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Introduction

Background

e There exist interesting algebras with positive integrality
properties, e.g. fusion algebras, Hecke algebras, quantum
groups.

e The positive integral properties follow from categorification.
e Furthermore, these algebras have representations with
positive integrality properties. The most interesting ones are
decategorifications of 2-representations.

e The "simplest” 2-representations are the ones that are
simple transitive (Mazorchuk-Miemietz 2014).
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Introduction

e Today we concentrate on
[Up(sl;)—mods]. and H(/(e+r)),

with n2(etr) =1 for r = 2, 3.
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Introduction

e Today we concentrate on
[Up(sl;)—mods]. and H(/(e+r)),

with n2(etr) =1 for r = 2, 3.
e These are related by the

Quantum Satake Correspondence (QSC),

due to Elias (2013, 2014).

e Disclaimer: despite the title of my talk, | will mostly stick to
the decategorified story.
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Quantum sly

m=2
The dihedral Hecke algebra

Chebyshev polynomials

Definition (Chebyshev polynomials)

The polynomials U,(x), n € N, can be defined recursively:

Uo(x) =1, Ui(x) = x, xUp(x) = Uns1(x) + Up—1(x).

Eg.

Ur(x) = x*2—1
Us(x) = x3—2x
Us(x) = x*—3x2+1

xUsz(x) = Us(x) + Ua(x)
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Quantum sly
The dihedral Hecke algebra

Chebyshev polynomials

We also have

Note that the zeros of the U, all belong to | — 2, 2].
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Quantum sly
The dihedral Hecke algebra

m=2

Relation with quantum sly: generic case

Let q € C be generic. For n € N, let V, be the (n + 1)-dimensional
simple of Uy(slp).

For any n € Z>1, we have

V][Vl = [Vasal + [Vl

in the Grothendieck group [Uqy(sl2) — mod]..

Thus the [V,] satisfy the same recursion relation as the U,,.
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Quantum sly

=2
m=< The dihedral Hecke algebra

Relation with quantum sly: generic case

Theorem
There exists an isomorphism of algebras:

[Uy(sl2) —mod]. = C[x]
Vol =D dk [VEH] o Un(x) = D dix
k=0

The integers dX can be computed recursively. Note that they can be
positive or negative.
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Quantum sly

=2
m=< The dihedral Hecke algebra

Relation with quantum sly: root of unity case

2(e+2)

Suppose 1 = 1. Then there exists an isomorphism of algebras

[Up(sl2) — modss] = C[x]/ (Ues1(x)) (Verlinde algebra)
[Va] —  Un(x) (0<n<e).
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Quantum slp
The dihedral Hecke algebra

The dihedral group

Definition
The Coxeter group W, of type k(n) (dihedral group of order 2n) is
generated by s and t such that

s> =t2 = (st)" = 1.
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Quantum sl
The dihedral Hecke algebra

The dihedral group

Definition
The Coxeter group W, of type k(n) (dihedral group of order 2n) is
generated by s and ¢ such that

The last relation can be rewritten:
(st)"=1 <  ns=n; (=: wo),
eg. forn=4

stststst=e & Ssts = sts & 4. =4,
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Quantum slp
The dihedral Hecke algebra

m=2

Hecke algebra of dihedral type

Definition (Hecke algebra)

H(h(n)) is the C(v)-algebra generated T. and T; s.t.
T2=(v?2-1)-Ts+v? (1)
T2=(v2-1)- T, +v? (2)
Th. =T, (3)
Here T,, =---T;Ts and T,, =--- T;T; are products of n

alternating generators.
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Quantum slp
The dihedral Hecke algebra

Regular basis

Definition and Theorem
The set

{Tw |we Wy}

forms a basis, called the regular basis.

We see:
H(h(n)) = C[W,] forv=1.
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Quantum slp
The dihedral Hecke algebra

Kazhdan-Lusztig basis

The Kazhdan-Lusztig basis {0,, | w € W,}.

Os =v(Ts+1) 0, =v(T:+1) 050:0s =055+ 0s.
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Quantum slp
The dihedral Hecke algebra

Kazhdan-Lusztig basis

The Kazhdan-Lusztig basis {0,, | w € W,}.

Os =v(Ts+1) 0, =v(T:+1) 050:0s =055+ 0s.

Positive integrality property:

e On the KL basis, all multiplication constants belong to
N[v,v1].
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Quantum slp
The dihedral Hecke algebra

Bott-Samelson basis

The Bott-Samelson basis {0 | w € W,}.

0@ = 0s0:0s = Osps I 957
Otsit = 000 =05+ 0:.
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Quantum sl
The dihedral Hecke algebra

Bott-Samelson basis

The Bott-Samelson basis {0 | w € W,}.

9; = 959952955+957
s = 0.0:0. = s + 0.

