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Classifying surfaces using invariants

We have seen that homeomorphic surfaces must have:
e The same Euler characteristic

e The same number of boundary circles
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are not enough to distinguish between all surfaces
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Orientability

A surface S is non-orientable if it contains a Mdbius strip M
If S does not contain a Mdbius strip it is orientable
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Orientability

A surface S is non-orientable if it contains a Mdbius strip M
If S does not contain a Mdbius strip it is orientable

Remarks

e Even though this looks hard to apply we will see it isn't
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Definition

A surface S is non-orientable if it contains a Mdbius strip M
If S does not contain a Mabius strip it is orientable

Remarks
e Even though this looks hard to apply we will see it isn't

e Clearly, M is non-orientable, but there are no other “easy” examples
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Definition

A surface S is non-orientable if it contains a Mdbius strip M
If S does not contain a Mabius strip it is orientable

Remarks
e Even though this looks hard to apply we will see it isn't

e Clearly, M is non-orientable, but there are no other “easy” examples

N
T

e Are S2, A, D?, T, P2, KK, ...orientable or non-orientable?
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Definition
A surface S is non-orientable if it contains a Mdbius strip M

If S does not contain a Mabius strip it is orientable
Remarks
e Even though this looks hard to apply we will see it isn't

e Clearly, M is non-orientable, but there are no other “easy” examples

N
T

e Are S2, A, D?, T, P2, KK, ...orientable or non-orientable?

e Can a surface be orientable and non-orientable for different
polygonal decompositions? (That would be bad!)
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The Klein bottle K
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— The Klein bottle K is non-orientable!
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The Klein bottle K
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— The Klein bottle K is non-orientable!

. although it might be more accurate to say that the Klein bottle
is a Mdbius strip without boundary
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The projective plane P?
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The projective plane P?
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—  The projective plane P? is non-orientable
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The projective plane P?
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—  The projective plane P? is non-orientable

. or maybe P? and not K
is a Mobius strip without boundary?
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What does orientability mean?

Orientability is a generalisation of direction to higher dimensions
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What does orientability mean?

Orientability is a generalisation of direction to higher dimensions

. . lef right
e One dimension R L el
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anticlockwise rfotation

e Two dimensions R?2

clockpvise rotation

e Three dimensions R3 777

e Higher dimensions R", for n > 3 777
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Direction in higher dimensions

To generalise direction, choose an ordered basis B = {by, by, ..., by} of R"
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Direction in higher dimensions

To generalise direction, choose an ordered basis B = {by, by, ..., by} of R"

The order of the basis elements is the key to understanding direction
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Direction in higher dimensions

To generalise direction, choose an ordered basis B = {by, by, ..., by} of R"
The order of the basis elements is the key to understanding direction

We can compare B to the standard basis E = {e1, e, ..., e,} of column
vectors by computing the sign of the determinant

det(B) = det | b1 5 .. b,
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Direction in higher dimensions

To generalise direction, choose an ordered basis B = {by, by, ..., by} of R”
The order of the basis elements is the key to understanding direction

We can compare B to the standard basis E = {e1, e, ..., e,} of column
vectors by computing the sign of the determinant

det(B) = det| b1 b by | AN sign(B) = £1
e One dimension R

sign(B) = —1
b1 €1

-
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Direction in higher dimensions

To generalise direction, choose an ordered basis B = {by, by, ..., by} of R”
The order of the basis elements is the key to understanding direction

We can compare B to the standard basis E = {e1, e, ..., e,} of column
vectors by computing the sign of the determinant

det(B) = det| b1 b by | AN sign(B) = £1

e One dimension R

sign(B) = —1 sign(B) = +1
b1 e1 €1 by
4—4—.—»—» 4—.—>—>—>
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To generalise direction, choose an ordered basis B = {by, by, ..., b,} of R”
The of the basis elements is the key to understanding direction

We can compare B to the standard basis E = {e1, e,..., e,} of column
vectors by computing the sign of the determinant

det(B) = det b by by N> sign(B) = +1
e One dimension R
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Direction in higher dimensions

To generalise direction, choose an ordered basis B = {by, by, ..., by} of R”
The order of the basis elements is the key to understanding direction

We can compare B to the standard basis E = {e1, e, ..., e,} of column
vectors by computing the sign of the determinant

det(B) = det| b1 b by | AN sign(B) = £1

e One dimension R

sign(B) = —1 sign(B) = +1
b1 e1 €1 by
S -~ @
e Two dimensions R?
sign(B) = —1 sign(B) = +1
€2 €2
b by b by
€1 €1
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Direction on the Mdbius strip

Pick a point m € M on the Mdobius strip and an ordered basis
B = {b1, by, b3} positioned at m with b3 = by x by pointing outwards
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Direction on the Mdbius strip

Pick a point m € M on the Mdobius strip and an ordered basis
B = {b1, by, b3} positioned at m with b3 = by x by pointing outwards

Now imagine m, and the coordinate axes moving, continuously around the
MGobius strip so that the xyz-coordinate axes around M

— Topology — week 9



Direction on the Mdbius strip

Pick a point m € M on the Mdobius strip and an ordered basis
B = {b1, by, b3} positioned at m with b3 = by x by pointing outwards

Now imagine m, and the coordinate axes moving, continuously around the
MGobius strip so that the xyz-coordinate axes around M

Initially, b3 is pointing outwards but after one rotation it is pointing inwards
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Pick a point m € M on the Mdobius strip and an ordered basis
B = {b1, by, b3} positioned at m with b3 = by X by pointing outwards

Now imagine m, and the coordinate axes moving, continuously around the
MGobius strip so that the xyz-coordinate axes around M

Initially, b3 is pointing outwards but after one rotation it is pointing inwards

The vector b3 is always normal to the surface of the Mobius strip. The
direction of b3 can change from pointing outside to inside because the
M@obius strip is a surface with a boundary that only has one side
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We can do the same experiment with the
Klein bottle and we see the same
phenomenon: the vector b3 changes from
pointing outside to pointing inside the
surface
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an inside and an outside !!
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We can do the same experiment with the
Klein bottle and we see the same
phenomenon: the vector b3 changes from
pointing outside to pointing inside the
surface

This time is slightly different because K is a
surface without boundary
— The Klein bottle K does not have
an inside and an outside !!

In contrast, orientable surfaces without
boundary like S and T do have an inside
and an outside

Warning: this is a drawing of K in R3 but it is not the actual Klein bottle!
Similarly, the pictures of the sphere 2 in R3 are not really the spherel
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Alternative description

Alternatively, think of an orientation as a consistent of a coordinate system
for each point:
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for each point:
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Orientable surfaces

Suppose that S is a connected surface without boundary that
embeds in R3. Then S is orientable.
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Orientable surfaces

Suppose that S is a connected surface without boundary that
embeds in R3. Then S is orientable.

Proof Embed S in R3 and pick a point w a “long” way from S
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Theorem

Suppose that S is a connected surface without boundary that
embeds in R3. Then S is orientable.

Proof Embed S in R3 and pick a point w a “long” way from S

For each point x € R3 draw a line from w
to x and define s(x) to be the number of times
this line crosses the boundary of S
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Suppose that S is a connected surface without boundary that
embeds in R3. Then S is orientable.
Proof Embed S in R3 and pick a point w a “long” way from S

For each point x € R3 draw a line from w
to x and define s(x) to be the number of times
this line crosses the boundary of S

Set Vi, = {x€R3|x ¢ S and s(x) is odd }
Vour = { x € R3|s(x) is even }
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Suppose that S is a connected surface without boundary that
embeds in R3. Then S is orientable.
Proof Embed S in R3 and pick a point w a “long” way from S

For each point x € R3 draw a line from w
to x and define s(x) to be the number of times
this line crosses the boundary of S

Set Vi, = {x€R3|x ¢ S and s(x) is odd }
Vour = { x € R3|s(x) is even }

— R3=SU ViU Vo (disjoint union)

— Topology — week 9



Suppose that S is a connected surface without boundary that
embeds in R3. Then S is orientable.
Proof Embed S in R3 and pick a point w a “long” way from S

For each point x € R3 draw a line from w
to x and define s(x) to be the number of times
this line crosses the boundary of S

Set Vi, = {x€R3|x ¢ S and s(x) is odd }
Vour = { x € R3|s(x) is even }

— R3=SU ViU Vo (disjoint union)

Notice that since S is a closed surface it does not have boundary, so the
“circle” in the picture, which contains a point x with s(x) = 2, should be
interpreted as a tube through the surface
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Orientable surfaces...

