Representation theory of algebras

Or: Cell theory for algebras

Daniel Tubbenhauer

CELL THEORY

.. and we are all
made up of Finy unils Interesting
Hhat | call "bumqns." theory

r H-cells

Part 1: Reps of monoids; Part 3: Reps of monoidal cats

Cell theory for algebras p ion theory of alg August 2022

1/7



Where do we want to go?

Fusion reps Fiat reps

rep theory

“categorify”

Group reps Monoid reps

generalize

Fiat mon-
oidal cats

Fusion mon-
oidal cats

Groups l—' Monoids

» Green, Clifford, Munn, Ponizovskii ~19404+4 + many others
Representation theory of monoids

» Goal Find some categorical analog
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Where do we want to go?

Fusion reps Fiat reps

rep theory

“categorify”

Group reps Monoid reps

generalize

Fiat mon-
oidal cats

Fusion mon-
oidal cats

“Categorify”
Groups l—' Monoids S
is motivated by

» Green, Clifford, Munn, Ponizovskii ~19404+4 + many others
Representation theory of monoids

» Goal Find some categorical analog
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Where do we want to go?

> _ Interlude on H-reduction for algebras

» We will discover the H-reduction for algebras in real time!

» Examples we discuss The good, the ugly and the bad

Cell theory for algebras p ion theory of alg

August 2022
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The good

Connect 4 points at the bottom with 4 points at the top, potentially turning back:

{{L *4}7 {274}7 {37 *2}7 {713 73}} o~

or

\z
{{1,2},{3,4}, {1, -3}, {-2,—4}} ==
N\ M

We just invented the Brauer [monoid Bry on {1,...,4} U{-1,...,—4}
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The good
\zJ
N\ M

Wz /)
N M

=9

N\ M

Fix some field K and ¢ € K, evaluate circles to § = Brauer algebra Bry(0)
The Brauer monoid is the non-linear version of Brs(1)
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The good

Clifford, Munn, Ponizovskii ~19404++ | H-reduction
There is a one-to-one correspondence

Simples With onhe-to-one Simples Of (any)

—
apex J(e) H(e) C J(e)
Reps of monoids are controlled by #(e)-cells

» Bry(d) is not a monoid = H-reduction does not apply

» My favorite strategy Ignore problems and just go for it
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The good

Crucial notion in the linear world:
Clifford, Munn, Poni| Pseudo idempotent| ee = de for 6 0

There is a one-to-one \ J \ ] \ ]

simples w s of (any)

apex J (&7 C7ttey C J(e)

Reps of monoids are controlled by #(e)-cells

» Br,(d) is not a monoid = H-reduction does not apply

» My favorite strategy Ignore problems and just go for it
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The good

Crucial notion in the linear world:
Clifford, Munn, Poni Pseudo idempotent ee = de for 6 # 0

There is a one-to-one \ J \ ] \ ]

simples w
apex J (&7 C7ttey C J(e)

s of (any)

Reps of monoids are controlled by #(e)-cells

Pseudo idempotent can be 'normalized  to idempotents

» Br,
" ee=0e= 55 =%

Green, Clifford, Munn, Ponizovskii = pseudo idempotents are good!
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The gdExample (cells of Br3(9) for 6 # 0, pseudo idempotent cells colored)

iz = =R =X 3
ereil 7 f&/ I x \ H(e) = S
~X R AR
s LUIX X wees
e -1

Reps of monoids are controlled by #(e)-cells

» Br,(d) is not a monoid = H-reduction does not apply

» My favorite strategy Ignore problems and just go for it
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The gdExample (cells of Br3(9) for 6 # 0, pseudo idempotent cells colored)

Clifford x | %
There i T | x H(e) = S

{

Example (cells of Br;(d) for 6 = 0, pseudo idempotent cells colored)

