W Suppose by cortadidhion, Yook B = Mol (i dlecomnporalde)

frome MV o Q@ 30 Gyt fucdker wlog  (PY=Hiand Ni=0 Lok @b aveslec ab Gk Ne# 0 Tren PO ras a st Gy o@@\\s\%
Lok cr (e, -, @) e s a ol [ fosdfp s denoke. Yhe com%\snc)ﬂ of $re lineor mape of L) aong) be @aifh 3

PSR io e dived o of Hord N, Yo Hi®O Moo Ne ol unige hasis elmant 2iok i Yo an decent fote) of Me

By omork 24 ux Yoow ek feled =c aad Vence oueny sl demek ¢ o Pyg lies in Mo, uwhidn \eads us 4o 3 conbedichion.

We grdude Redk Ay o ndecom posabde wdeed. g

Px (e?(?&ns(ﬂkm of Qs smele i s iaowuf\w\'c_ Yo S};\}/ Lox 2ane 1€ Q0

Tie deai thek YD 3@ simple repressitions, so tete prove. e obher direckion
o t= (M, 44 be any repretecihon of Q. e wack Yo dhow  Ihet Pt odde a veslex i gk SO 6 a %ularq:rmlﬁr\w‘m of M
[he = s el Lis @ soloraprendotion o a ropreanbion H i€ brese eiels an wiechioe. rorriton 1 L N ]
\We rave Lo ceeost Hhe veskex i (,aw}m\\%~ Wk do rok wact o Wmve 3 pomero rsp in e represeatation M et gharks at vestex |
T oxomgle € 1 6 a 9ok o dne quier [no a0 @0 Gist @)= ] ue bme uvek Lt wian}
Bk e 2 qeed fle repreatnttion Mbo be Mlameld sk e veslex i, wnidn leads U8 fo @ik i s fdas
leh €@, sun ot Hi#O oad 11 <0, Lhaenewes Yhese fo on 3w i1 in O Sun a ek &% Sice X ks (o oderied des.
Mo cimseanyifectioe, Gor voap - 80 2k aed eximd ik kit Yo gnecpiioon £ 50N oy oo f 0 € 1p Nde dook i achually > enophismy %
O— X, ——>0
l J,“ ! oy L ol s (A aed By o G
Ntﬁ‘ﬂ f— 5 0

Sioce £ ¢ injechue , ) s a &J‘D(‘le(ﬂm“m of M oond Yoo, clves HES0) or M i nek simﬁle‘ @
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F ok

Nde ok o 25 dbee ok bdd i the guives b oriccked. e Tec oamele, f Qe be quivet “CGr e o eaon e K, Fhese T @ Simple reresertobion
(0w, e £y gven by roulkipheation lag A

The vedor Pace o & ek i of amsy feprascishon cam ‘e degdrd B a P o wories Wy e peiscive eressriobion #0) s ghawn i the ved Hheoten
ed M=(t, o) oo any epresectation o Q Tran Fe sy e 110 @ rere 30 Semogdmien ok wedoc spaces:
Hom G0 M) =M

ek 3= (00 bo dne consfart pabn 3k Then fe} ic o bsio of e vedor spice PO Defic 3 s B o (70, 1) = M, 4= 165)jea. = 10D
Tl s motprism fom OO & W dhea §5 € a loear tef ran B, do [ union S Kok Tis or-debied, sivce 660,

o o o o o oo of S

Lek uo use dhe voaton €)= (P00

W) Fis Goess

Lek Loy € loml(PL) 1), huso progphisone. Tren  Blke) D'?L(\%)‘(e;): b ryle) = T+ T

Lok Ak, den  F(AD - W) (@) = Afile) <ATIH

(2) B ingechive

T¢ 0= F(H)~file), dhen e Liwar o b nde e bade s} 4o 2o, 30l Wherclore. i oo 2eco g Wb il b 4004 £ PO H e 2ece qonp e ang vedex
Wt Wl g bt & i ipjeckiue. By dhe debeition of ), Hhe veukor e oy bas @ loass Gasition ok 3 gl fron by

