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Topic 1: graphs!

Vertices V Edges E

s
v

e

Graph
G(V, E)
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Have we seef® before? Is it one of the standard ones (lines, cycles
complete graphs, complete bipartite graphs)?

How many vertices and edges ddgshave?
What is its Euler characteristic?
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Is G connected? How many connected components dedsave?
IsG a tree? If not, then can we nd a spanning tree?

What are its paths (start and endpoint might be di erent)? What are
its circuits?
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DoesG have an Eulerian circuit? Do&s have an Eulerian path?
Is G planar, i.e. does it embed into the plane = the disc$*?
DoesG embed into other surfaces?

How many colors do we need to color maps de nedd®

® 000

Let us answer 1-10 for the Pappus graph
But before, let us recall what the above are!
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Basics

A connected graph withVj = 6,jEj= 8, = 2 and one loop:

A non-connected graph witfvj= 9,jEj=9, = 0:

Three connected components
S
’ 04/.
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Standard graphs

Line:. . . .

Cycle

Complete

Complete bipartite
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Standard graphs part 2

Exercise Check whether you understand how the various standard grapl
are related and what properties they have. For example, which ones are
subgraphs, which ones are planar etc.
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Trees are acyclic, so only the right graph below is a tree:

A tree is a connected graph that has no non-trivial circuits
Examples

e Saturated hydrocarbons

" " A )
Bo® B g 8wy w¥ w
w HooT w o & meoCl

a9 H (G) - H

Methane @ ()
Ethane Propane Butane
Cyclic Graph Acyclic Graph

Trees satisfy many properties and are always amenable for induction, e.
prove the following as an exercise:

Corollary
Suppose that T = (V,E) is a tree. Then |V| = |E| + 1.
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Euler's famous criterion:

Let G = (V, E) be a connected graph. Then G is Eulerian if and only if
every vertex has even degree
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Heawood’s coloring formula:

. {7+\/492_24X(5)J
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The Pappus grap6
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The Pappus graph is a not a standard graph it is neither a line nor a
cycle nor complete nor complete bipartite

We clearly havgVj = 18 andjEj = 27, so that (G) = jVj j Ej= 9,
and G is connected

The Pappus graph is not a tree and a spanning tree is illustrated above
(there are many more spanning trees)
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The Pappus graph has many cycles that are hexagons, as illustrated ab
In fact, one checks that the length of the smallest cycle is 6

Every vertex in the Pappus graph is of degree 3, so there are neither
Eulerian circuits nor paths
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The Pappus graph does not embed ir88
G embeds onto the torus and then needs 3 colors to color it, see above

p___
Heawood's theorem for the torus would giké"—*3-2*%c = 7 as the
number of colorings needed in the worst caseGsdoes better
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exercise

The above graph is called the Heawood graptiy yourself!
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Topic 2: surfaces!

green

blue
A
blue

green

A 4
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Have we see® before? Is it one of the standard ones (sphere, torus
Klein bottle, projective plane etc.)?

How many boundary cycles = punctures ddgsave?

What is its Euler characteristic?

Is S connected? How many connected components deésve?
Is S orientable?

Can we nd a polygonal form o8?

What is its standard form?

How many cross-caps are there in standard form?

How many handles are there in standard form?

If d = 0, then what is the chromatic number &?

=)

000000600

Let us answer 1-10 for a randomly generated polygonal form
But before, let us recall what the above are!
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The standard surfaces in polygonal form

r—a—‘r‘ e Projective plane
o Annulus A = L [ B2 br- j
~a{ Az
e Sphere L —>l

V.

l
S2~a ¥~ b a o Mdbius strip M = b ¢

. *—a—P‘
a a
™ B | IR
e Torus T=b o Klein bottle K= b

to 1 tod

These are 2 dimensional objects, e.g. the torus is hollow:

E:
_l
j

@
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Recall that one goes from a polygon to a surface by identifying paired ec
For the torus that means e.g.