Now suppose that S is non-orientable, so that it contains a Mdbius strip M
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Now suppose that S is non-orientable, so that it contains a Mdbius strip M

Pick a point m € S that is on this Mdbius strip and fix an ordered basis
{b1, bp, b3} with by and b, tangential to m and b3 = by x bo.

Replacing bz with —bs, if necessary, we assume that b3 points out of S

Now move m, and B = {by, bz, b3}, continuously around S
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Now suppose that S is non-orientable, so that it contains a Mdbius strip M

Pick a point m € S that is on this Mdbius strip and fix an ordered basis
{b1, bp, b3} with by and b, tangential to m and b3 = by x bo.

Replacing bz with —bs, if necessary, we assume that b3 points out of S
Now move m, and B = {by, bz, b3}, continuously around S

= det(B) changes continuously as m moves around S
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Now suppose that S is non-orientable, so that it contains a Mdbius strip M

Pick a point m € S that is on this Mdbius strip and fix an ordered basis
{b1, bp, b3} with by and b, tangential to m and b3 = by x bo.

Replacing bz with —bs, if necessary, we assume that b3 points out of S
Now move m, and B = {by, bz, b3}, continuously around S
= det(B) changes continuously as m moves around S

By moving m around the Mobius strip in M, we can move m to a point
where bz now points inside S
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Now suppose that S is non-orientable, so that it contains a Mdbius strip M

Pick a point m € S that is on this Mdbius strip and fix an ordered basis
{b1, bp, b3} with by and b, tangential to m and b3 = by x bo.

Replacing bz with —bs, if necessary, we assume that b3 points out of S
Now move m, and B = {by, bz, b3}, continuously around S
= det(B) changes continuously as m moves around S

By moving m around the Mobius strip in M, we can move m to a point
where bz now points inside S

— By continuity, at some point b3 must have been in the plane
spanned by b; and by
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Now suppose that S is non-orientable, so that it contains a Mdbius strip M

Pick a point m € S that is on this Mdbius strip and fix an ordered basis
{b1, bp, b3} with by and b, tangential to m and b3 = by x bo.

Replacing bz with —bs, if necessary, we assume that b3 points out of S
Now move m, and B = {by, bz, b3}, continuously around S
= det(B) changes continuously as m moves around S

By moving m around the Mobius strip in M, we can move m to a point
where bz now points inside S

— By continuity, at some point b3 must have been in the plane
spanned by b; and by

— det(B)=0
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Now suppose that S is non-orientable, so that it contains a Mdbius strip M

Pick a point m € S that is on this Mdbius strip and fix an ordered basis
{b1, bp, b3} with by and b, tangential to m and b3 = by x bo.

Replacing bz with —bs, if necessary, we assume that b3 points out of S
Now move m, and B = {by, bz, b3}, continuously around S
= det(B) changes continuously as m moves around S

By moving m around the Mobius strip in M, we can move m to a point
where bz now points inside S

— By continuity, at some point b3 must have been in the plane
spanned by b; and by

— det(B)=0 444 since B is linearly independent!
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Now suppose that S is non-orientable, so that it contains a Mdbius strip M

Pick a point m € S that is on this Mdbius strip and fix an ordered basis
{b1, bp, b3} with by and b, tangential to m and b3 = by x bo.

Replacing b3 with —b3, if necessary, we assume that b3 points out of S
Now move m, and B = {by, bz, b3}, continuously around S
= det(B) changes continuously as m moves around S

By moving m around the Mdbius strip in M, we can move m to a point
where bz now points inside S

— By continuity, at some point b3 must have been in the plane
spanned by b; and by

— det(B)=0 444 since B is linearly independent!

Corollary

Let S be a non-orientable closed surface. Then S does not embed in R3.
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You can't fill a liquid into the Klein bottle

Strictly speaking the liquid is neither in- nor outside
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Jordan curve theorem

This argument used to prove theorem can be made rigorous for surfaces

with finite polygonal decompositions but for “general surfaces” it is difficult
to prove that R3 = S U Vi, U Viut.
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This argument used to prove theorem can be made rigorous for surfaces
with finite polygonal decompositions but for “general surfaces” it is difficult
to prove that R3 = SU Vi, U Vout.

The corresponding result for curves in R? is known as the Jordan Curve
Theorem, which says that any closed curve C in R? gives rise to a
decomposition R? = C U Vi, U Vot (disjoint union)

This is really hard to prove!
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This argument used to prove theorem can be made rigorous for surfaces
with finite polygonal decompositions but for “general surfaces” it is difficult
to prove that R3 = SU Vi, U V.

The corresponding result for curves in R? is known as the Jordan Curve
Theorem, which says that any closed curve C in R? gives rise to a
decomposition R? = C U Vi, U Vot (disjoint union)

This is really hard to provel!

To appreciate why this is a nontrivial result consider:

Exterior
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This argument used to prove theorem can be made rigorous for surfaces
with finite polygonal decompositions but for “general surfaces” it is difficult
to prove that R3 = SU Vi, U Vout.

The corresponding result for curves in R? is known as the Jordan Curve
Theorem, which says that any closed curve C in R? gives rise to a
decomposition R? = C U Vi, U Vot (disjoint union)

This is really hard to prove!

To appreciate why this is a nontrivial result consider:

%@2%%’ @v/
i
%

The left is easy, but can you tell for the right what is “in” or “out’?
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Jordan curve theorem - 2

The main meat is that one needs to deal with “crazy” curves:
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Embedding the projective plane in R*

The projective plane P? is non-orientable, so it does not embed in R3
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Embedding the projective plane in R*
The projective plane P? is non-orientable, so it does not embed in R3

By definition, the projective plane is defined by identifying antipodal
points on the sphere S

P2={(x,y,z2) eR3| x>+ y?+22=1}
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Embedding the projective plane in R*
The projective plane P? is non-orientable, so it does not embed in R3

By definition, the projective plane is defined by identifying antipodal
points on the sphere S

]P’2={(x,y,z)€R3|x2—|—y2+22=1}/(x,y,z)~(—x,—y,—z)
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The projective plane P? is non-orientable, so it does not embed in R3

By definition, the projective plane is defined by identifying antipodal
points on the sphere S

P2 = {(x,y,z) € R3‘x2+y2+z2 =1 }/(x,y,z) ~ (=x,—y,—2)
We can embed PP? into R* using the continuous map:
(x.y,2) = (xy,xz,yz,y* — 2%)
It is not hard to check that this is a well-defined injective function

— P? is homeomorphic to the image of this map in R*
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The projective plane P? is non-orientable, so it does not embed in R3

By definition, the projective plane is defined by identifying antipodal
points on the sphere S

P2 = {(x,y,z) € R""x2 +y24+22=1 }/(x,y,z) ~ (=x,—y,—2)
We can embed PP? into R* using the continuous map:
(x.y,2) = (xy,xz,yz,y* — 2%)
It is not hard to check that this is a well-defined injective function

— P? is homeomorphic to the image of this map in R*

We will soon see that every non-orientable surface can be constructed
using projective planes, so this implies that every non-orientable surface
embeds in R*
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The projective plane P? is non-orientable, so it does not embed in R3

By definition, the projective plane is defined by identifying antipodal
points on the sphere S

P2 = {(x,y,z) € R""x2 +y24+22=1 }/(x,y,z) ~ (=x,—y,—2)
We can embed PP? into R* using the continuous map:
(x.y,2) = (xy,xz,yz,y* — 2%)
It is not hard to check that this is a well-defined injective function