— X
X
¥ I

X
X

= |I=R =X
o a SN[ R S e
> M r\< >r\ #K
7 | | IX X we=s,
>

X
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The Theorem (Brown ~1953, Fishel-Grojnowski ~1995)

H-reduction works for the Brauer algebra

Cliffg
Therd CANONICAL BASES FOR THE

BRAUER CENTRALIZER ALGEBRA

S. FISHEL AND I. GROJNOWSKI

and #(e) are symmetric groups in the through strands

(a) J-cells «~ through strands, all J-cells are pseudo idempotent for § # 0

(b) For 6 = 0 similar but with Jo having no pseudo idempotent

t 1 11 1

» Bry(9) is not 3 The tc.>p cell

» My favorite s{y ! ! )
etc. are | nilpotent for =0
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The good

. Theorem (Brown ~1953, Fishel-Grojnowski ~1995 and folklore)
Clifford, . . .
.| H-reduction works for other diagram algebra and quantum versions
There is
Symbol Diagrams Symbol Diagrams
S ¢ ) ) )
P AN
’
é & ¢ U é é
Mo, / RoBr, /
) e * M e
(N o Y
n r’!L
A0 o
¢ é ¢ é
pRo, Ro,
N 4 L 4
» Br
L T A
» My
More details on the exercise sheets
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The ugly

541

» Symmetric groups S, of order n! are the symmetry groups of (n—1) simplices

> _ Their (complex) rep theory is well understood

» They are groups = Green's cell theory is -

August 2022 4/7



Class | 1 2 3 4 5 Class | 1 2 3 4 5 6 7
Size | 110 15 20 30 24 20

sas | L= @ Wb Order | 1 2 2 3 4 5 6
Order | 1 2 2 3 4 .
----------------------- p =2 111 3 6 4

p = 2 1 1 1 4 2 p =3 12 3 156 2
S:p =3 12315, g P=°% 1234517
"""""""""""" X1 + 111111 1
X.1 + 1 1 111 X.2 + 1-1 1 1-1 1-1
X.2 + 1 1-1 1-1 X.3 + 4-2 0 1 0-11
X.3 + 2 2 8-1 0 X.4 + 4 2 0 1 0-1-1
X5 + 5 1 1-1-1 0 1

X4 + 3-1-101 X6 + 5-1 1-1 1 0@ -1
X5 + 3-1 1 0-1 X7 + 6 0-2 0 0 1 0

» Kazhdan-Lusztig (KL) ~1979, Lusztig ~1984, folklore Use a J-reduction approach

» Lusztig's approach gives an H-reduction way of classifying simple S, reps

» Aside The character table of S, is integral = categorification!
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The ugly

The (linear) cell orders and equivalences for fixed basis B:

x<,y&dziy @zx
x<py&dZ:yax

x < py&e3dz, 7y @zxz
x~py e (x<py) Ay <o x)
x~Rpy & (x<py)A(y <gr x)
x~RrYy © (X Zry)A(y <tr X)

Left, right and two-sided cells (a.k.a. L, R and J-cells): equivalence classes

» H-cells = intersections of left and right cells

» Slogan Cells measure information loss

Cell theory for algebras
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The ugly

The (linear) cell orders and equivalences for fixed basis B:

x<,y&dziy @zx
x<py&dZ:yax

x < py&e3dz, 7y @zxz
x~py e (x<py) Ay <o x)
x~Rpy & (x<py)A(y <gr x)
x~RrYy © (X Zry)A(y <tr X)

Left, right and t o lce classes
Green cells in linear

B = {x,y, z, ...} fix basis of an algebra A
» H-cells =

& = has a nonzero coefficient when expressed via B
» Slogan Cells measure information loss

Cell theory for algebras
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The ugly Example (groups and monoids)

. For B=monoid basis: linear cells = Green cells
The (linear) cell oraers—ana eqUIVAlences Tor TIXed Dass b:

x<,y&dz:y @zx

x<py&dZ:yax
x<py&3dz,Z:y@zx

x~py e (x <py) Ay <o x)
x~ry & (x<ry)A(y <gr x)
x~rYy € (X <iry)A (Y <tk X)

