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Where are we?

Fusion reps Fiat reps

rep theory

categorify

Group reps Monoid reps

generalize

Fiat mon-
oidal cats

Fusion mon-
oidal cats

Monoids

» Green, Clifford, Munn, Ponizovskii ~1940+4+ many others
Representation theory of monoids

» Goal Find some categorical analog

Representation theory of monoids and monoidal categories Cells and actions June 2022

2/7



Where are we?

Careful ps
rep

There are zillions of choices involved
cat|and | show you 'a categorification not the categorification

There is no unique way of doing this! CRS
/ 7 / 7

Actually, everything works for 2-categories/bicategories,
but | won't touch this in this talk

oidal cats

F

oidal cats

Monoids

» Green, Clifford, Munn, Ponizovskii ~1940+4+ many others
Representation theory of monoids

» Goal Find some categorical analog
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Where are we?

Careful ps
rep

There are zillions of choices involved
cat/and | show you a categorification not the categorification

There is no unique way of doing this! CRS
/ 7 /

/
Actually, everything works for 2-categories/bicategories,
F
o

but | won't touch this in this talk
idal cats J / L oidal cats J /

Today

| explain monoid and fiat rep theory

. . . categorify
fiat monoidal categories ———

certain fin dim algebras O monoid algebras
>

» Goal Find some categorical analog
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Where_are we?
Examples of monoids

Groups
Multiplicative closed sets of matrices

Symmetric groups Aut({

(24138567) o M

Transformation monoids End({1, ..

é é é
(23135555) e %

—

» Goal Find some categorical analog
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Wh

>

>

Examples of monoidal categories

G-graded vector spaces ¥ectc, module categories Zep(G), same for monoids

Rep(Hopf algebra), tensor or fusion or modular categories,

Soergel bimodules ( “the Hecke category”),

categorified quantum groups, categorified Heisenberg algebras, ...

7

Fusion mon- iat mon-
oidal cats oidal cats

Monoids

Green, Clifford, Munn, Ponizovskii ~1940++ many others
Representation theory of monoids

Goal Find some categorical analog
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Wh

Examples of monoidal categories

G-graded vector spaces ¥ectc, module categories Zep(G), same for monoids

Rep(Hopf algebra), tensor or fusion or modular categories,

Soergel bimodules (“the Hecke category”),

categorified quantum groups, categorified Heisenberg algebras, ...
7

V4

7
Examples of reps of these

Categorical modules, functorial actions,

(co)algebra objects, conformal embeddings of affine Lie algebras, the LLT algorithm,

cyclotomic Hecke/KLR algebras, categorified (anti-)spherical module, ...

oTouUpPS TVTOTTOTUS

» Green, Clifford, Munn, Ponizovskii ~1940+4+ many others

Representation theory of monoids
» Goal Find some categorical analog
Representation theory of monoids and monoidal categories. Cells and actions
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Wh Examples of monoidal categories
G-graded vector spaces ¥ectc, module categories Zep(G), same for monoids

Rep(Hopf algebra), tensor or fusion or modular categories,

Soergel bimodules (“the Hecke category”),

categorified quantum groups, categorified Heisenberg algebras, ...
7 7

7
Examples of reps of these
Categorical modules, functorial actions,

(co)algebra objects, conformal embeddings of affine Lie algebras, the LLT algorithm,

cyclotomic Hecke/KLR algebras, categorified (anti-)spherical module, ...

I oTouUpPS I I TVTOTTOTUS T

Applications of categorical representations

» | Representation theory (classical and modular), link homologies, combinatorics,

TQFTs, quantum physics, geometry, ...
» [ Goal Find some categorical analog
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The main player today: cell theory!