— P? is homeomorphic to the image of this map in R*

We will soon see that every non-orientable surface can be constructed
using projective planes, so this implies that every non-orientable surface
embeds in R*

In contrast, every orientable surface embeds in R3
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Connected sums

We need a way to build new surfaces from old surfaces
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Connected sums

We need a way to build new surfaces from old surfaces

The boundary of a surface is the union of its boundary circles, or
free edges. The interior of a surface is anything not on the boundary
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We need a way to build new surfaces from old surfaces

The boundary of a surface is the union of its boundary circles, or
free edges. The interior of a surface is anything not on the boundary

Definition

The connected sum of surfaces S and T is the surface S# T
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We need a way to build new surfaces from old surfaces

The boundary of a surface is the union of its boundary circles, or
free edges. The interior of a surface is anything not on the boundary

Definition
The connected sum of surfaces S and T is the surface S # Tobtained by
Q cutting disks Ds and D1 out of the interiors of S and T, respectively
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We need a way to build new surfaces from old surfaces

The boundary of a surface is the union of its boundary circles, or
free edges. The interior of a surface is anything not on the boundary

The connected sum of surfaces S and T is the surface S # Tobtained by
Q cutting disks Ds and D1 out of the interiors of S and T, respectively

o identifying the boundary circles of Ds and Dt
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The boundary of a surface is the union of its boundary circles, or
free edges. The interior of a surface is anything not on the boundary

The connected sum of surfaces S and T is the surface S # Tobtained by
Q cutting disks Ds and D1 out of the interiors of S and T, respectively

o identifying the boundary circles of Ds and Dt

— Topology — week 9



We need a way to build new surfaces from old surfaces

The boundary of a surface is the union of its boundary circles, or
free edges. The interior of a surface is anything not on the boundary

The connected sum of surfaces S and T is the surface S # Tobtained by
Q cutting disks Ds and D1 out of the interiors of S and T, respectively

o identifying the boundary circles of Ds and Dt

Identifying Ds and D7 is the same as connecting them with a cylinder
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Connected sums with spheres

e What is S?# 52 7
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Connected sums with spheres

e What is S?# 52 7

e
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Connected sums with spheres

e What is S?# 52 7
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Connected sums with spheres

e What is S?# 52 7

FXF

-

—_

e )

~

T
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Connected sums with spheres

e What is S?# 52 7
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Connected sums with spheres

e What is S?# 52 7

Hence, S # 52 = §2
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Connected sums with spheres

e What is S?# 52 7

Hence, S # 52 = §2

o If T is any surface then T# 5% =T
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Connected sums with spheres
e What is S?# 52 7

e )

—@

‘
o If T is any surface then T# 5% =T

This follows by exactly the same calculation!

12

T

12

Hence, S # 52 = §2
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Connected sums with spheres
e What is S?# 52 7

g

>

1%

Ce

)T

12

Hence, S # 52 = §2

o If T is any surface then T# 5% =T
This follows by exactly the same calculation!

So S? is the unit under the operation #
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Connected sums with disks

e What is D? #D? ?
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Connected sums with disks

e What is D? #D? ?

12
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Connected sums with disks

e What is D? #D? ?

12

This is not the same as collapsing a sphere, which closes up the hole,
because the disk has a boundary!
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Connected sums with disks

e What is D? #D? ?

@:‘ Dr

‘]
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Connected sums with disks
e What is ID)2 D2 ?

A
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Connected sums with disks
e What is ID)2 D2 ?

A
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Connected sums with disks
e What is D? #D? ?

= @:‘ Dr
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Connected sums with disks

e What is D? #D? ?

G-

Hence, D? #]]])2 = A, which is the annulus or cylinder
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Connected sums with disks

e What is D? #D? ?

ESEEE

Hence, D? #]]])2 = A, which is the annulus or cylinder

12

o If T is any surface then T # D? puts a puncture, or hole, in T
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Connected sums with disks

e What is D? #D? ?

ESEEE

Hence, D? #]]])2 = A, which is the annulus or cylinder

12

o If T is any surface then T # D? puts a puncture, or hole, in T

This follows by exactly the same calculation!
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Connected sums with disks

e What is D? #D? ?

ESEEE

Hence, D? #]]])2 = A, which is the annulus or cylinder

12

o If T is any surface then T # D? puts a puncture, or hole, in T
This follows by exactly the same calculation!
— TH#D?#.. . #D? =T #H#D?
—_——

d times
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Connected sums with disks

e What is D? #D? ?

ESEEE

Hence, D? #]]])2 = A, which is the annulus or cylinder

12

o If T is any surface then T # D? puts a puncture, or hole, in T
This follows by exactly the same calculation!
— TH#D?#.. . #D> =T #H#D?is equal to T with d
—_——

d times
punctures or, equivalently, T with d additional boundary circles
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Connected sums with tori

e WhatisT#T ?

~__ Ps. O D>
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Connected sums with tori

e WhatisT#T ?

~__ Ps. O D>

The double torus
T#T = #°T

I
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Connected sums with tori

e WhatisT#T ?

The double torus

T#T = #°T

Similarly, there are triple tori #?T

T > > K >
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Connected sums with tori

e WhatisT#T ?

The double torus

T#T = #°T

Similarly, there are triple tori #3T

T > > K >

...and, more generally, t-tori #t']I'
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Properties of connected sums

e S# T is independent of the location of the disks Ds and D
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Properties of connected sums

e S# T is independent of the location of the disks Ds and Dt
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Properties of connected sums

e S# T is independent of the location of the disks Ds and Dt

9
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Properties of connected sums

e S# T is independent of the location of the disks Ds and Dt
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Properties of connected sums

e S# T is independent of the location of the disks Ds and Dt

——
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Properties of connected sums

e S# T is independent of the location of the disks Ds and Dt

As long as Ds stays in the interior of S, and D7 in the interior
of T, the surface S# T is unchanged up to homeomorphism
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Properties of connected sums

e S# T is independent of the location of the disks Ds and Dt

As long as Ds stays in the interior of S, and D7 in the interior
of T, the surface S# T is unchanged up to homeomorphism

e SHT=TH#S
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Properties of connected sums

e S# T is independent of the location of the disks Ds and Dt

As long as Ds stays in the interior of S, and D7 in the interior
of T, the surface S# T is unchanged up to homeomorphism

e SHT=TH#S
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Associativity of connected sums...

e SH(TH#U)X (SHT)#U
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Associativity of connected sums...

e SH(TH#U)X (SHT)#U

In these diagrams, D; and D are cut first and then D3 and D,
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Associativity of connected sums...

e SH(TH#U)X (SHT)#U

In these diagrams, D; and D are cut first and then D3 and D,

= # is a “surface addition or multiplication”
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Connected sums of Euler characteristic

Let S and T be surfaces with polygonal decompositions. Then
X(S#T)=x(5)+x(T) -2
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Connected sums of Euler characteristic

Let S and T be surfaces with polygonal decompositions. Then
X(S#T)=x(5)+x(T) -2
Proof
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Connected sums of Euler characteristic

Theorem

Let S and T be surfaces with polygonal decompositions. Then

X(S#T)=x(5)+x(T) -2
Proof
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Connected sums of Euler characteristic

Theorem

Let S and T be surfaces with polygonal decompositions. Then

X(S#T)=x(5)+x(T) -2
Proof

= X(S#T)=(x($)-B-3+1)+((T)-(B-3+1))
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Connected sums of Euler characteristic

Theorem

Let S and T be surfaces with polygonal decompositions. Then

X(S#T)=x(5)+x(T) -2
Proof

= X(S#T)=(x($)-B-3+1)+((T)-(B-3+1))

Moral The —2 comes from cutting out two disks
— Topology — week 9



e If S is any surface then S = S# S?
= x(5) = x(5) + x(5%) —2 = x(5)
—

=2

e AXD?2#D? = yx(A)=x(D?)+x(D?))-2=1+1-2=0

o X(T#T#T) = (x(T) + x(T) —2) + x(T) —2 = —4
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TH#T =
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TH#T =
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Connected sums and polygonal decompositions
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I"a_l 1
b
AN

TH#T =

ATy
) SRS Sa B ¢
b,

_ e
lvc\-ddg

= For surfaces without a boundary you can cut the disks anywherel!
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Connected sums with projective planes

e What is P2 # P??