Left, right and two-sided cells (a.k.a. L, R and J-cells): equivalence classes

» H-cells = intersections of left and right cells

» Slogan Cells measure information loss

Cell theory for algebras
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The ugly Example (groups and monoids)

. For B=monoid basis: linear cells = Green cells
The (Ilneer) cell orgersanma eqUIVaTEnces Tor TIXed Dass B

Example (group-like)

All invertible basis elements form the smallest cell (well, kind of...)
— 7 4

x<py&3dz,Z:y@zx

X~y & (X <py) Ay <0 x)
x~py e (x<ry)A(y <rx)
x~RY € (X <try) A (Y <ir X)

Left, right and two-sided cells (a.k.a. L, R and J-cells): equivalence classes

» H-cells = intersections of left and right cells

» Slogan Cells measure information loss

Cell theory for algebras
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RhetEly Example (groups and monoids)

. For B=monoid basis: linear cells = Green cells
The (linear) cell orGersama EqUIVATENTES TOT TIXEW DasTs -

Example (group-like)

All invertible basis elements form the smallest cell (well, kind of...)

Z w4
Example (diagram algebras)

Symbol Diagrams Symbol Diagrams

=AY

Mo, / RoBr, \—)<

?

Left, right and TLn / \ Br, M e classes
SN/,

» H-cells o

- o |H|H XA

For B=diagram basis: linear cells = Green cells

pPa,

n

M
L C
~
A

C
C

9
9

[ o

BN

[ o
-
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The ugly
The (linear) cell orders and equivalences for fixed basis B:
x<, y&dz:y @zx
x<py&dZ: yax
x<py&edz,7:y @zxz
X~y & (X Spy) Ay <ix)
x~rYy & (x<ry)A(y <gr x)
x~Rry© (X <ry) Ay <tr X)

Left, right and two-sided cells (a.k.a. L, R and J-cells): equivalence classes

» Get algebras Sz, Sy by killing higher order terms

» Pseudo idempotents make Sz, Sy unital

Cell theory for algebras p ion theory of August 2022
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The ugly

The (linear) cell o

Left, right and tw

» Get algebras

» Pseudo idemj

Example (no specific algebra)

<— Kkilled

Cell theory for algebras

p ion theory of alg

nce classes

August 2022
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The ugly

jWO bl SH gs (C
j(/) b(g) S'H = C

Two bi21 Sy = C
b1 bio
m S gs
J b1 by "

For B=KL basis by, = = up to scaling (more on the exercise sheets)

Example (cells for S; = (1) and S3 = (1, 2) over C, pseudo idempotent cells colored)

» Pseudo idempotents make Sz, Sy unital

Cell theory for algebras Representation theory of algebras August 2022
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The ugly

Example (cells for S; = (1) and Sz = (1,2) over Z/2Z, pseudo idempotent cells colored)

jWo bl
Jo by Sy 2K
Twy bi21

bi | bz
Im b1 b

j@ b@ SH = K

For B=KL basis by, = = up to scaling (more on the exercise sheets)

S'H gs

» Pseudo idempotents make Sz, Sy unital

Cell theory for algebras Representation theory of algebras August 2022
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The ugly

Theorem (KL ~1979, Lusztig ~1984, folklore)

The notion of an apex makes sense for the pair (S, Bxi) ' J-reduction

Blue whale Killer whale

% j Leopard
Seagulll seal

Penguin

Squld

Seaweed

o
9

“Apex = fish” means that the KL basis elements in the red bubble do not annihilate your rep and the others do

Elepham seal

Crab

Cell theory for algebras p ion theory of

August 2022 a/7



Ti Theorem (KL ~1979, Lusztig ~1984, folklore)

T For S, there exists a basis B such that:
(a) All simple S, modules have a unique apex