For an annulus one gets

X X
b—1

Y Y
y y

One can build of most these, e.g. a M bius, strip out of paper
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Boundary points have neighborhoods that are half-discs; all other point
have disc neighborhoods

In a polygonal form, the free edges wrap around boundary components:

&

-y

Note that the surfaceS is on the outside in these pictures
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Every surfaces has in nitely many polygonal forms and they might look
wildly di erent, e.g.:

The Euler characteristic (S) = jVj j Ej + jFj is the same for any
polygonal form

left: (T)=1 2+ 1=0; rightt (T)=2 3+1=0

Topology recollection



almost
We have (S)6 (T)) S6 T butthe converse is not true:

X

T e T
R ot 4 IR STSS S SPIR

Fix: check connectivity

X a X

Yot

, (T[T)=0

T! (M=0 K!

Fix: check orientability

1
>
;:{ M=0 Al {:{ (A) =

Fix: check boundary
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Connected = we can go from every point 8fto any other point ofS

laﬂ‘_FI

Connected:

Not connected:

9 —~—

T ——n

IS
G T @
o—0

®

®
@ ——
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Orientability we can tell on the words
Orientable = consistent choice of a coordinate system
Top: orientable, bottom: not orientable

This is hard to check on the surface itself but:

e Words encode orientability
» Orientable: L..a...
» Non-orientable: ...a...

Y]]

. or...
. or ...

J\Y)
ol
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Boundary = punctures = holes

Eight and six boundary components, respectively:

On the polygon this is the free-edge game: identify free edges, and che
what cycles they form, e.g.:

yfb
2N

b

X

.

z

e

X
z w
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Let S be a connected surface. Then there exist non-negative integers d, p
and t such that

o SESPH# A D # AP H HT
) the boundary of S is the disjoint union of d circles
o S is orientable if and only if p =0

Moreover, we can assume that pt = 0, in which case S is uniquely
determined up to homeomorphism by (d., p, t)

Thus, every surfaces is of either of the following two forms, called stand:

#p2p4’T =~ (o o
\\Oo’o’oO 7 d! punctures=boundary=holes

p! projective planes=cross caps

»—4 .
< W t ! handles=tori
#FD 4P = L o
OO
“\\O O/,A
-
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Handles and cross-caps want to go along

T#PP=K#PP=P#P’# P>l t=2p
Not true: T = K

We can use this to always get rid of all tori in the presenc®gfe.g.:

12

The left-hand surface is not in standard form
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Here is an example how to nd a word for the 3-times punctured sphere:

o
@ K\ﬂ,_/"/

In general, using the classi cation theorem, we had standard words that
can paste together:

. e e -
# T=ay by 31 by a by @ by ... ar b3 by
#PP=araama ... 3 ap

#d]D)2 =a1 by ax bo ... bd,]_ad Ed,]_ ...by by
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Heawood’s exciting theorem

For a connected closed surfaBes K we have that the chromatic number
C(S) is

C(S)= 3(7+ P 49 24 (S))
Additionally C(K) = 6
Example

7 (8= 4,C(S)= b9520& =9

recall the formula:
(S)=2 d p 2
for S= S2# #9D%2# #PP2# #'T
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To nd (d;p;t) for S we go through a list of steps:

o !dentify vertices and count therpj Vj

P2 Count edges and faceg Ej andjFj

o Compute (S)=jVj | Ej+ jF]

@ Check how free edges arrange themselves in cycles
Check fora:::a anda:::a; if we nd them, thent = 0 otherwisep = 0
) we get eithemp or t

@ Use (S5)=2 d p 2ttodetermine the remaining entry or p
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Lets do it!

o From the above we ggVvj= 5

2 Counting edges and faces givieg§ = 5 andjFj = 1

o Weget (S)=jVj | Ej+jFj=1

o The only free edged: v! wande: w! v form one cycle, sd = 1
@ No pairsa:aora:a sop= 0

ol-= (=2 1 0 2tgivest=0
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exercise

/TN
5. (
./ \

These two surfaces are well-known and want to be identi ety
yourself!

Exercise Write down some word representing a polygonal form and iden
its corresponding standard form, meani(aj; p;t)

Topology recollection



Topic 3: knots!
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