Facts:
e Ov; depends on the choice wy = ns or wg = n;.
e the change-of-basis between the KL-basis and the BS-basis:

On, = Z dib,  On = Z dko,.
k=0 k=0
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Quantum slp
The dihedral Hecke algebra

m=2

Hecke algebra of type h(n)

H(/(n)) is generated by 6. and 6, subject to the relations

0.0. =2y - 0., 0.0, =[2-0

Y di 0= di 0
k=0 k=0

Marco Mackaay (jt. w. Kildetoft, Mazorchuk, Miemietz, Tubber -



Quantum slp
The dihedral Hecke algebra

m=2

Hecke algebra of type h(n)

H(/(n)) is generated by 6. and 6, subject to the relations

0.0. =2y - 0., 0.0, =[2-0

n

dr -0 = df- 0.
k=0 k=0

Note that 6, = > 7_, d¥ - O = > k=0 dk - or.

Definition (Small quotient)
The small quotient of H(/(n)) is defined by

H(h(n)) :=H(k(n))/ (Ow,) -




Quantum slp
The dihedral Hecke algebra

m=2

Quantum Satake Correspondence (n?(¢+2) = 1)

e H(h(e +2)) is almost a bicolored [Uy(sl>)—modg]c:

07
[VA]K e { k+1. (Bott-Samelson)
K+,

0

[Vi] e kt1s (Kazhdan-Lusztig)
k+1:

esates - ests + 95

VA2 = [Vo] + [Wo] e
[V1]7 = [Va] + [VA] {9t959t20t5t+9t'
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Quantum slp
The dihedral Hecke algebra

m=2

Quantum Satake Correspondence (n?(¢+2) = 1)

e H(h(e +2)) is almost a bicolored [Uy(sl>)—modg]c:

07
[VA]K e { k+1. (Bott-Samelson)
K+,

6
[Vi] e~ { frts (Kazhdan-Lusztig)
k+1:

9591‘95 - ests + 95

VA2 = [Vo] + [Wo] e
[V1]7 = [Va] + [VA] {9t959t20t5t+‘9t-

e But not quite:

2 _
[Vol? = [Ve] - {Z o
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Quantum slp
The dihedral Hecke algebra

m=2

Irreducible representations of the Verlinde algebra

The characters of C[x]/ (Ue+1(x)) are given by:

kT
e+2

xr—>2cos( > k=1,...,e+1.

Note that the corresponding irreducible representations are not
positive integral in general.
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Quantum slp
The dihedral Hecke algebra

m=2

Positive integral representations of the Verlinde algebra

Theorem (Coxeter 1951, Happel-Preiser-Ringel 1980,
Etingof-Khovanov 1994)

Let X € Mat(k,N). Then x — X defines a positive integral
representation of C[x]/ (Uet+1(x)) if(f)

X =21 — A,

where A is the Cartan matrix of a finite type Dynkin or tadpole
diagram with Coxeter number h = e + 2.

Remark:

e In type ADE, positivity can be proved by categorification.
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Quantum slp
The dihedral Hecke algebra

m=2

ADE type representations

Let A be the Cartan matrix of a Dynkin diagram I' of ADE type
with h = e 4+ 2. Then 2/ — A is the adjacency matrix of I".

Example (Eg, h = 12)

001000
2 000100
100100

011010

13438 000101
0000710
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Quantum slp
The dihedral Hecke algebra

Weak categorification

Let I be of type ADE with Coxeter number h = e + 2.
Define the commutative quiver algebra

@ Ce; = IV

ieVv(r)

associated to the trivial quiver with vertex set V(I') and no edges.
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Quantum slp
The dihedral Hecke algebra

Weak categorification

Let I be of type ADE with Coxeter number h = e + 2.
Define the commutative quiver algebra

@ Ce; = IV

ieVv(r)

associated to the trivial quiver with vertex set V(I') and no edges.
Then
Br .= @ P; ®jP
i~

is a biprojective @—@-bimodule, where P; = Qre; and ;P = ¢;Qr.

Marco Mackaay (jt. w. Kildetoft, Mazorchuk, Miemietz, Tubber -



Quantum slp
The dihedral Hecke algebra

m=2

Weak categorification

Define the C-linear functor Fr: Qr—fpmod — Qr—fpmod:

M — Br ®@q, M.

Let n?(¢+2) = 1. Then

[Vl] — Fr

gives a functorial representation ¢r of [Uy(sl2) — modg]- on
Qr — fpmod.

Kirillov-Ostrik 2001: ¢r can be extended to a 2-representation of
Uy (slz) — modss on Qr — fpmod.
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Quantum slp
The dihedral Hecke algebra

m=2

Complex simples of H(/h(n))

1-dimensional simples: for ¢; € {0,[2]y} s.t. braid relation
hold,
95 — €1 and Gt — €.
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Quantum slp
The dihedral Hecke algebra

m=2

Complex simples of H(/h(n))

1-dimensional simples: for ¢; € {0,[2]y} s.t. braid relation
hold,
05 — €1 and Ht — €.