CELL THEORY

.. and we are all
made up of '|"|m1 units li\*eres’rin3
that | calt “humans” theory

or H-cells

=
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The theory of monoids (Green ~1950++)

Magma

divigibility ~ identity

associativity

Quasigroup Unital

associatvity. magmay divisibility

identity identity

invertibility Inverse associativity

Loop semigroup Monoid

ideRtity

associativity inverdtibility

» Associativity = reasonable theory of matrix reps
» Southeast corner = reasonable theory of matrix reps
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Adjoining identities is “free” and there is no essential difference between
semigroups and monoids, or inverses semigroups and groups

The main difference is 'semigroups/monoids vs. inverses semigroups/groups

The

Today | will stick with the more familiar monoids and groups

Quasigroup Unital
associativity magm 5

divisibility

ideRtity ideftity

invertibility Inverse associativity

semigroup Monoid

Loop

ideftity

associativity invertibility

» Associativity = reasonable theory of matrix reps
» Southeast corner = reasonable theory of matrix reps
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The Adjoining identities is “free” and there is no essential difference between
semigroups and monoids, or inverses semigroups and groups

The main difference is 'semigroups/monoids vs. inverses semigroups/groups

Today | will stick with the more familiar monoids and groups

In a monoid information is destroyed

The point of monoid theory is to keep track of information loss

» Associati

» Southeast
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The Adjoining identities is “free” and there is no essential difference between
semigroups and monoids, or inverses semigroups and groups

The main difference is 'semigroups/monoids vs. inverses semigroups/groups

Today | will stick with the more familiar monoids and groups

In a monoid information is destroyed

The point of monoid theory is to keep track of information loss

= I

Semigroupoid
Small category
Groupoid
Magma
Quasigroup
Unital magma
Semigroup
Loop
Inverse semigroup
Monoid
B Associativity = commutative monoid
Group
Abelian group

» Southeast cor

Monoids appear naturally in categorification

Group-like structures
Totality® Associativity Identity Invertibility Commutativity

Unneeded  Required  Unneeded Unneeded = Unneeded
Unneeded  Required  Required Unneeded  Unneeded
Unneeded ~ Required  Required  Required Unneeded
Required Unneeded Unneeded Unneeded  Unneeded
Required = Unneeded Unneeded Required Unneeded
Required Unneeded Required Unneeded = Unneeded
Required  Required Unneeded Unneeded  Unneeded
Required Unneeded Required  Required Unneeded
Required  Required Unneeded Required Unneeded
Required  Required  Required Unneeded  Unneeded
Required = Required  Required ~Unneeded Required
Required  Required  Required  Required Unneeded
Required  Required  Required  Required Required
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The theory of monoids (Green ~1950-++)

Example

Z is a group ' Integers

Quasigroup ~ Unital /Semlgroup;

Example

C, = (ala" = 1) is a group | Cyclic group

Ch,p = {a|a™® = a") is a monoid _
\idenlily ; P /
acenciativihs |nvert|b_|_|_|tv

Example

Sn = Aut({1, ..., n}) is a group 'Symmetric group

T, = End({1, ..., n}) is a monoid _

» Associativity = reasonable theory of matrix reps

» Southeast corner = reasonable theory of matrix reps
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Finite groups are kind of random...
The t
A000001 Number of groups of order n.
(Formerly M0098 N0035)
0,1,1,1,2,1,2,1,5,2,2,1,5,1,2,1, 14,1,5,1,5,2,2,1, 15 2, 2,5 4,1, 4, 1,
51,1, 2,1, 14,1, 2,2, 14,1, 6,1, 4,2,2,1,522,5,1,5,1, 15, 2,13, 2, 2, 1, 13, 1,
2,4,27,1,4,1,5 1,4,1,50, 1,2, 3,4, 1,6, 1, 52, 15, 2, 1, 15, 1, 2, 1, 12, 1, 10, 1,
Log(H)
15
10 ° . . .
5l % e ee oy o
wee qe 'y
. 3
:;‘\ i‘q‘:}'..
200 400 600 800 1000 n
A058133 Number of monoids (semigroups with identity) of order n, considered to be
equivalent when they are isomorphic or anti-isomorphic (by reversal of the
operator).
0, 1, 2, 6, 27, 156, 1373, 17730, 858977, 1844075697, 52991253973742 (list; graph; refs; listen; history;
Log(H)
.
30
25
20 *
15
> A
10 L]
.
5 L]
» S . e
o
' 2 4 6 0o N
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The theory of monoids (Green ~1950++)

The cell orders and equivalences:
x<,y&dz:y=zx,
x<pye3Z:y=x7,
x<,py&dz,Z:y=2x7,
x~py e (x Sey) Ay <ix),
x~Ry < (x <ry)A(y <g x),
x~RrYy < (X Zry) Ay Sir X).