(b) For char(K) = 0, J-cells «~ partitions of n, all J-cells are pseudo idempotent
and all corresponding Sy, are isomorphic to K
(¢) H-reduction works for S,

x~py e (x<py)A(y <o x)
x~ry < (x<ry)A(y <r x)
x~rYy € (X <try)A(y <ir X)

Left, right and two-sided cells (a.k.a. L, R and J-cells): equivalence classes

» Get algebras S7, Sy, by killing higher order terms

» Pseudo idempotents make Sz, Sy unital

Cell theory for algebras p ion theory of August 2022

a/7



Ti Theorem (KL ~1979, Lusztig ~1984, folklore)

T For S, there exists a basis B such that:
(a) All simple S, modules have a unique apex

(b) For char(K) = 0, J-cells «~ partitions of n, all J-cells are pseudo idempotent
and all corresponding Sy, are isomorphic to K
(¢) H-reduction works for S,

x~py e (x<py)A(y <L x)
x~rYy s (X<rYy)A(y <gr x)

X~rYy € (X <igy) Ay <1r X)
For the record

Left, right and . ) . .. pclasses
(b) works over any field but with p-restricted partitions

There is also a quantum version
» Get algebras S7, Sy, by killing higher order terms

» Pseudo idempotents make Sz, Sy unital

Cell theory for algebras Representation theory of algebras August 2022



Ti

Theorem (KL ~1979, Lusztig ~1984, folklore)

For S, there exists a basis B such that:
(a) All simple S, modules have a unique apex

and all corresponding Sy, are isomorphic to K
(¢) H-reduction works for S,

(b) For char(K) = 0, J-cells «~ partitions of n, all J-cells are pseudo idempotent

x~vpy e (x<py)A(y <o x)

Left, right

» Geta

» Pseud

Example (symmetric group S3)

Class | 1 2 3 jWo b121 S,H gs C

size | 1 3 2

Seuee PN 00
p =3 1 2 1 b2l b2

SH =5

XEZ + 1 -1 71 j@ b@ SH o C

The simple reps over C corresponding to the three J(e) cells via
X2 & Jp, X3 > Tm, X1 & Twe,

FSes

Cell theory for algebras Representation theory of algebras
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Ti Theorem (KL ~1979, Lusztig ~1984, folklore)
T For S, there exists a basis B such that:
(a) All simple S, modules have a unique apex

(b) For char(K) = 0, J-cells «~ partitions of n, all J-cells are pseudo idempotent
and all corresponding Sy, are isomorphic to K

(¢) H-reduction works for S,

x~py e (x<py)A(y <L x)

Example (symmetric group S3)

Class | 1 7_;: jWO b121

Size | 1 2
Order | 1 3

Le _____________ o b]_ b12
_____________ ! T b1 b

] x2 + 14 1 j@ b® S’HgK

X.3 + 2 =il

Sy = K

The simple reps over K with char(K) = 2 corresponding to the two J(e) cells via
x1=x2 e Jop, x3 & I,

Cell theory for algebras Representation theory of algebras August 2022 a/7



The bad

» Dihedral groups D, of order 2n are the symmetry groups of n gons

» Frobenius ~1895++ Their (complex) rep theory is well understood

» They are groups = Green's cell theory is boring

Cell theory for algebras p ion theory of August 2022 5/7



The bad

Class | 1 3 4 5 Class | 1 2 3 4
Size | 11 2 2 2 Size | 1 5 2 2
Order | 1 2 2 4 Order | 1 2 5 5
p =2 11 1 12 p =2 11 3
Dy: , Ds: p = 5 1 1 1
X1 + 1 1 1 1 1 -emmmmmmia oo
X2 + 1 1-1 1-1 X1 + 1 1 1 1
X3 + 1 1 1-1-1 X2 + 1-1 1 1
X4 + 1 1-1-11 X.3 + 2 0 Z1 Z1#2
X5 + 2-2 0 0 0 X.4 + 2 02Z71#2 121