2-dimensional simples: for x €] — 2,2[ s.t. U,_1(x) =0,

0 — <[20]V g) and (2 [2(;V> .
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m=2 Quantum slp
g The dihedral Hecke algebra

Positive integral representations of H,

Let X =2/ — A € Mat(k,N), with A a Cartan matrix of type ADE
and Coxeter number h = e + 2.

Theorem (Kildetoft-M-Mazorchuk-Zimmermann 2016)

oo (50 0) 0 (3 )

defines a positive integral representation of H(l(e + 2)).
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Quantum slp
The dihedral Hecke algebra

m=2

Bipartite graphs and double quivers

Let I' be a Dynkin diagram of type ADE with Coxeter number
h = e+ 2 and a bipartition.

Example (Es, h = 12)

S S

Define the double quiver DQr, e.g.

= 1—2—3 ~» DQr= le=27=3.
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Quantum slp
The dihedral Hecke algebra

Zig-zag algebras

Definition (77?7, Huerfano-Khovanov 2000)

The zig-zag algebra Zr is the quotient of the path algebra of DQr
by the following relations:

i—j——i =0, i—yj—i = i—j/—i =X ifi
—i— =0, i = i/ =X-j

v
Facts:

e ) is a scalar which depends on 7, where n2(¢+2) = 1.

e /1 is graded by the path length.
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Quantum sl
The dihedral Hecke algebra

m=2

Functorial representations

The biprojective bimodules

PBreri-1y Ere P{-1}
er

iel

give rise to C-linear endofunctors @, ®; on Zr—fpmod,,.

Theorem (KMMZ 2016, MT 2016)

The assignment
0; — O 0 — O;.

gives a functorial representation of H(h(e + 2)) on Zr—fpmod,,.

KMMZ 2016, MT 2016: this can be lifted to a 2-representation of
(the small quotient of) dihedral Soergel bimodules.
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Quantum slp
The dihedral Hecke algebra

Categorical intermezzo

e By the QSC, there is a precise correspondence between the
simple transitive 2-representations of U, (sl>) — modgs and
those of the small quotient of the maximally singular dihedral
Soergel bimodules.
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Quantum slp
The dihedral Hecke algebra

Categorical intermezzo

e By the QSC, there is a precise correspondence between the
simple transitive 2-representations of U, (sl>) — modgs and
those of the small quotient of the maximally singular dihedral
Soergel bimodules.

e By biinduction, we get simple transitive 2-representations of
the small quotient of regular dihedral Soergel bimodules.
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Quantum sl
The dihedral Hecke algebra

Categorical intermezzo

e By the QSC, there is a precise correspondence between the
simple transitive 2-representations of U, (sl>) — modgs and
those of the small quotient of the maximally singular dihedral
Soergel bimodules.

e By biinduction, we get simple transitive 2-representations of
the small quotient of regular dihedral Soergel bimodules.

e However, the simple transitive 2-representations of

U, (slp) — modgs are semisimple, whereas those of the small
n

quotient of regular dihedral Soergel bimodules are not!
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The trihedral Hecke

Section outline

e m=3
@ Quantum sl3
@ The trihedral Hecke algebra
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Quantum sl3

m=3 The trihedral Hecke algebra

Chebyshev-like orthogonal polynomials

Definition (Chebyshev-like orthogonal polynomials)
The polynomials U, n(x,y), m,n € N, are recursively defined by

UO,O(Xa.y) = ]-7 Ul,O(Xv}/) = X, Um,n(Xay) = Un,m(y7X)7
XUm,n(X7}/) = Um—i—l,n(Xa)/) + Um—l,n+1(X7)/) + Um,n—l(X,)/)a
yUm,n(X7}/) — Um,n—l—l(xa)’) + Um+1,n—1(X7)/) + Um—17n(Xa)/)-

Eg.

Ul,l(X7y) =Xy — ]-7 UO,Q(va) - y2 — X
Ura(x,y) =Xy — y?> — x

xUr1(x,y) = U21(x,y) + Uo2(x,y) + Uro(x,y)
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Quantum sl3
The trihedral Hecke algebra

The zeros of the U,

The zeros of the Up, , are all of the form (z,Z) € d§ (Koornwinder
1974, ...).

<

3e><p(27ri%)

d={zecC
- {z = 2exp(it) + exp(—2it)

| —22F% a4 =
. 't e[ 2nl}
2 —1877427>0}

B - *)

3exp(27iZ) 3

The disciod d3 = d3(sl3) bounded by Steiner’s hypocycloid d

Note the Z/3Z-symmetry of d3: (z,Z) +— (e*7/3z, e=271/37),
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Quantum sl3
The trihedral Hecke algebra

m=3

Relation with quantum sl3: generic case

Let q € C be generic.