Left, right and two-sided cells (a.k.a. L, R and J-cells): equivalence classes
» H-cells = intersections of left and right cells

» Slogan Cells measure information loss
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The theory of monoids (Green ~1950++)

J. L

H(L,R)

-

» H-cells = intersections of left and right cells

» Slogan Cells partition monoids into matrix-type-pieces
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The theory of monoids (Green ~1950++)

J. L

Hi1 Hio His

Hor : Hao i Hog

R | Hs1 i Hse i Hass

Hou

H3a

A

H(L,R)

» Each H contains no or 1 idempotent e; every e is contained in some #(e)

» Each #(e) is a maximal subgroup |No internal information loss
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Example (group-like)
The theory of mor

All invertible elements form the smallest cell

A L

Hou

[}
=
L]
=
=
"
=
=
"
=
-
[}
L]
=
.
.
=
[}
"
=
=
"
=
N N ]

R | Hsi i Hs

Hss

&
&
=

&=

N NN

A

H(L,R)

» Each H contains no or 1 idempotent e; every e is contained in some #(e)

» Each #(e) is a maximal subgroup |No internal information loss
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The theory of mor

Example (group-like)

All invertible elements form the smallest cell

J,

Example (cells of N)

Every element is in its own cell, only 0 is idempotent

Hi

sssssmnssanmnnnnnfannmns

Hio

Hso | Has

His

Hos

Hia

H(L,R)

» Each H contains no or 1 idempotent e; every e is contained in some #(e)

» Each #(e) is a maximal subgroup |No internal information loss
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The theory of mor

J,

Example (group-like)

All invertible elements form the smallest cell

Example (cells of N)

Every element is in its own cell, only 0 is idempotent

7_[ Example (cells of G, idempotent cells colored)
1]
T ad,at Hle) = Z/27
T2 a?
Ho T a
Ty 1 H(e) =1

Hso

&
=
&

H(L,R)

» Each H contains no or 1 idempotent e; every e is contained in some #(e)

» Each #(e) is a maximal subgroup |No internal information loss

Representation theory of monoids and monoidal categories. Cells and actions

June 2022 3/7



The theory of mor

Example (group-like)

All invertible elements form the smallest cell

J,

Example (cells of N)

Every element is in its own cell, only 0 is idempotent

Example (cells of G, idempotent cells colored)

N/ ad,at Hle) =Z/2Z
T2 a

Ta a

5 I He =1

» Each H cont

» Each #(e) i

N
T /T\‘ Hie) =S
-
IS ISR AN
AR SRR ISR wo=s
IAARTHAIR A 1=
5 R s
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The theory of monoids (Green ~19504++)

J|

Computing these “egg box diagrams” is one of the main tasks of monoid theory

D‘ A

~

same information

information loss

B | R)

GAP can do these calculations for you (package semigroups)

» Each H contains no or 1 idempotent e; every e is contained in some #(e)

» Each #(e) is a maximal subgroup |No internal information loss
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The tl
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|
~T

[EEEEEEEEEEEN]
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pptSEEEEEEEEEE]

[EEEEEEEEEEEE]

T
=
Nmumm

s—corrrrr— R

Examples (no specific monoids)

[ ]

i\

AN

[TT1T1T

[T1T

IITITII1T1T11]

[
5]

Grey boxes are idempotent H-cells

AN AR

/E/E \‘E‘;:\g”

> EC\.II 7T COUITLAITiS 11U U I TUTTITPULTTTU T, CVCIy T 1S COITtanicua 11T

» Each #(e) is a maximal subgroup |No internal information loss
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The simple reps of monoids

¢: S — GL(V) S-representation on a K-vector space V, S is some monoid

» A K-linear subspace W C V is S-invariant if S. W C W |Substructure

» V £ 0 is called simple if 0, V are the only S-invariant subspaces Elements

» Careful with different names in the literature: S-invariant «
subrepresentation, simple «~ irreducible

» A crucial goal of representation theory

Find the periodic table of simple S-representations

4 s 6 7 8 9 10 11 12 13 14 15 16 17 18
B | s |(1)](12)(123)
IR
B[a|s|e]7]e]
JEEEEEEEe R | Xriv (11 1
4 A 4344 (45 || 46 || 4. 4¢ 9 || 50 ‘ 5!
N 2 Tc R:u Rh || Pd || Ag || Ce Sn e
EEEEEEREEEEEE (Xsgn |1 |[-1 |1
EEE R R EERERE EEER(E Xstand |2 | O -1
e e ) e e
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The simple reps of monoids