» Kazhdan-Lusztig (KL) ~1979, Lusztig ~1984, folklore Use a J-reduction approach
» Lusztig's approach almost gives an H-reduction way of classifying simple D, reps

» Aside The character table of D, is not integral = looks bad for categorification

Cell theory for algebras p ion theory of August 2022 5/7



The bad

The (linear) cell orders and equivalences for a fixed basis B:

x<,y&dz:y @zx
x<py&dZ:yax
x<py&3dz,7:y @zxz
x~py & (x <py) Ay <o x)
x~py < (x<rRYy)A(y <gr x)
x~RrYy © (X Zry)A (Y <tr X)

Left, right and two-sided cells (a.k.a. L, R and J-cells): equivalence classes

» H-cells = intersections of left and right cells

» Slogan Cells measure information loss

Cell theory for algebras

p ion theory of August 2022
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The bad

The (linear) cell orders and equivalences for fixed basis B:

x<,y&dz:y @zx
x<py&dZ:yax
x<py&3dz,7:y @zxz
x~py e (x<py) Ay <0x)
x~ry & (x<ry)A(y <gr )
x~RrYy © (X Zry)A (Y <tr X)

Left, right and two-sided cells (a.k.a. L, R and J-cells): equivalence classes

» Get algebras Sz, Sy by killing higher order terms

» Pseudo idempotents make S, Sy unital

Cell theory for algebras p ion theory of August 2022
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The bad

The|Example (cells for Ds, Ds = (1,2) over C, pseudo idempotent cells colored)

Left

>

Twy bi212 Sy = C

Do T by, b1o1 b1z Sy =, C
" bo1 by, bo1a Sy = C[Z/2Z]

o by Sy, 2= C
Two bi2121 Sy = C

bi, b1 b1z, bio12
D5 T Sy =, C|Z/2Z
I boi,boin1 | bo bop |2/27]

Jo by Sy =C

For B=KL basis by, = = up to scaling (more on the exercise sheets)

» Pseudo idempotents make Sz, Sy unital

Cell theory for algebras Representation theory of algebras August 2022

5/7



The bad

The (linear) cell orders and equivalences for fixed basis B:

X<,y dz:y@azx
Theorem (Lusztig ~80ish, folklore)

For D,, n odd there exists a basis B such that:
(a) All simple D, modules have a unique apex

(b) There are three J-cells, all J-cells are pseudo idempotent

and all corresponding Sy are isomorphic to C or C[Z/(";*)Z]
There is also a slightly more involved version for general K

(c) H-reduction works for D,

Left, right and two-sided cells (a.k.a. L, R and J-cells): equivalence classes

» Get algebras S7, Sy by killing higher order terms

» Pseudo idempotents make Sz, Sy unital

Cell theory for algebras Representation theory of algebras August 2022
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Class | 12 3 4
Size | 15 2 2
Order | 12 5 5

X1 + 11 1 1
X.2 + 1-1 1 1
X.3 + 2 0 Z1Z1#2
X.4 + 2 012Z1#2 71

Example (dihedral group Ds)

Tweo b12121 Sy =2 C

bi,bi121 bz, bioio
: S, =, C[Z/27
Ji bo1,bo11 | bo bon T 12/27]

Jo by Sy =C

The simple reps over C corresponding to the three J(e) cells via

x2 & Jp, X3, X4« Tm, X1 & Ty,

x~ry < (x<ry)A(y <r x)
x~ry © (x<ry) A (y <ir X)

Left, right and two-sided cells (a.k.a. L, R and J-cells): equivalence classes

» Get algebras

» Pseudo idem

S7. Sy by killing higher order terms

potents make Sz, Sy unital

Cell theory for algebras p ion theory of August 2022
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Example (dihedral group Ds)

