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The three main topics

Topic 1: graphs!

Topic 2: surfaces!

Topic 3: knots!
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Topic 1: graphs!
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Questions we ask about a graphG

1 Have we seenG before? Is it one of the standard ones (lines, cycles,
complete graphs, complete bipartite graphs)?

2 How many vertices and edges doesG have?

3 What is its Euler characteristic?

4 Is G connected? How many connected components doesG have?

5 Is G a tree? If not, then can we �nd a spanning tree?

6 What are its paths (start and endpoint might be di�erent)? What are
its circuits?

7 DoesG have an Eulerian circuit? DoesG have an Eulerian path?

8 Is G planar, i.e. does it embed into the plane = the disc =S2?

9 DoesG embed into other surfaces?

10 How many colors do we need to color maps de�ned byG?

Let us answer 1-10 for the Pappus graph

But before, let us recall what the above are!
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Basics
A connected graph withjV j = 6, jEj = 8, � = � 2 and one loop:

A non-connected graph withjV j = 9, jEj = 9, � = 0:
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Standard graphs

Line:

Cycle:

Complete:

Complete bipartite:
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Standard graphs � part 2
Exercise Check whether you understand how the various standard graphs
are related and what properties they have. For example, which ones are
subgraphs, which ones are planar etc.
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Trees
Trees are acyclic, so only the right graph below is a tree:

Trees satisfy many properties and are always amenable for induction, e.g.
prove the following as an exercise:
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Euler and cycles
Euler’s famous criterion:
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Embeddings on surfaces

Heawood’s coloring formula:
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The Pappus graphG
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The Pappus graphG � answering 1�10, part 1

The Pappus graph is a not a standard graph � it is neither a line nor a
cycle nor complete nor complete bipartite

We clearly havejV j = 18 andjEj = 27, so that� (G) = jV j � j Ej = � 9,
and G is connected

The Pappus graph is not a tree and a spanning tree is illustrated above
(there are many more spanning trees)
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The Pappus graphG � answering 1�10, part 2

The Pappus graph has many cycles that are hexagons, as illustrated above.
In fact, one checks that the length of the smallest cycle is 6

Every vertex in the Pappus graph is of degree 3, so there are neither
Eulerian circuits nor paths
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The Pappus graphG � answering 1�10, part 3

The Pappus graph does not embed intoS2

G embeds onto the torus and then needs 3 colors to color it, see above

Heawood’s theorem for the torus would giveb7+
p

49� 24�0
2 c = 7 as the

number of colorings needed in the worst case, soG does better
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The Heawood graph � answer 1�10 as an exercise

The above graph is called the Heawood graph �try yourself!
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Topic 2: surfaces!
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Questions we ask about a surfaceS

1 Have we seenS before? Is it one of the standard ones (sphere, torus,
Klein bottle, projective plane etc.)?

2 How many boundary cycles = punctures doesS have?

3 What is its Euler characteristic?

4 Is S connected? How many connected components doesS have?

5 Is S orientable?

6 Can we �nd a polygonal form ofS?

7 What is its standard form?

8 How many cross-caps are there in standard form?

9 How many handles are there in standard form?

10 If d = 0, then what is the chromatic number ofS?

Let us answer 1-10 for a randomly generated polygonal form

But before, let us recall what the above are!
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The standard surfaces in polygonal form

These are 2 dimensional objects, e.g. the torus is hollow:

T =
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From polygons to surfaces
Recall that one goes from a polygon to a surface by identifying paired edges

For the torus that means e.g.

For an annulus one gets

b

a

c

a

xx

y y

!