¢: S — GL(V) S-representation on a K-vector space V/, S is some monoid

» A K-linear subspace W C V is S-invariant if S. W C W  Substructure

Chemistry H Group theory H Rep theory
> Matter Groups Reps
Elements Simple groups Simple reps
> Simpler substances Jordan—Hdlder theorem Jordan—Hélder theorem
Periodic table Classification of simple groups || Classification of simple reps

OT

» A crucial goal of representation theory

Find the periodic table of simple S-representations

w1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

ERIE
|

23|[24|[25][26|[27
V_|[ Cr |[Mn]| Fe |[Co
a1][a2|[43][a4 |45
Nb |[Mo|| Tc || Ru |[ RR
73|74 |[25 176 |[77
if|[ 73 || W || Re|[Os|[ Ir
105] [106] [107] [108] [109]
Db)| Sg|| Bh | Hs || ME
61162

Pr Pm||Sm
+[89|[90][1 93104
| Ac|[Th|| Pa Np [ Pu
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1
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The simple reps of monoids

¢: S — GL(V) S-representation on a K-vector space V/, S is some monoid

» A K-linear subspace W C V is S-invariant if S. W C W  Substructure

Chemistry H Group theory H Rep theory
> Matter Groups Reps b
Elements Simple groups Simple reps
> Simpler substances Jordan—Hdlder theorem Jordan—Hélder theorem
Periodic table Classification of simple groups || Classification of simple reps

» A crucial goal of representation theorv
Frobenius ~1895-++and others

pns

For groups and K = C this theory is really satisfying

5 6 7 8 9 10 11 12 13 14 15 16 17 18

s, | (1) (12) | (123)

131417 E17 1
Alf[sij{P[s|[cl|[Ar X . l 1 1
] 321 ) ) ) 2 2 ] 22 e 22 e i
l H \i“i 46H47 45‘49 5051 [sz szﬂ
o] (7| |Ru || &R || Pd |[Ag][Cd]| In || n || 3o |(Fe][ || Xe
uL[Juitg;L E®E [Xsgn |1 [-1 |1

7

1
195 ma 1 7 198][199) 110‘111‘112‘113 114] 117 118|
|| NR ") (M2 o
59 ) ew sz 64 ss 67 & es

Sm Gd Ho

+[89][90 91 7 93 9419596 97 2 m 102]
Ac|[Th || Pa R E R Md| No
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The simple reps of monoids

¢: S — GL(V) S-representation on a K-vector space V/, S is some monoid

» A K-linear subspace W C V is S-invariant if S. W C W  Substructure

Chemistry H Group theory H Rep theory
> Matter Groups Reps b
Elements Simple groups Simple reps
> Simpler substances Jordan—Hdlder theorem Jordan—Hélder theorem
Periodic table Classification of simple groups || Classification of simple reps

» A crucial goal of representation theorv
Frobenius ~1895-++and others

For groups and K = C this theory is really satisfying P

4 5 6 7 8 9 10 11 12 13 14 15 16 17 1

What about monoids? p3 (1) | (12) | (123)
341511617 ] 18
EIECOTEEE [ |1 |1 |1
6127 zszsHm 311[32|[33|[32][35|[36 Xtﬂv
e || Co|| Ni || Cu[Zn |[Ga || Ge | As || Se || Br || kr
4 |[45 46H47 48](4950][51][52][53][ 54
Zr [t ||Ru] | Rh || Pd||Ag|[Cd || Tn |[3n || 3o Te [ T |[Xe
FAEFAEEEEFEEERBIREIEIE l —1 1
iw,!r Pt|[Au||Hg|| i || Pb || B || Po | At || Rn ngn
[104] [195] 106} 108] [109] [130] [137] [132] [113] [114][115][176] [117] [118]
tr || Re'|[DB|[ sg'| (BR || Hs) | Me| | Ds || Rg || 'en|[Nr [ Fi7|| Me]| ]| 7 || o
EHREEEE €|[El) Xstand |2 | O -1
+[89][0 [T |[92|[3][32 ][5 |26 |27 |28 |[22 |[1oo] [io1] [102]
| Ac|| Th|[Pa || U |[Np || Pu]|Am||cm|| Bk || <F || Es |[Fm)||Md]| No
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The simple reps of monoids