P24#P2 =~ a{  axbY b

— Topology — week 9



Connected sums with projective planes
e What is P2 # P??

P2#p2 =~ a\  a#bY| b =
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Connected sums with projective planes
e What is P2 # P??

1%

P24#P2 =~ a{  axbY b

<>

I
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Connected sums with projective planes
e What is P2 # P??

P2#p2 =~ a\  a#bY| b =

ﬁ

I
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Connected sums with projective planes
e What is P2 # P??

P2#p2 =~ a\  a#bY| b =

ﬁ

g
1
{——

— Topology — week 9



Connected sums with projective planes
e What is P2 # P??

P2#p2 =~ a\  a#bY| b =

o

AL
SN

Vi

C,

Similarly, #°P2 = ( }
b

C

Cond
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Connected sums with projective planes
e What is P2 # P??

]P)z #Pz - aQ# b@ %

g
4 I3
A B TN

7 "a*’d

C,

Similarly, #3]P’2 %(b } #4p2

C

Cond L

1%

I

;< —.
ord

0O
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Connected sums and polygonal decompositions...

D2 # D2 /\ /\
LN AN

— Topology — week 9



Connected sums and polygonal decompositions...

D2 # D2 A A A A
LN T AN
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Connected sums and polygonal decompositions...

D2 #D? A A A A
' _L_LL_L AN AN

T
LG R UG
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Connected sums and polygonal decompositions...

D2 #D? A A /\ A
' ’L_LL_L AN

e 7#f Y
Uf L

e Wan

S UPAN,
Cad
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Connected sums and polygonal decompositions...

D’ #D? = A A /\ /\
' ’L_LL_L NN

e 7#f Y
Uf L

o G G o

Y b
U < < I\ ,1
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12

D2 4 D2

/\ /X,
!L/V.

VANAN

a C

LNENT

a/\ /‘f
Ty
LgJ L
S

\e f> ) {gl _____ é

)
il 2

— For surfaces with a boundary, you can cut into the interior,
if necessary, to form the connected sum
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We have already seen that it is possible to change one polygonal
decomposition into another using surgery

There are two basic operations:
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Surgery

We have already seen that it is possible to change one polygonal
decomposition into another using surgery

There are two basic operations:

e Adding and removing edges:

v
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Surgery

We have already seen that it is possible to change one polygonal
decomposition into another using surgery

There are two basic operations:

e Adding and removing edges:

oxe

v
e Cutting and gluing
) lh————-Ta r—-‘—ja D
VAR S
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We have already seen that it is possible to change one polygonal
decomposition into another using surgery

There are two basic operations:

e Adding and removing edges:

[ L] [ ) ]

. '
° o o °
. 6 ° _ a a
° e o °
. °

Perhaps surprisingly, these two operations and subdivision
are all that we need
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Surgery on the Maobius strip

Lemma

M = D? 4 P? (= a punctured projective plane)
Proof
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Surgery on the Maobius strip

Lemma

M = D? 4 P? (= a punctured projective plane)

Proof

4
RN
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Surgery on the Maobius strip

Lemma

M = D? 4 P? (= a punctured projective plane)

Proof

1 A
RN A T
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Surgery on the Maobius strip

Lemma

M = D? 4 P? (= a punctured projective plane)

Proof

IR oo

b b o~

B 2 Y G
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Surgery on the Maobius strip

M = D? 4 P? (= a punctured projective plane)

Proof _ r—a—éNr—j r—
B 2 Y G
/X

d

where e = ac
i\

1
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Surgery on the Maobius strip

Lemma

M = D? 4 P?
Proof

(= a punctured projective plane)

b A R
SN (S A
eAd where e = ac
IV

D2 # P2

1

12
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Surgery on the Maobius strip

Lemma

M = D? 4 P?
Proof

(= a punctured projective plane)

A R
SN (S A
eAd where e = ac
IV

o~ DZ#]P)2

1

= A M@bius strip is a punctured projective plane
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Lemma

M = D? 4 P? (= a punctured projective plane)
Proof

R A R

I I 2 B
X, )

=} e where e = ac
c—d—k

~  D24P2

— A Mbbius strip is a punctured projective plane

— Every non-orientable surface contains the projective plane
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Surgery on the Klein bottle

Lemma

K = P2 4 P2 = 422
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Surgery on the Klein bottle

Lemma

K = P2 # P2 = #°Pp2

Proof

4
R
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Surgery on the Klein bottle

Lemma

K = P2 # P2 = #°Pp2

Proof

M
N P A 7
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Surgery on the Klein bottle

Lemma

K = P2 # P2 = #°Pp2

Proof

e D e SR
R P00 (R 7S B
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Surgery on the Klein bottle

Lemma
K = P2 # P2 = #°Pp2

B e S o v
N T 2 R A

[
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Surgery on the Klein bottle

Lemma
K = P2 # P2 = #°Pp2

B e S o v
S R 7 B B

o IP;Z #]P)2

[
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Surgery on a torus and projective plane

T # P2 > K #P?
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Surgery on a torus and projective plane

Theorem
T # P2 > K #P?
Proof

T#P?2 = r_a_]b#co
S
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Surgery on a torus and projective plane

Theorem
T # P2 > K #P?
Proof
a /"a_&
T#P2 — r_lb#c ¢

L'a_* {;\413_/6}

12
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Surgery on a torus and projective plane

Theorem
T # P? =2 K # P?
Proof
W O aon,
T#P2 = b bac{ & = €---fhee %
L—a—* a\<b_/c
O
b K d
40
Copd
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Surgery on a torus and projective plane

Theorem
T # P2 = K # P?
Proof
a f"a_“c
T#P? = r_l#co ~ {i--.d.-.%
L—a_* a\<b—/c
- s
WP I R,
Copd Copd
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Surgery on a torus and projective plane

Theorem
T # P2 > K 4 P?
Proof

12
/v
*./

12

¢
A

0

A
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Surgery on a torus and projective plane

Theorem
T # P2 > K 4 P?
Proof
106
T#P2 = b b € ----d---%
L'_* a\<b_/c
7ain NP o N
RIS R
<, bd Cond/

1%
(0]
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Surgery on a torus and projective plane

Theorem
T # P? =2 K # P?
Proof
I O aon,
T#P2 = b b 4 o £---des %
L—a_* a\< od
o U N

12
v,
A

12
v
e

0
AN
A

=
1
N

— Topology — week 9



Projective planes dominate

On the last slide we saw that T # P? = K # P?
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Projective planes dominate

On the last slide we saw that T # P? = K # P?
—  T#P? =~ 4P since K = #°]2
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Projective planes dominate

On the last slide we saw that T # P? = K # P?
—  T#P? =~ 4P since K = #°]2

2 suggests that the connected sum of any surface with a
projective plane is non-orientable

— Topology — week 9



Projective planes dominate

On the last slide we saw that T # P? = K # P?
—  T#P? =~ 4P since K = #°]2

2 suggests that the connected sum of any surface with a
projective plane is non-orientable

Warning Connected sums do not cancel since T 2 K
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Projective planes dominate

On the last slide we saw that T # P? = K # P?
—  T#P? =~ 4P since K = #°]2
> suggests that the connected sum of any surface with a

projective plane is non-orientable

Warning Connected sums do not cancel since T 2 K
Why? T embeds in R3 but K does not!
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Oriented and unoriented edges

Compare: P? = a & and T=~0 b

S
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Oriented and unoriented edges

a

Compare: P? = a & and T=~0

tod

Paired edges on a polygon are oriented if they point in opposite directions
and unoriented if they point in the same direction

L

Oriented Unoriented
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Compare: P? = a a and T=>0b b

, S

Paired edges on a polygon are oriented if they point in opposite directions
and unoriented if they point in the same direction