Class | 1 2 3 4 ~
se | 15 2 T, b12121 Sy = C
Order | 12 5 5
P2 11 4 3 b1, b1 bia, bio1o ~
p =5 12 1 1 jm ! ’ S’H =5 (C[Z/2Z]
x1+1111 b217 b2121 b2a b212
X.2 + 1-1 1 1
aolluan T by S =C

The simple reps over C corresponding to the three J(e) cells via

x2 « Jp, X3, X4 « Tm X1 & Tug,
Example (dihedral group Ds)

oI [V bi2121
Order | 1 5 5
SN R 7 b1, bi21 | br2, b1212 S KX
Pz m H = 0T
MU b1, bo121 by, bo12 X2+X+1
X.2 + 1 - 1 1
xi_ s 3 law n Jo by Sy =K

Zl golden ratio
The simple reps over K with char(K) = 2 corresponding to the two J(e) cells via
X2 & T, X3, X4« Tmi X1 e Twgs

Cell theory for algebras Representation theory of algebras August 2022 5/7



TH

Th

Theorem (Lusztig ~80ish, folklore)

The J-reduction (notion of an apex) makes sense for all Coxeter groups

Blue whale Klller whale ple a i

a pick —»

@ j Leopard
Seagulll seal

Penguin

E\ephant seal
'sh% ‘\

Squwd / \
e e By

) Kril
7@}( Phytoplankton /
Zooplankton @ \

Seaweed Crab pICk a .

But H-reduction only works in type A and odd dihedral type

Le

» Get algebra

t, right and two-sided cells (a.K.a. L, K and J-cells): equivalence classes

H-reduction Powerful, but doesn’'t work in general

J-reduction General, but not so powerful

» Pseudo idemipotents make 57, Sy unital

Cell theory for algebras p ion theory of August 2022
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The bad

J-reduction often doesn’t get you far

A middle cell in type Eg where dim S = 202671840 and zillions of associated simples:

7420420 | 9756420 | 61596420 5168,420 3378,420 41092,420 270,420
5420756 | 8756756 | T1596,756 7168,756 8378,756 81002,756 770,756
64201506 | 7756,1506 | 121506,1506 | 81681596 | 9378,1506 | 1310921596 | 1170,1596
J- 23 5420168 | 7756168 | 81596168 | 12168168 | 7378,068 | 121002,168 | 1270,168
3420378 | 8756378 | 91596378 | Ti6s378 | 19378378 | 141092378 | 1970378
4420,1002 | 8756,1092 | 131596,1002 | 121681092 | 1437s,1002 | 2110921092 | 2470,1092
242070 | Trs60 | 1lisgeo | 1216870 | 1937870 | 24109270 | 3970,70

Ax,i = H-cells of size A arranged in a (k x [)-matrix

Left, right and two-sided cells (a.k.a. L, K and J-cells): equivalence classes

» Get algebras S7, Sy by killing higher order terms

» Pseudo idempotents make Sz, Sy unital

Cell theory for algebras

Representation theory of algebras

August 2022
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The good, the ugly and the bad — comparison

N
Tt m H(e) = S
| N2l MR2XN HSNS
In | AR >NAMK N =R o=
AL AKX A A
7 || I>X H X

» For monoids all H-cells within one J-cell are of the |same size
» For the good, the ugly and the odd bad the same is true

» For the even bad this is [false

Cell theory for algebras Representation theory of algebras August 2022

6/7



The Strategy (Brown ~1953, Konig—Xi ~1999, folklore)

GENERALIZED MATRIX ALGEBRAS

W. P. BROWN
THE SEMISIMPLICITY OF o}*

By WiLriam P. Brown

(Received December 6, 1953)
(Revised November 15, 1954)

CELLULAR ALGEBRAS: INFLATIONS AND MORITA
EQUIVALENCES

STEFFEN KONIG aNp CHANGCHANG XI

> Find ' axioms ensuring that

H-cells within one J-cell are of the same size
» FOr the good, the ugly and the odd bad the Ssame IS | true