Clifford, Munn, Ponizovskii ~19404+ H-reduction
There is a one-to-one correspondence

Simples With onhe-to-one Simples Of (any)

>
apex J(e) H(e) C J(e)
Reps of monoids are controlled by their maximal subgroups

» Each simple has a unique maximal J(e) whose H(e) does not kill it Apex
» In other words (smod means the category of simples, take K = KK):

S-smod z(e) ~ H(e)-smod

Representation theory of monoids and monoidal categories Cells and actions June 2022 a/7



The simple reps of monoids

Example (anti apex predator)

Blue whale Killer whale

j Leopard
seal

Penguin
j Krill
@f( Phytoplankton
Zooplankton %@

Seagulll

Elepham seal

Squid

_—

Seaweed Crab

“Apex = fish” means that the red bubble does not annihilate your rep and the rest does
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The simple reps of monoids

Clifford, Munn, Ponizovskii ~19404+ H-reduction
There is a one-to-one correspondence

simples Withl one-to-one, Isimples of (any)
apex j Example (groups) o j(e)

Groups have only one cell — the group itself

Reps of 1 H-reduction is trivial for groups ubgroups

» Each simple has a unique maximal J(e) whose #(e) does not kill it Apex
» In other words (smod means the category of simples, take K = KK):

S-smod 7 () ~ H(e)-smod

Representation theory of monoids and monoidal categories Cells and actions June 2022 a/7



Example (cells of G, idempotent cells colored)
The simple reps
Tt a3,a4 7‘[(8) = Z/QZ

Clifford, Munn, Ta2 a?
There is a one-tq A a

. N/ 1 Hie) =1

simple (any)
Three simple reps over C:
apex one for 1 and two for Z/27Z j(e)

Reps of monoids are controlled by their maximal subgroups

» Each simple has a unique maximal J(e) whose #(e) does not kill it Apex

» In other words (smod means the category of simples, take K = KK):

S-smod 7 () ~ H(e)-smod

Representation theory of monoids and monoidal categories Cells and actions June 2022 a/7



The simple reps

Clifford, Munn,
There is a one-td

simple

apex

Example (cells of G, idempotent cells colored)

Tt ad,at Hle) =7/27
Taz a®

Ta a

N/ 1 H(e) =21

Three simple reps over C:
one for 1 and two for Z/27Z

(any)
7 (e)

Reps

» Each simple

» In other wor

Representation theory of monoids and monoidal categories

Example (cells of T3, idempotent cells colored)

N—
Ji Y H(e) =S,
—
| N~ XN TSNS
o PPREOERISIER w0
IAARIAAKTA X
. ]I 1 < s

Six simple reps over C:

rroups

ot kill it 'Apex

(= K):

three for S3, two for S; and one for S;

Cells and actions

June 2022 a/7



The simple reps of monoids

Clifford, Munn, Ponizovskii ~1940-44 H-reduction
There is a one-tgq

ol
Example (cells of G, idempotent cells colored)

simple Ji a¥at| M(e)=Z/2Z (any)
T2 a?
apex . : 7(e)
N 1 H(e)=1
Reps roups

Trivial rep of 1 induces to Cz2 and has apex Jp
Tz, T2, T act by zero

» Each simpld Tyjyial rep of Z/2Z induces to Gz and has apex J; Pt kil it 'Apex

» In other wo = K):

S-smod z(e) ~ H(e)-smod

Representation theory of monoids and monoidal categories Cells and actions June 2022 a/7



The simple reps of monoids

Clif]
The]

Example (no specific monoid)

pick ———— [
pick — [= |

l

|
pick ——» [ \
pick - ;ﬁ

\/
pick ———— [

Five apexes: bottom cell, big cell, 2x2 cell, 3x3 cell, top cell

Simples for the 2x2 cell are acted on as zero by elements from 3x3 cell, top cell

H-reduction It is sufficient to pick one H(e) per block

Representation theory of monoids and monoidal categories Cells and actions
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The simple reps of monoids

Clifford, My Examples (no specific monoids)

Thereisaol e

ap

807 7?\% R NN Vet k:';/tlj\\:‘\‘\\
T srn QD)
sim \\\%//E : E\E\W /*/E/E \\:\\'.\//E/%' ny)