{ 3 [ @,
o L ]
[ [ ]
[ [ ] 1
3 b é
1 P b4 d
a
L] ® L ]
® { J ® L J
Oriented Unoriented

Oriented edges can be folded together without twisting whereas unoriented
edges can only be brought together if the surface is twisted
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Compare: P? = a a and T=>0b b

, S

Paired edges on a polygon are oriented if they point in opposite directions
and unoriented if they point in the same direction

{ ) [ ]
[ 2 L ]
® L ]
[ ] [ ] C
| oy
° ° ) G d___. “ M

a. L] [ ] ]

® L ] ( g L J
Oriented Unoriented

Oriented edges can be folded together without twisting whereas unoriented
edges can only be brought together if the surface is twisted
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Let S be a connected surface. Then there exist non-negative integers d, p
and t such that

o 5= S2H# AD2H H#P2 4 HT

@ the boundary of S is the disjoint union of d circles

o S is orientable if and only if p =0

Moreover, we can assume that pt = 0, in which case S is uniquely
determined up to homeomorphism by (d, p, t)
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Let S be a connected surface. Then there exist non-negative integers d, p
and t such that

o 5= S2H# AD2H H#P2 4 HT

@ the boundary of S is the disjoint union of d circles

o S is orientable if and only if p =0

Moreover, we can assume that pt = 0, in which case S is uniquely
determined up to homeomorphism by (d, p, t)

Remark If d + p + t # 0 we can omit the sphere 52
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Theorem

Let S be a connected surface. Then there exist non-negative integers d, p
and t such that

o 5= S2H# AD2H H#P2 4 HT
@ the boundary of S is the disjoint union of d circles
o S is orientable if and only if p =0

Moreover, we can assume that pt = 0, in which case S is uniquely
determined up to homeomorphism by (d, p, t)

Remark If d + p + t # 0 we can omit the sphere 52
Proof We argue by induction on the number of edges in a polygonal
decomposition of S with one face to first prove @
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Theorem

Let S be a connected surface. Then there exist non-negative integers d, p
and t such that

o 5= S2H# AD2H H#P2 4 HT
@ the boundary of S is the disjoint union of d circles
o S is orientable if and only if p =0

Moreover, we can assume that pt = 0, in which case S is uniquely
determined up to homeomorphism by (d, p, t)

Remark If d + p + t # 0 we can omit the sphere 52

Proof We argue by induction on the number of edges in a polygonal
decomposition of S with one face to first prove @

Base case: If S has one edge then either
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Theorem

Let S be a connected surface. Then there exist non-negative integers d, p
and t such that

o 5= S2H# AD2H H#P2 4 HT
@ the boundary of S is the disjoint union of d circles
o S is orientable if and only if p =0

Moreover, we can assume that pt = 0, in which case S is uniquely
determined up to homeomorphism by (d, p, t)

Remark If d + p + t # 0 we can omit the sphere 52

Proof We argue by induction on the number of edges in a polygonal
decomposition of S with one face to first prove @

Base case: If S has one edge then either

S§=2 d or S=05> b
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Theorem

Let S be a connected surface. Then there exist non-negative integers d, p
and t such that

o 5= S2H# AD2H H#P2 4 HT
@ the boundary of S is the disjoint union of d circles
o S is orientable if and only if p =0

Moreover, we can assume that pt = 0, in which case S is uniquely
determined up to homeomorphism by (d, p, t)

Remark If d + p + t # 0 we can omit the sphere 52

Proof We argue by induction on the number of edges in a polygonal
decomposition of S with one face to first prove @

Base case: If S has one edge then either

S—a a ~ g2 or S —=bY by P2

== The theorem is true in this case
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Proof of the classification theorem

Now suppose that S has at least two edges and that the theorem is true

whenever all surfaces that have a polygonal decomposition with one face
and fewer edges
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Proof of the classification theorem

Now suppose that S has at least two edges and that the theorem is true

whenever all surfaces that have a polygonal decomposition with one face
and fewer edges

If S has only free edges then S =2 D? and the theorem holds
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Now suppose that S has at least two edges and that the theorem is true
whenever all surfaces that have a polygonal decomposition with one face
and fewer edges

If S has only free edges then S =2 D? and the theorem holds

Hence, we can assume that S has at least one paired edge
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Now suppose that S has at least two edges and that the theorem is true
whenever all surfaces that have a polygonal decomposition with one face
and fewer edges

If S has only free edges then S =2 D? and the theorem holds
Hence, we can assume that S has at least one paired edge

Case I: S has an unoriented edge
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Now suppose that S has at least two edges and that the theorem is true
whenever all surfaces that have a polygonal decomposition with one face
and fewer edges

If S has only free edges then S =2 D? and the theorem holds
Hence, we can assume that S has at least one paired edge
Case I: S has an unoriented edge
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Now suppose that S has at least two edges and that the theorem is true
whenever all surfaces that have a polygonal decomposition with one face
and fewer edges

If S has only free edges then S =2 D? and the theorem holds
Hence, we can assume that S has at least one paired edge

Case I: S has an unoriented edge

[ ] L ]
[ ] 2
.
.°
. a
.°
L] R [ ]
.
a o<
& ‘
[ L]
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Now suppose that S has at least two edges and that the theorem is true
whenever all surfaces that have a polygonal decomposition with one face
and fewer edges

If S has only free edges then S =2 D? and the theorem holds
Hence, we can assume that S has at least one paired edge

Case I: S has an unoriented edge

® ° °
® °
o /. ¢ .
¢" d ~
[} '¢’b ) = e [
3 s’ bs 2
W y \L °
o L]
° ®
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Now suppose that S has at least two edges and that the theorem is true
whenever all surfaces that have a polygonal decomposition with one face
and fewer edges

If S has only free edges then S =2 D? and the theorem holds
Hence, we can assume that S has at least one paired edge

Case I: S has an unoriented edge

® ° 'y
° . °
s °
. »’. p >
L0 e ~ ~ 2 0 r
] /’b ® = e o — P #
e bs 2 e 'y
al as
o‘ ° \L“. ® P
° ° ¢
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Now suppose that S has at least two edges and that the theorem is true
whenever all surfaces that have a polygonal decomposition with one face
and fewer edges

If S has only free edges then S =2 D? and the theorem holds
Hence, we can assume that S has at least one paired edge

Case I: S has an unoriented edge

Y ° °
s ° '
® °
. »’. o .
L0 e ~ ~ 2 ¢ ¢
e /’b ) = e o — P #
e bs 2 ° °
al as
o‘ ¢ \L“. ¢ [
° ° °
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Now suppose that S has at least two edges and that the theorem is true
whenever all surfaces that have a polygonal decomposition with one face
and fewer edges

If S has only free edges then S =2 D? and the theorem holds
Hence, we can assume that S has at least one paired edge

Case I: S has an unoriented edge

° ° '
° . '
s °
. »’. o "
L0 e ~ ~ 2 4 ® 4
[} /’b ) = e o — P #
e bs 2 ° °
al as
o‘ ° \L“. ¢ * e
3 . ¢

= S x P2#T
By induction, T = 52 # #D2 # #PP2 4 T since T has fewer edges
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Now suppose that S has at least two edges and that the theorem is true
whenever all surfaces that have a polygonal decomposition with one face
and fewer edges

If S has only free edges then S =2 D? and the theorem holds
Hence, we can assume that S has at least one paired edge

Case I: S has an unoriented edge

. ° °
'3 . °
® °
° »’. o .
L0 e ~ ~ 2 ¢ 4
e /’b ® = e o — P #
e bs 2 ° °
al as
o‘ ¢ \L«. ¢ T
° ° ¢

= S x P2#T
By induction, T = 52 # #D2 # #PP2 4 T since T has fewer edges
— S S24 4ID2 4 HPTIP2 4 ST a5 required
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Proof of the classification theorem...

Case II: All paired edges in S are oriented

If S has adjacent oriented edges then
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Proof of the classification theorem...

Case II: All paired edges in S are oriented

If S has adjacent oriented edges then
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Proof of the classification theorem...