Lob cm (il oty 1) e s 3ot cleneed and - Goreider v g fe e oo ad for s o Pae okl 35 Soonpostien of the mape o e path o Yo . G &M, e
Tion e debiiton of &) i Plase b u(e) = . Srnw biva i of sepr, ffemfele ard w0 B(e) 0 ik Qs b & crge < do o,

Soe ¢ was G an arbiegy e et o €0, ik [aws Dok [,~0

3o« Sorjechive

Leb e M ey Yo sk g qrogren § RO sk filed =mis Lok oo ok by iy fhe conmponeol b ot ~h \aowscwdnb&n deseed Gooon  [hied =m;
Sice {6} & 2 ndoch 0, o condon defines Yoo imac v £ in 30 weique uag e con ool £ dom s - (6icq, oy havicy e e in O
foe. creiely, B oy o © o i3 e Jin G, puk - Fd el Tris ddios e o ona bvis o Q0 ok un con exerdl i coop

fieady o 4 Ul wede Spe O] Tiam s conuchions F Moos b § 6 4 msegiism ob cepromtns.
oo, fe boon (0, 1) od BW =, T wrigdhe g

Cm\hrb 249 fhars a5 an lmwoadiv cocsegaerty, d e, Theorem Reo 30 Shauss Wt howd we G desedoe. e reegrioms kdnogen projechive. pe
Let 1 and y be \pekees 0@

(4) Tre veckor e 1m0, PLy) e a1 ousis Gorsidicn of ab palks fram jloi in @, Ja (Jac’ci(»la(l End(f0) = Yom (P03, /1Y) = k

DTt A= Beg, PL), then Fhe vedke pace EndP = flan (AK) Yo & basi onsidhing) of all s in Q

From Thon J 1 we 6&\ Dok Homk?k‘»)ﬂ@ ' \EQ\\’\WQ\\\(_ Yo PG, and e vech oL s 3 sio Consioy ob dl the pats Leown ywin Q.
The fod hat @ o o ortenled (ydes e s Himk Ead(P6) s ob denondon A Therehre End(P) k. and Wnis peoves (DALY a ok coosequences

Mo tepresetabion Qs a s‘xm@e R(;fz,sen\a\ﬁon B Hon(P0), Py) <O decall i,

Tre «qum Y s Senge iff o a sk Usee dhe debiaihon o as\d«aaerh o R 227 Tiis means Yok Ynerr, ace po Qa\m kmxkanbdém veskex i
The dokanoct e fllows fom Cocdlowy 217 w8




froblems

2.2 |Compute the indetomp opSle projechive repreamisdians PL) and e inde compossSle qu?—f-th repramistions  TL) for e pllowing quiavers :

rom proposifon 2.8 e Wnow e W wyprimtalon SGD and ® Q) fr <L LeQ,  are ndecom pareSla,

@
N —> 2 > 3 > We— &
27N
S
e RSH kS keo TUWE R—0 -0 —0 «o
VAN 7'
o ke 0 0

T2 k5 k-0 —0 <o
7 7'
] le_ 0 0

VAINS VR
0 k. ke 0]

PWE 00 —0 — ko T2 KD RS % = ke
//l\_) 7:‘\-’

0 O k ¢}

P(s) = O—uO—uO—)‘Kc—"-k
7N
@]

5 W e— o

PLE 0—™0 —>4\<\3

18 Ve

f(})g g—>0—>0 ——)O «— o

161206 —>0—-0 —0 <
7N
(@] (@]

(k)= 00 2000

7
'S 0

(e \’\A—>\<”—’4\<,—’0 — o
~N

VAR 7l

e] \e l 'S

@ AN 25223

I(/\)g \/\C—LC — I
o) (2359)

fgj C40)

PR) 2 W ke o W0k W
[‘n Co )
~ M[ii] ‘Lé(ré — ~ “— P
PG = Wk 1Q)= 00k




~ /_\"
2= 0 > k &k

— 3
IWE k>0 —0
L

O ¥

I(l\: ‘L——) \L —)O
5
OL
(4 0)
I(.g: "L(;'l_])\f 2 W
0 ¥
(x 00}
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