TTTIITITTTT

— T

\UHJHH I

COTTTTTITTTTT]

[ENEEEEEEEEEN]

H \% s
| |
| %
» Eachsi E : II'it Apex
i : !
» In other £):
All of these have four apexes
S-smod 7(e) ~ H(e)-smod
Representation theory of monoids and monoidal categories Cells and actions June 2022



Categorification of monoid reps

Categories enrich ?
categorifies categorifies
Sets : Monoids
enrich

» Usual answer ? = monoidal cats

» | need more structure than plain monoidal cats Specific categorification!
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Categorification of monoid reps

» Let € = Zep(G) (G a finite group)
» % is monoidal . For any M,N € 6, we have MQ N € 6

g(m® n) =gm® gn

for all g € G,m € M,n € N. There is a trivial representation 1

» Finitary = linear + additive + idempotent split + finitely many
indecomposables + fin dim hom spaces |Cat of a fin dim algebra

» Fiat = finitary + involution + adjunctions + monoidal
» Fusion = fiat + semisimple

» Reps are on finitary cats
Finitary + fiat are additive analogs of tensor cats

Tensor cats as in Etingof—Gelaki—Nikshych—Ostrik ~2015

Representation theory of monoids and monoidal categories Cells and actions June 2022

5/7



Categorification of monoid reps

Examples instead of formal defs
> Let 6 = Zep(G) (G a finite group)
» 6 is monoidal . For any M,N € 6, we have M® N € 6:

g(m®n) = gm® gn

forall g € G,m &M, néeN. There is a trivial representation 1

» The regular cat representation .4 : 6 — &nd(6):

M—MQ®_

l [

N——mN®_

» The decategorification is the regular representation

Representation theory of monoids and monoidal categories Cells and actions June 2022
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Categorification of monoid reps

» Let K C G be a subgroup
» Rep(K) is a cat representation of Zep(G), with action

Resg @ _: Rep(G) — End(Rep(K)),

which is indeed a cat action because Resg is a ®-functor

» The decategorifications are N-representations

Representation theory of monoids and monoidal categories Cells and actions June 2022
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Categorification of monoid reps

» Let ¢ € H?*(K,C*) (ground field is now C)

> Let V(K, 1) be the category of projective K-modules with Schur multiplier ¢,
i.e. vector spaces V with p: K — End(V) such that

p(g)p(h) = (g, h)p(gh), for all g, h € K
» Note that V(K,1) = Rep(K) and
®: V(K, ) "V(K, ¢) = V(K, ¢1))
> V(K,v) is also a cat representation of 6 = Zep(G):

ResgKId

Rep(G) B V(K1) Rep(K) B V(K, 1) 2 V(K, )

» The decategorifications are N-representations
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Categorification of monoid reps

Classical
> Lg An S module is called simple (the “elements”)
> L
iy if it has no S-stable ideals
We have the Jordan—Holder theorem: every module is built from simples
> N Goal Find the periodic table of simples
Categorical
> A € module is called simple (the “elements”)
if it has no €-stable monoidal ideals
. We have the Jordan—Holder theorem: every module is built from simples
Goal Find the periodic table of simples
Representation theory of monoids and monoidal categories Cells and actions June 2022
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Categorification of monoid reps

v

Let ¢ € H?(K,C*) (ground field is now C)

v

i.e. vector spaces V with p: K — End(V) such that

Folk theorem?
> Completeness All simples of Zep(G,C) are of the form V(K )
Non-redundancy We have V(K, ) = V(K', ')

<
» |the subgroups are conjugate and 1’ = ¢, where ¢ (k, /) = W(gkg ™, glg™)

Resﬁ&ld
EE—

Rep(G) X V(K, ) Rep(K) B V(K,9) 25 V(K, )

» The decategorifications are N-representations

Representation theory of monoids and monoidal categories Cells and actions June 2022
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Clifford, Munn, Ponizovskir categorically

The cell orders and equivalences (X, Y, Z indecomposable, @ = direct summand):
X< Yed2: Y @eZX
X<pY&IZ:Y aeX?
X< rY&e3d2,2:Y e’sX
X Yo (X<Y)A(Y <X)
X~rY e (X<grY)A(Y < X)
XvirY © (X <irY)A(Y <1r X)