» For the even bad this is [false

Cell theory for algebras Representation theory of algebras August 2022 6/7



The good, the ugly and the bad — comparison

Sandwich datum:

o A partial ordered set A= (N, <y )

e finite sets M, (bottom) and N, (top) for all A € A

e an algebra S, and a fixed basis B, of it for all 1 € A

e a K-basis {cg’b,U |A e A,DeM,UeN,,beB,}ofA

A 'sandwich cellular algebra A: sandwich datum + some axioms such as

xcg\,’byu = Z r(S,D) - cg\yayu + higher order friends
S5eM,y,aeB

Cellular = all S), = K = all H-cells are of size one
Cell theory for algebras pi ion theory of alg August 2022 6/7




The good, the ugly 4 . : .
Approximate picture to keep in mind

Sandwich datum:

\u/
e A partial order 5 \ U/
o finite sets M, \u/ /D'\ e A
e an algebra S, / D'\ rall A € A
o a K-basis {c? |AeA,DeMy,UeN,beB,}ofA

D.,b,U

S) = sandwiched algebras

A [sandwich cellular algebra ' A: sandwich datum + some axioms such as

Xcg’bTU = Z r(S,D) - CS a,u + higher order friends
SeM,,aeB

Cellular = all Sy, = K = all H-cells are of size one
Cell theory for algebras p ion theory of August 2022 6/7




The good, the ugly 4
Sandwich datum:
o A partial orde?
o finite sets M,

e an algebra S,

Approximate picture to keep in mind

5]
/DN \ v/
=r(U, D)
\v/

b'b

/o
/o

e A
rallA € A

e alK H-cells are of equal size, by definition! As free K vector spaces: } OfA

NS S L0, U) = My 9k Sy em b]

A sandy

Ir = My @k Sy ®k Na e~ [b]

R()\,D)gS)\(@]KN)\WW n s

HaD,U =Sy e

Cellular = all Sy, = K = all H-cells are of size one

Cell theory for algebras

p ion theory of

August 2022 6/7



The good, the ugly and the bad — comparison

In spirit of Clifford, Munn, Ponizovskii ~1940-+ | H-reduction
There is a one-to-one correspondence

simples with] one-to-one [ Simples of
e
apex A Sx

Reps are controlled by the sandwiched algebras

» Each simple has a unique maximal A € A where having a pseudo idempotent is
replaced by a paring condition Apex

» In other words (smod means the category of simples):

S-smod) ~ Sy-smod

Cell theory for algebras Representation theory of algebras August 2022 6/7



The good, the ugly and the bad — comparison

In L I cc 1 AA m s I AN0AN0 3 11 1
™ For sandwich cellular algebras
The J-reduction (notion of an apex) makes sense
The H-reduction works
Blue whale Killer whale ple a i
|
@ / @ pick —>
Seagulll
Pengum E\eDhant seal
Squid ‘ ] \ )
" (ﬁ; ) pick ——» FF: k=
%}( Phytoplankton pICk ‘ ‘ Ei
Zooplankton & \ /
| Seaweed Cvab pICk a .

S-smody ~ Sy-smod
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The good, the ugly and the bad — comparison

In spi
There

simples of
A

> E
re

» In

Example

All algebras are sandwich cellular with A = {e} and S, = A

We get the fantastic H-reduction tautology:

one-to-one
} {

{

simples with

apex e

simples of
Se

}

B {simples of}

A

The point is to find a good sandwich datum!
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The good, the ug Example (cf. talk 1)

Many monoid algebras with the monoid basis
In spirit of Clifford; Viunn, Ponizovskit ~ ~-reduction

There is a one-to-one correspondence

simples with] one-to-one [ Simples of
e
apex A Sx

Reps are controlled by the sandwiched algebras

» Each simple has a unique maximal A € A where having a pseudo idempotent is
replaced by a paring condition Apex

» In other words (smod means the category of simples):