Case II: All paired edges in S are oriented

If S has adjacent oriented edges then

o)
12
1
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Proof of the classification theorem...

Case II: All paired edges in S are oriented

If S has adjacent oriented edges then

1
\'
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Proof of the classification theorem...

Case II: All paired edges in S are oriented

If S has adjacent oriented edges then

1
\'

— ST 824 4D 4 HPP2 4 AT by induction
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Proof of the classification theorem...

Case II: All paired edges in S are oriented
If S has adjacent oriented edges then

— ST 824 4D 4 HPP2 4 AT by induction

Hence, we can assume that the paired edges are not adjacent
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Case II: All paired edges in S are oriented
If S has adjacent oriented edges then

a o L ]

L J L]
— S TS24 4924 HPP2 4 AT by induction
Hence, we can assume that the paired edges are not adjacent

Similarly, we can assume that S does not have any adjacent free edges
as such edges can be replaced with a single free edge
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Case II: All paired edges in S are oriented
If S has adjacent oriented edges then

a ® @ ® L
— S TS24 4924 HPP2 4 AT by induction
Hence, we can assume that the paired edges are not adjacent
Similarly, we can assume that S does not have any adjacent free edges

as such edges can be replaced with a single free edge

Fix an (oriented) paired edge a such that the number of edges between
the two copies of a is minimal
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Proof of the classification theorem...

Case lla: All edges on one side of a are free
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Proof of the classification theorem...

Case lla: All edges on one side of a are free
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Proof of the classification theorem...

Case lla: All edges on one side of a are free

a'“a

1%

D2 #
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Proof of the classification theorem...

Case lla: All edges on one side of a are free

a'“a

1%

D2 #
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Proof of the classification theorem...

Case lla: All edges on one side of a are free

I’
<
4

>~ D?#T

By induction, T = 52 # #9D2 # #PP2 4 4T
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Proof of the classification theorem...

Case lla: All edges on one side of a are free

{b,‘a)\\ L

>~ D?#T

V)
I
I’
<
4

By induction, T = S2 4 #9D2 4 #PP2 4 4T
— SD2H#T 2 S2H#TID2 4 4PP2 4 T
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Proof of the classification theorem...

Case lla: All edges on one side of a are free

a'Na

1%

D2 #

>~ D?#T
By induction, T = S2 4 #9D2 4 #PP2 4 4T
— SDPH T S2HHITID2 4 4PP2 YT

Hence, we can assume that there are paired edges on both sides of a
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Proof of the classification theorem...

Case Ilb: There are paired edges on both sides of a
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Proof of the classification theorem...

Case Ilb: There are paired edges on both sides of a
The number of edges between the ends of a is minimal, so

o
L
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Proof of the classification theorem...

Case Ilb: There are paired edges on both sides of a
The number of edges between the ends of a is minimal, so

i
L
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Proof of the classification theorem...

Case Ilb: There are paired edges on both sides of a
The number of edges between the ends of a is minimal, so

s

(o) ~)

-
A Y
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Proof of the classification theorem...

Case Ilb: There are paired edges on both sides of a
The number of edges between the ends of a is minimal, so

WA

C

e

12
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Proof of the classification theorem...

Case Ilb: There are paired edges on both sides of a
The number of edges between the ends of a is minimal, so

12
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Proof of the classification theorem...

Case Ilb: There are paired edges on both sides of a
The number of edges between the ends of a is minimal, so

12

~ T4 U

— Topology — week 9



Proof of the classification theorem...

Case Ilb: There are paired edges on both sides of a
The number of edges between the ends of a is minimal, so

12

~ T4 U

By induction, U = S2 # #9D2 4 4PP2 4 4T
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Case llb: There are paired edges on both sides of a
The number of edges between the ends of a is minimal, so

SO0 A—e
o : ‘ KC °
Y \ T '
& b iC b = *
— 5 ‘ : i l\ d “
\o . ,o/ \o g “ )/
e Sk
/C‘d - h ‘ /. A_—.\
xd \“ T ’
Y a ‘ )
= C . = T # '

\ KV N

. \
™~ o o

“o——o~
By induction, U 22 S2 # #£9D? # #PP2 4 H#'T
— SD?H US4 #ID2 4 HPP2 4 4TI
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Proof of the classification theorem...

We have now proved that every surface can be written in the form
S = 2 H#ID2 H P2 T

for non-negative integers d, p and t
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Proof of the classification theorem...

We have now proved that every surface can be written in the form
S = 2 H#ID2 H P2 T
for non-negative integers d, p and t

The proof so far shows that d is the number of boundary circles
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We have now proved that every surface can be written in the form
S22 S2 4 HID2 4 LPP2 4 Yt
for non-negative integers d, p and t
The proof so far shows that d is the number of boundary circles
Next, note that if p > 0 then P? is contained in S
= S is non-orientable if p # 0
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We have now proved that every surface can be written in the form
S22 S2 4 HID2 4 LPP2 4 Yt
for non-negative integers d, p and t
The proof so far shows that d is the number of boundary circles
Next, note that if p > 0 then P? is contained in S
= S is non-orientable if p # 0
On the other hand, S 22 S2 # #9D2 4 #'T < R3 is orientable if p = 0
— S is orientable if and only if p =0
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We have now proved that every surface can be written in the form
S22 S2 4 HID2 4 LPP2 4 Yt
for non-negative integers d, p and t
The proof so far shows that d is the number of boundary circles
Next, note that if p > 0 then P? is contained in S
= S is non-orientable if p # 0
On the other hand, S 22 S2 # #9D2 4 #'T < R3 is orientable if p = 0
— S is orientable if and only if p =0

We have now proved @, @ and © from the theorem!
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We have now proved that every surface can be written in the form
S22 S2 4 HID2 4 LPP2 4 Yt
for non-negative integers d, p and t
The proof so far shows that d is the number of boundary circles
Next, note that if p > 0 then P? is contained in S
= S is non-orientable if p # 0
On the other hand, S 22 S2 # #9D2 4 #'T < R3 is orientable if p = 0
— S is orientable if and only if p =0
We have now proved @, @ and © from the theorem!
Next, observe that if p # 0 and t # 0 then S contains P? # T
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We have now proved that every surface can be written in the form
S22 S2 4 HID2 4 LPP2 4 Yt
for non-negative integers d, p and t
The proof so far shows that d is the number of boundary circles
Next, note that if p > 0 then P? is contained in S
= S is non-orientable if p # 0
On the other hand, S 22 S2 # #9D2 4 #'T < R3 is orientable if p = 0
— S is orientable if and only if p =0
We have now proved @, @ and © from the theorem!
Next, observe that if p # 0 and t # 0 then S contains P2 # T = #°P2
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We have now proved that every surface can be written in the form
S22 S2 4 HID2 4 LPP2 4 Yt

for non-negative integers d, p and t

The proof so far shows that d is the number of boundary circles

Next, note that if p > 0 then P? is contained in S
= S is non-orientable if p # 0

On the other hand, S 22 S2 # #9D2 4 #'T < R3 is orientable if p = 0
— S is orientable if and only if p =0

We have now proved @, @ and © from the theorem!

Next, observe that if p # 0 and t # 0 then S contains P2 # T = #°P2
—  HTHP? = HTIT 4 H3p2
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We have now proved that every surface can be written in the form
S22 S2 4 HID2 4 LPP2 4 Yt

for non-negative integers d, p and t

The proof so far shows that d is the number of boundary circles

Next, note that if p > 0 then P? is contained in S
= S is non-orientable if p # 0

On the other hand, S 22 S2 # #9D2 4 #'T < R3 is orientable if p = 0
— S is orientable if and only if p =0

We have now proved @, @ and © from the theorem!

Next, observe that if p # 0 and t # 0 then S contains P2 # T = #°P2
— HTHP e HTI Ty HP | Y2HIp2
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We have now proved that every surface can be written in the form
S22 S2 4 HID2 4 LPP2 4 Yt

for non-negative integers d, p and t

The proof so far shows that d is the number of boundary circles

Next, note that if p > 0 then P? is contained in S
= S is non-orientable if p # 0

On the other hand, S 22 S2 # #9D2 4 #'T < R3 is orientable if p = 0
— S is orientable if and only if p =0

We have now proved @, @ and © from the theorem!