One can build of most these, e.g. a Möbius, strip out of paper
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The boundary
Boundary points have neighborhoods that are half-discs; all other point
have disc neighborhoods

In a polygonal form, the free edges wrap around boundary components:

Note that the surfaceS is on the outside in these pictures
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Euler characteristic
Every surfaceS has in�nitely many polygonal forms and they might look
wildly di�erent, e.g.:

The Euler characteristic� (S) = jV j � j Ej + jF j is the same for any
polygonal form

left: � (T) = 1 � 2 + 1 = 0; right: � (T) = 2 � 3 + 1 = 0
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Euler characteristic � only almost perfect
We have� (S) 6= � (T ) ) S 6�= T but the converse is not true:

T !
a

b

a

b

xx

x x

; � (T) = 0; T [ T !
a

b

a

b

xx

x x

c

d

c

d

xx

x x

; � (T [ T) = 0

Fix: check connectivity

T !
a

b

a

b

xx

x x

; � (T) = 0; K !
a

b

a

b

xx

x x

; � (K ) = 0

Fix: check orientability

T !
a

b

a

b

xx

x x

; � (T) = 0; A !

a

b

a

c

xx

y y

; � (A) = 0

Fix: check boundary
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Connectivity � we can eyeball it
Connected = we can go from every point ofS to any other point ofS

Connected:

or

a

b

a

c

c

d

e

f

Not connected:

or

a

b

a

b

c

d

e

f
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Orientability � we can tell on the words
Orientable = consistent choice of a coordinate system

Top: orientable, bottom: not orientable

This is hard to check on the surface itself but:

� Topology � recollection



Boundary = punctures = holes
Eight and six boundary components, respectively:

On the polygon this is the free-edge game: identify free edges, and check
what cycles they form, e.g.:

a
b

c

d
e

f

d

b

xx

y

y

z w

z

y

!
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The classi�cation theorem

Thus, every surfaces is of either of the following two forms, called standard:

d ! punctures=boundary=holes
p ! projective planes=cross caps

t ! handles=tori
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Handles and cross-caps do not want to go along

T # P2 �= K # P2 �= P2 # P2 # P2 ! � t = 2p�
Not true: T �= K

We can use this to always get rid of all tori in the presence ofP2, e.g.:

The left-hand surface is not in standard form
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From a surface to a polygon
Here is an example how to �nd a word for the 3-times punctured sphere:

! !

a

b

c

b

d

e

d

In general, using the classi�cation theorem, we had standard words that we
can paste together:
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Heawood’s exciting theorem
For a connected closed surfaceS 6�= K we have that the chromatic number
C(S) is

C(S) =
� 1

2(7 +
p

49 � 24� (S))
�

AdditionallyC(K ) = 6

Example

S = ; � (S) = � 4; C(S) = b9:5208c = 9

recall the formula:
� (S) = 2 � d � p � 2t

for S �= S2 # # dD2 # # pP2 # # t T
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A random example
a

b

c

d
e

c

b

a

To �nd (d; p; t ) for S we go through a list of steps:

1 Identify vertices and count them) j V j

2 Count edges and faces) j Ej and jF j

3 Compute� (S) = jV j � j Ej + jF j

4 Check how free edges arrange themselves in cycles) d

5 Check fora:::a and a:::a; if we �nd them, then t = 0 otherwisep = 0
) we get eitherp or t

6 Use� (S) = 2 � d � p � 2t to determine the remaining entryt or p
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A random example � part 2

a
b

c

d
e

c

b

a

xy

z

w

v w

z

y

!

Lets do it!

1 From the above we getjV j = 5

2 Counting edges and faces givesjEj = 5 and jF j = 1

3 We get � (S) = jV j � j Ej + jF j = 1

4 The only free edgesd : v ! w ande: w ! v form one cycle, sod = 1

5 No pairsa:::a or a:::a, so p = 0

6 1 = � (S) = 2 � 1 � 0 � 2t givest = 0
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More examples � answer 1�10 as an exercise

These two surfaces are well-known and want to be identi�ed �try
yourself!

Exercise Write down some word representing a polygonal form and identify
its corresponding standard form, meaning(d; p; t )
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Topic 3: knots!
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