Left, right and two-sided cells (a.k.a. L, R and J-cells): equivalence classes

» H-cells #; = Add(X € H, 1) mod higher terms

» Slogan Cells measure information loss

Representation theory of monoids and monoidal categories Cells and actions June 2022
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Clifford, Munn, Ponizovskir categorically

The cell orders and equivalences (X, Y, Z indecomposable, @ = direct summand):
X< Yed2: Y @eZX
X<pY&IZ:Y aeX?
X< rY&e3d2,2:Y e’sX
X Yo (X<Y)A(Y <X)
X~rY e (X<grY)A(Y < X)
XvirY © (X <irY)A(Y <1r X)

Left, right and two-sided cells (a.k.a. L, R and J-cells): equivalence classes

Compare to monoids:

» H-cells S

Indecomposables instead of elements, € instead of =
» Slogan Cs ;
Otherwise the samel
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Clifford, Munn, Ponizov Example (cells of Zep(G, C))

e, @ = direct summand):

The cell orders and equival Only one cell since 1 €XX*

X<, Yed2: Y @eZX
X<pY&e3IZ: Y &X

X <0 Y 32,7 Y /X

X~ Y & (X <1 Y) A (Y <0 X)
X ~rY & (X <g Y)A (Y <g X)
XvirY © (X <irY)A(Y <1r X)

Left, right and two-sided cells (a.k.a. L, R and J-cells): equivalence classes

> H-cells ¥ = Add(X € H, 1) mod higher terms

» Slogan Cells measure information loss
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6/7



Clifford, Munn, Ponizov Example (cells of Zep(G, C))

The cell orders and equival Only one cell since 1 €XX* p, €@ = direct summand):
Ve AVA —rz VA = N

Example (cells of Zep(Z/37Z,F3), pseudo idempotent cells colored)

Je L3 [ = 3Z

To 21,2y [Fu] =Z/2Z
X~ Y & (X<rY)A(Y <R X)
XevirY S (X<rY)A (Y <1r X)

Left, right and two-sided cells (a.k.a. L, R and J-cells): equivalence classes

> H-cells ¥ = Add(X € H, 1) mod higher terms

» Slogan Cells measure information loss
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Clifford, Munn, Ponizoyv| Example (ceIIs of %ep(G,(C))

The cell orders and equival Only one cell since 1 €XX* p, €@ = direct summand):
Ve AVA —rz VA = N

Example (cells of Zep(Z/37Z,F3), pseudo idempotent cells colored)

jt Z3 [5/77-(] =~ 3%
jb Z]_,Z2 [5/77_[] = Z/2Z
X an Vo (X< VIANITY <0 XD

Example (cells of the Hecke category of type B, pseudo idempotent cells colored
Two Bio1o S '~ Vect
B]_ B121 ‘ B21 w_n
T midd 7 Iy "~ Vecty
miace B2 ‘ B, Bz /
Ty By Gy ~ Vect

)
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Clifford, Munn, Ponizovskir categorically

Categorical H-reduction
There is a one-to-one correspondence

simples with] one-toone [ Simples of (any)
apex J Iy C Sy

Almost verbatim as for monoids

» Each simple has a unique maximal J whose %, does not kill it Apex

» In other words (smod means the category of simples):

S -smod 7 (e ~ Fy-smod

Representation theory of monoids and monoidal categories Cells and actions June 2022
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Example (cells of Zep(G,C
Clifford, Munn, Ponizov ( ( 2

No reduction

Categorical H-reduction
There is a one-to-one correspondence

simples with] one-toone [ Simples of (any)

apex J Iy C L7

Almost verbatim as for monoids
» Each simple has a unique maximal J whose #; does not kill it Apex

» In other words (smod means the category of simples):

S -smod g (e) ~ F-smod

Representation theory of monoids and monoidal categories Cells and actions June 2022
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Example (cells of Zep(G,C
Clifford, Munn, Ponizov ( ( )

No reduction

?Eteg.o Example (cells of Zep(Z/37Z,F3), pseudo idempotent cells colored)
ere is

d Je L3 [F] =2 3Z
jb Zl,Z2 [ny] gZ/2Z

Two apexes, three simples (2+1)

Almost verbatim as for monoids

» Each simple has a unique maximal J whose #; does not kill it Apex

» In other words (smod means the category of simples):