Next, observe that if p # 0 and t # 0 then S contains P2 # T = #°P2
— HTHP e HTI Ty HP | Y2HIp2

— Hence, we can assume t =0if p £ 0
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We have now proved that every surface can be written in the form
S22 S2 4 HID2 4 LPP2 4 Yt

for non-negative integers d, p and t

The proof so far shows that d is the number of boundary circles

Next, note that if p > 0 then P? is contained in S
= S is non-orientable if p # 0

On the other hand, S 22 S2 # #9D2 4 #'T < R3 is orientable if p = 0
— S is orientable if and only if p =0

We have now proved @, @ and © from the theorem!

Next, observe that if p # 0 and t # 0 then S contains P2 # T = #°P2
— HTHP e HTI Ty HP | Y2HIp2
— Hence, we can assume t =0if p £ 0

That is, we can assume pt = 0 — equivalently, p=0o0rt =0
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Proof of the classification theorem...

It remains to prove if S =2 S2 4 #D2 4 #PP2 4 T with tp = 0 then S
is uniquely determined up to homeomorphism by (d, p, t)

Let T = S?# #°D? # #IP2 # #°T, with sq # 0
= We need to show that S = T if and only if (d,p, t) = (e, q,s)
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Proof of the classification theorem...

It remains to prove if S =2 S2 4 #D2 4 #PP2 4 T with tp = 0 then S
is uniquely determined up to homeomorphism by (d, p, t)

Let T = S?# #°D? # #IP2 # #°T, with sq # 0
= We need to show that S = T if and only if (d,p, t) = (e, q,s)
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It remains to prove if S = S # #d]D)2 # FPP2 4 LT with tp = 0 then S
is uniquely determined up to homeomorphism by (d, p, t)

Let T = S? # #°D? # #9P? 4 #°T, with sq # 0
= We need to show that S = T if and only if (d, p,t) = (e, q,s)

If (d,p,t) = (e, q,s) there is nothing to prove, so suppose S = T
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It remains to prove if S = S # #d]D)2 # FPP2 4 LT with tp = 0 then S
is uniquely determined up to homeomorphism by (d, p, t)

Let T = S? # #°D? # #9P? 4 #°T, with sq # 0
= We need to show that S = T if and only if (d, p,t) = (e, q,s)

If (d,p,t) = (e, q,s) there is nothing to prove, so suppose S = T

e d = e as homeomorphism preserve boundary circles
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It remains to prove if S = S # #d]D)2 # FPP2 4 LT with tp = 0 then S
is uniquely determined up to homeomorphism by (d, p, t)

Let T = S? # #°D? # #9P? 4 #°T, with sq # 0
= We need to show that S = T if and only if (d, p,t) = (e, q,s)

If (d,p,t) = (e, q,s) there is nothing to prove, so suppose S = T
e d = e as homeomorphism preserve boundary circles

e p# 0« g # 0 as homeomorphisms preserve orientability
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It remains to prove if S = S # #d]D)2 # FPP2 4 LT with tp = 0 then S
is uniquely determined up to homeomorphism by (d, p, t)

Let T = S? # #°D? # #9P? 4 #°T, with sq # 0
= We need to show that S = T if and only if (d, p,t) = (e, q,s)

If (d,p,t) = (e, q,s) there is nothing to prove, so suppose S = T
e d = e as homeomorphism preserve boundary circles
e p# 0« g # 0 as homeomorphisms preserve orientability
e Homeomorphisms preserve Euler characteristic. By tutorial 9,
X(S2#H# D2 ##P2) =2 —a—b
X(S2# D2 #HT) =2 — a— 2
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It remains to prove if S = S # #d]D)2 # FPP2 4 LT with tp = 0 then S
is uniquely determined up to homeomorphism by (d, p, t)

Let T = S? # #°D? # #9P? 4 #°T, with sq # 0
= We need to show that S = T if and only if (d, p,t) = (e, q,s)

If (d,p,t) = (e, q,s) there is nothing to prove, so suppose S = T
e d = e as homeomorphism preserve boundary circles
e p# 0« g # 0 as homeomorphisms preserve orientability
e Homeomorphisms preserve Euler characteristic. By tutorial 9,
X(S2#H# D2 ##P2) =2 —a—b
X(S2# D2 #HT) =2 — a— 2
= (d,p,t) = (e, q,s) since x(5) = x(T)
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It remains to prove if S = S # #d]D)2 # FPP2 4 LT with tp = 0 then S
is uniquely determined up to homeomorphism by (d, p, t)

Let T = S? # #°D? # #9P? 4 #°T, with sq # 0
= We need to show that S = T if and only if (d, p,t) = (e, q,s)

If (d,p,t) = (e, q,s) there is nothing to prove, so suppose S = T
e d = e as homeomorphism preserve boundary circles
e p# 0« g # 0 as homeomorphisms preserve orientability
e Homeomorphisms preserve Euler characteristic. By tutorial 9,
X(S2#H# D2 ##P2) =2 —a—b
X(S2# D2 #HT) =2 — a— 2
= (d,p,t) = (e,q,s) since x(S) = x(T)
All parts of the classification theorem are now proved!!
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It remains to prove if S = S # #d]D)2 # FPP2 4 LT with tp = 0 then S
is uniquely determined up to homeomorphism by (d, p, t)

Let T = S? # #°D? # #9P? 4 #°T, with sq # 0
= We need to show that S = T if and only if (d, p,t) = (e, q,s)

If (d,p,t) = (e, q,s) there is nothing to prove, so suppose S = T
e d = e as homeomorphism preserve boundary circles
e p# 0« g # 0 as homeomorphisms preserve orientability
e Homeomorphisms preserve Euler characteristic. By tutorial 9,
X(S2#H# D2 ##P2) =2 —a—b
X(S2# D2 #HT) =2 — a— 2
= (d,p,t) = (e,q,s) since x(S) = x(T)
All parts of the classification theorem are now proved!!

Hence, we now know all surfaces up to homeomorphism!
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Orientability

Corollary

A surface S is non-orientable if and only if its polygonal decomposition
contains an unoriented edge
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Orientability

Corollary

A surface S is non-orientable if and only if its polygonal decomposition
contains an unoriented edge

Proof Any unoriented edge gives a M&bius band inside S:
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Corollary

A surface S is non-orientable if and only if its polygonal decomposition
contains an unoriented edge

Proof Any unoriented edge gives a Mobius band inside S:

Conversely, S = S2 ##d]D)2 # #T embeds in R3, so it is orientable.
Hence, a polygonal decomposition of S can only contain oriented edges
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Corollary

A surface S is non-orientable if and only if its polygonal decomposition
contains an unoriented edge

Proof Any unoriented edge gives a Mobius band inside S:

Conversely, S = S2 # #d]D)2 # #T embeds in R3, so it is orientable.
Hence, a polygonal decomposition of S can only contain oriented edges

It is now not hard to find an explicit polygonal decomposition of
S=SHHA D HHT
and check that surgery cannot create unoriented edges in S
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Let S be a connected surface. Then there exist non-negative integers d, p
and t with pt = 0 such that

@ SESH#A D # AP # AT
) the boundary of S is the disjoint union of d circles

o S is orientable if and only if p =0
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Let S be a connected surface. Then there exist non-negative integers d, p
and t with pt = 0 such that

@ SESH#AD # AP # AT
o the boundary of S is the disjoint union of d circles
o S is orientable if and only if p =0

The surface S is in standard form when written as
S = S2 4 HID2 PP 4T
with pt = 0 — thatis, p=0ort =0
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Let S be a connected surface. Then there exist non-negative integers d, p
and t with pt = 0 such that

@ SESH#AD # AP # AT
o the boundary of S is the disjoint union of d circles
o S is orientable if and only if p =0