S-smody ~ Sy-smod
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The good, the ug Example (cf. talk 1)

Many monoid algebras with the monoid basis
In spirit of Clifford; ~ —reduction
Example

There is a one-to-one

Diagram algebras with the diagram basis

simplg The good bles of

ape S

.
Rep (0] =X bras
4

» Each simple has pseudo idempotent is

replaced by a paring condition [Apex

» In other words (smod means the category of simples):

S-smody ~ Sy-smod
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The good, the ug

Example (cf. talk 1)

Many monoid algebras with the monoid basis

In spirit of Clifford;
There is a one-to-one

simplg

ap¢§
Rep

» Each simple has

~

Example

Diagram algebras with the diagram basis
The good

\U/
2]
/D\

.
ot
4

uction

dles of
S\

bras

pseudo idempotent is

replaced by a paring condition [Apex

Example
S

S, with the KL basis
The ugly

Cell theory for algebras

mod means the category of simples):

S-smody ~ Sy-smod
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The good, the ug

Example (cf. talk 1)

Many monoid algebras with the monoid basis

In spirit of Clifford; ~ —reduction
There is a one-to-one Erampe
. Diagram algebras with the diagram basis
simplg The good bles of
ape S
Rep bras

» Each simple has

|
o] -X
o

pseudo idempotent is

replaced by a parin

condition "Apex

Example Example
sm| imples):
S, with the KL basis D,, n odd with the KL basis
The ugly The odd bad jod
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The good, the ug

Example (cf. talk 1)

Many monoid algebras with the monoid basis

In spirit of Clifford;
There is a one-to-one

simplg

ap¢§
Rep

» Each simple has

The good

|
7] =X
el iVe

~ -reguction
Example
Diagram algebras with the diagram basis
dles of
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pseudo idempotent is

replaced by a paring condition [Apex

Example
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Example
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Whare do we want to go7

rep theary

categorify

9804+ + many others

> Grsen, Cilford, Munn, Pon
Repessntation theoy f (1

N T——

moncids

|OREE |
WSy s

» BB o

. ot on Hrsductio for sgsbras
- We il discover the Heductionfor alebrs n et

- [EEGpIS e HEIE] The oo, the uly and the bad

The ugly

> Symmatric roups S, of rdor ol ae the symmetry groups o (n-1) simplces

L —

> Dindrl groups D, of xder 20 are the symmery groups of  gors

. i (comple) rep theory is wel undertaod

> They v groups = Green'scll thcey i G

Cell theory for algebras

The go0d
s, Mo, P 100+~ G

Thevis s ovetoons
simples with snetocns_ {Simples of (any)
o} == s}

(5 ot monoid > Harduction doss ot pply
[ VG SRR v o 3o jost go o t

- T (KL To7, o TOR8 0%)
& o - s 8
60 i . e v s e s
® .-....4:)..“..._..‘.....«. et e
oo

Lo, g
o
> pud H

o o o ot o o

The 600, th uly and the bod - comparion
g ot o, P 13401 RIS

There s 3 one.t-one

simples With)  one-toong fsimples of
(etoony,
apex A LN

» Exchsimple has 3 unique maximl \ € A where haing g dampoten s
eplaced by 3 ring condtion Apex

> 1 athr ords (o s th catagory of smvles)

Sy = Sysmod

There is still much to do...
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> Symmatric roups S, of rdor ol ae the symmetry groups o (n-1) simplces
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> Dindrl groups D, of xder 20 are the symmery groups of  gors

. i (comple) rep theory is wel undertaod

> They v groups = Green'scll thcey i G
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There s 3 one.t-one

simples With)  one-toong fsimples of
(etoony,
apex A LN

» Exchsimple has 3 unique maximl \ € A where haing g dampoten s
eplaced by 3 ring condtion Apex

> 1 athr ords (o s th catagory of smvles)

Sy = Sysmod

Thanks for your attention!
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