&-smod 7 (e ~ Fy-smod
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Example (cells of Zep(G,C
Clifford, Munn, Ponizov ( ( )

No reduction

gEtEgg Example (cells of Zep(Z/37Z,F3), pseudo idempotent cells colored)
ere is

d Je L3 [F] = 3Z
jb Zl,Z2 [y’}-[] gZ/2Z

Two apexes, three simples (2+1)

T Bi212 S~ Vect
Bi1, B ‘ Bo; “_
; 2 Sy "~ Vect
Tmiddle B, | Ba b H 7)2z
Jo By Sy ~ Vect

Three apexes, four simples (1+2+1)

Example (cells of the Hecke category of type B>, pseudo idempotent cells colored)
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Where sre we?

rep theory

categorify

> Green, Ciford, Muni, Ponizouski ~ 10404+ many others
Regeesnsaton thecy of (1) monoids
o [GBB] Find some cotegrics anaog.

S o (o)
il s o e et
% Erami b o )

vy dement s i . o 0 s dompotn]
3¢, [Fome et o o o
Hy

- o

S s S
Seemi I

> Exn (o YR - |

e
[ e S . g o v s e s
Ty 1 ik ith h v s v s goven

“The theory of monoids (Green ~1050++)
e e B o

B

> Exch H contins o o 1 idempotent o evey ¢ s contained in some ()

> Exch He) is 2 masimal subgroup [NEMAREASEGRIER]

moncids
@
™ o —
foa—
%
R
g Jp—
P sy oo i, g . 22 . 3 i
RERRERR oicr 0 pickcne () por bock

There is still much to do...

Representation theory of monoids and monoidal categories

Cells and actions

T E—————

> [S6gaR ol prition monoids nto matitype pces

“The simple reps of moneids

BT ——
Thare 3 ona tons careonde

simples with)  one-to-one [ Simples of (any)
{ apex J(e) } { H(e) € T(e) }

Rega of moncds v contold by their il sbgroups

> Exch simpl has 3 nique masimal () whse H(e) dos ot it it [AGRH

1 athr ords (e s th csegony ofsmple,take K

St = H(ehsmnt

Clford, Munn, Ponizovsk categoricaly

Categorial - reduction
Ther s 3 e o-0ne carespondence

Simples with| ane-oone [ Simples of (any)
{ apex J S Sy

> Each simpie has 3 unique masiml 7 hose 5 doss ot kil it [AGER
> I athr vords (s s th ctagory of siple)

)= Ficsmod

June 2022
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Where sre we?

rep theory

categorify

> Green, Ciford, Muni, Ponizouski ~ 10404+ many others
Regeesnsaton thecy of (1) monoids
o [GBB] Find some cotegrics anaog.

S o (o)
il s o e et
% Erami b o )

vy dement s i . o 0 s dompotn]
3¢, [Fome et o o o
Hy

- o

S s S
Seemi I

> Exn (o YR - |

e
[ e S . g o v s e s
Ty 1 ik ith h v s v s goven

“The theory of monoids (Green ~1050++)
e e B o

B

> Exch H contins o o 1 idempotent o evey ¢ s contained in some ()

> Exch He) is 2 masimal subgroup [NEMAREASEGRIER]

moncids
@
™ o —
foa—
%
R
g Jp—
P sy oo i, g . 22 . 3 i
RERRERR oicr 0 pickcne () por bock

Thanks for your attention!

Representation theory of monoids and monoidal categories

Cells and actions
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> [S6gaR ol prition monoids nto matitype pces

“The simple reps of moneids

BT ——
Thare 3 ona tons careonde

simples with)  one-to-one [ Simples of (any)
{ apex J(e) } { H(e) € T(e) }

Rega of moncds v contold by their il sbgroups

> Exch simpl has 3 nique masimal () whse H(e) dos ot it it [AGRH

1 athr ords (e s th csegony ofsmple,take K

St = H(ehsmnt

Clford, Munn, Ponizovsk categoricaly

Categorial - reduction
Ther s 3 e o-0ne carespondence

Simples with| ane-oone [ Simples of (any)
{ apex J S Sy

> Each simpie has 3 unique masiml 7 hose 5 doss ot kil it [AGER
> I athr vords (s s th ctagory of siple)

)= Ficsmod
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