The surface S is in standard form when written as
S = S2 4 HID2 PP 4T
with pt = 0 — thatis, p=0ort =0

e The standard form uniquely identifies S
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Let S be a connected surface. Then there exist non-negative integers d, p
and t with pt = 0 such that

@ SESH#AD # AP # AT
o the boundary of S is the disjoint union of d circles
o S is orientable if and only if p =0

The surface S is in standard form when written as
S = S2 4 HID2 PP 4T
with pt = 0 — thatis, p=0ort =0

e The standard form uniquely identifies S
e S is orientable if and only if p =0
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Let S be a connected surface. Then there exist non-negative integers d, p
and t with pt = 0 such that

@ SESH#AD # AP # AT
o the boundary of S is the disjoint union of d circles
o S is orientable if and only if p =0

The surface S is in standard form when written as
S = S2 4 HID2 PP 4T
with pt = 0 — thatis, p=0ort =0

e The standard form uniquely identifies S
e S is orientable if and only if p =0

e S has d boundary circles
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Let S be a connected surface. Then there exist non-negative integers d, p
and t with pt = 0 such that

@ SESH#AD # AP # AT
o the boundary of S is the disjoint union of d circles
o S is orientable if and only if p =0

The surface S is in standard form when written as
S = S2 4 HID2 PP 4T
with pt = 0 — thatis, p=0ort =0

e The standard form uniquely identifies S
e S is orientable if and only if p =0
e S has d boundary circles

e S has Euler characteristic x(S) =2 — d — p — 2t (tutorials!)
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Let S be a connected surface. Then there exist non-negative integers d, p
and t with pt = 0 such that

o S = SPH#H ADH H#P H HT
o the boundary of S is the disjoint union of d circles
o S is orientable if and only if p =0

The surface S is in standard form when written as
S = S2 4 HID2 PP 4T
with pt = 0 — thatis, p=0ort =0

e The standard form uniquely identifies S

e S is orientable if and only if p =0

e S has d boundary circles

e S has Euler characteristic x(S) =2 — d — p — 2t (tutorials!)

The standard form of a surface that is not connected has each component
in standard form
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Corollary of classification

Corollary

A connected surface is uniquely determined, up to homeomorphism by

o the number of boundary circles
) its orientability
o ts Euler characteristic
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Corollary of classification

Corollary

A connected surface is uniquely determined, up to homeomorphism by

o the number of boundary circles
) its orientability
o ts Euler characteristic
Proof Write S 22 S2 # #9D? # #PP2 # #'T in standard form with tp = 0
— x(§)=2—-d—-p-—2t
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Corollary

A connected surface is uniquely determined, up to homeomorphism by

o the number of boundary circles
o its orientability
o ts Euler characteristic
Proof Write S = 52 # #dID)2 # #PP2 4 HT in standard form with tp = 0
= x(S)=2—-d—-p-—2t

Hence, the standard form uniquely determines the number of boundary
circles, orientability and Euler characteristic of S
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Corollary

A connected surface is uniquely determined, up to homeomorphism by
o the number of boundary circles
o its orientability
o ts Euler characteristic
Proof Write S = 52 # #dID)2 # #PP2 4 HT in standard form with tp = 0
— x(§)=2—-d—-p-—2t

Hence, the standard form uniquely determines the number of boundary
circles, orientability and Euler characteristic of S

Conversely, these three characteristics of S determine (d, p, t)
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Spheres with punctures

o S?##°D? is a sphere with d punctures
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Spheres with punctures
o S?##°D? is a sphere with d punctures

S? #]D)2

S—
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Spheres with punctures
o S?##°D? is a sphere with d punctures

S? #]D)2

SH#D? =

*
&
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Spheres with punctures

o S?##°D? is a sphere with d punctures

S#D? =

SH#D? =

S2H 4D =
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Spheres with punctures

S#D? =

SH#D? =

S2H 4D =
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o S?##°D? is a sphere with d punctures

O
SPH#D? = g



Spheres with punctures

S? #]D)2

S2##°D?

S2 4 43]D2
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o S?##°D? is a sphere with d punctures
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Spheres with punctures

o S?##°D? is a sphere with d punctures

S2HD? = S2 4 #D?
SHH#D? = S2H##°D?
SHHED = S #4°D?

— Topology — week 9

O
O
—
O
O
N —

O

‘

“—
O O



Spheres with punctures

o S?##°D? is a sphere with d punctures

S#D? = ‘ S* 4 #'D?

SHH#D? = S2H##°D?

SHHED = S #4°D?

More generally, S # #“D? is S with d punctures
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A spheres with zero and one puncture
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Spheres with handles

o S2# #T is a sphere with t handles
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Spheres with handles

o S2# #T is a sphere with t handles

24T =~ T =
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Spheres with handles
o S2# 4T is a sphere with t handles

S2HT = T = ‘)
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Spheres with handles
o S2# 4T is a sphere with t handles

Sz#T = T == ~

SPHHT = #°T

O
O
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Spheres with handles
o S2# 4T is a sphere with t handles

B

"

Sz#T = T == ~

‘

1%

SPHHT = #°T

B

W

7/
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Spheres with handles

o S2# #T is a sphere with t handles

Sz#T = T == ~

"

\Z

12
I
N
=

1%

S2 4 2T

O
O
O

52 4 3T
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Spheres with handles
o S2# 4T is a sphere with t handles

24T =~ T =

O
O

S2 4 2T

AN
sapn = (T
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Spheres with handles

o S2# #T is a sphere with t handles

| -

S2 4 2T

12

S2HHT

Continuing like this constructs a sphere with t-handles #t']l‘
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Handle decomposition
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Sphere with cross-caps

o S? # #PP? is a sphere with p cross-caps
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https://en.wikipedia.org/wiki/Cross-cap

Sphere with cross-caps

o S? # #PP? is a sphere with p cross-caps

A cross-cap is what you get when you sew a Mobius strip onto the sphere
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https://en.wikipedia.org/wiki/Cross-cap

Sphere with cross-caps

o S? # #PP? is a sphere with p cross-caps
A cross-cap is what you get when you sew a Mobius strip onto the sphere

This shape lives in R*, so difficult to visualize but Wikipedia draws it as:
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https://en.wikipedia.org/wiki/Cross-cap
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o S2 4 #PP? is a sphere with p cross-caps

A cross-cap is what you get when you sew a Mdbius strip onto the sphere

This shape lives in R?, so difficult to visualize but Wikipedia draws it as:
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https://en.wikipedia.org/wiki/Cross-cap

o S2 4 #PP? is a sphere with p cross-caps

A cross-cap is what you get when you sew a Mdbius strip onto the sphere

This shape lives in R?, so difficult to visualize but Wikipedia draws it as:
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In R3 this surface self-intersects. We draw surfaces with cross caps as:
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https://en.wikipedia.org/wiki/Cross-cap

o S2 4 #PP? is a sphere with p cross-caps

A cross-cap is what you get when you sew a Mdbius strip onto the sphere

This shape lives in R?, so difficult to visualize but Wikipedia draws it as:
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https://en.wikipedia.org/wiki/Cross-cap

What do standard surfaces look like?

We can combine the pictures above to draw all of the standard surfaces:
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What do standard surfaces look like?

We can combine the pictures above to draw all of the standard surfaces:

#°D # 4P

#D2H T4 =
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Given a polygonal decomposition for a surface we can put it in standard
form by:

e Find all of the vertices (identified edges implicitly identify vertices)
e Count the number d of boundary circles

e S is orientable (p = 0) if all edges are oriented otherwise
it is non-orientable (t = 0)

e Compute x(S) =2 — d — p — 2t to determine the missing
variable, which is t if S is orientable and or p if non-orientable
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What is the surface with the below polygonal decomposition?

lc-b-ﬁ (overline=opposite direction)

—  This is #'D2 # #0T 4 #4p2
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What is the standard form of the surface with polygonal decomposition?

N T

(o (e
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What is the standard form of the surface with polygonal decomposition?

N S B

C C

Circle Open Disk Closed Dis
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