Theorem

There exists an isomorphism of algebras:
[Uy(sl3) —mod]e = Clx,y]

m,n
k,l k =J) kI kI
[Vm,”] = Z dm,n [VE)O ® VO,J = mn X }/) Z dm,nX
k,I=0 k,I=0

for m,n € N.

The integers d,lfq’/,, can be computed recursively. Note that they can
be positive or negative.
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Quantum sl3

m=3 The trihedral Hecke algebra

Relation quantum sl3: root of unity case

2(e+3)

Suppose 1 = 1. Then there exists an isomorphism of algebras

[Up(slz) — modss] = C[x,y]/ (Unn(x,y) | m+n=e+1)
[Vinl — Unn(x,y) (0<m+n<e).
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Quantum sl3

The trihedral Hecke algebra
m=3

The infinite-dimensional trihedral Hecke algebra

Definition (M-Mazorchuk-Miemietz-Tubbenhauer 2018)

Let H(/3(c0)) be the associative, unital (C,-)algebra generated by
three elements 6., 6., 0,, subject to the following relations.

02 = [3]!6., 62 =[3],!6., 02 = [3]v! 0,

0.0,0, =0,0,0,,  0.0,0,=0.0,0,, 00,0, =0,0.0,.

Fact: H(/5(o0)) is a subalgebra of H(Zz)

Marco Mackaay (jt. w. Kildetoft, Mazorchuk, Miemietz, Tubber -



Quantum sl3

The trihedral Hecke algebra
m=3

The trihedral Bott-Samelson basis

p<t---o0
We fix a cyclic ordering: 4 . Then we have the trihedral
g

Bott-Samelson basis {1} U {hﬁ’/ |lue{g,o,p}, mne N} of
H(l3(c0)).

Example

h?° =6,0.0, hi'=0.0,0,=0.0.0, h2*=0.0,0,

WX2 2 “ XY = YX ) é,\,\&}/2 ’

where we think of x and y as counter-clockwise and clockwise color
rotation, resp.
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Quantum sl3

_ The trihedral Hecke algebra
m=3

The trihedral Kazhdan-Lusztig basis

For any u € {g, 0, p} and m,n € N, define

m,n
m,n ,__ § : —k—1 gk, 1.k,I
Cu T [2]v dm,n hu .
k,I=0

Proposition
The set

{1} u{c™" |ue{g,0,p}, mneN}
forms a basis of H(/3(0)).

Fact: the embedding H(/(c0)) < H(A,) preserves KL-elements.
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Quantum sl3
The trihedral Hecke algebra

m=3

The trihedral Hecke algebra of level e

Definition (M-Mazorchuk-Miemietz-Tubbenhauer 2018)

For fixed level e, let I, be the two-sided ideal in H(/3(c0))
generated by

{c™" | m+n=e+1, uec GOP}.
We define the trihedral Hecke algebra of level e as

H(h(e + 3)) = H(/3(c0))/Ie.

Theorem
The algebra H(l3(e + 3)) is semisimple and

(e+1)(e+2)
2

Marco Mackaay (jt. w. Kildetoft, Mazorchuk, Miemietz, Tubber -
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Quantum sl3

The trihedral Hecke algebra
m=3

Complex simples of H(k(e + 3))

1-dimensional simples: for ¢, € {0,[3],!} s.t. relations hold.
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Quantum sl3

_ The trihedral Hecke algebra
m=3

Complex simples of H(k(e + 3))

1-dimensional simples: for ¢, € {0, [3],! } s.t. relations hold.

3-dimensional simples: for 0 # z € d§ s.t. Up n(z,2) =0 for
alm+n=e+1,

By z z 0 0 O
;=2 0O 0O 0,— 12|z [Bly z
0 0O 0 0 O
0 0 O
0,—[2y {0 0 O
z z [3
Two 3-dimensional simples are isomorphic iff z; = et2mi/3z,.
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Quantum sl3

_ The trihedral Hecke algebra
m=3

Tricolored graphs

Let I' be a tricolored graph and group its vertices according to color.
Then the adjacency matrix A(I) becomes of the form:
G o) P
G [0 AT C
AN=o011A o BT
P\CT B 0

Consider also the oriented adjacency matrices A(F'*) and A(I'Y):

G O

P

G C

A(P) = AT = 0 0
P 0

o> O

0
0
B
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Quantum sl3
The trihedral Hecke algebra

m=3

Generalized Dynkin diagrams

Example (Type A, Di Francesco-Zuber 1990, Ocneanu 2002)

DNFEE LA LA PO R R
A (A8 o R0 YR
= SN = = = R
3 \‘_ __ 9 3 ‘_ _<_. / s 3 ‘_ _>_. /
1, B -
[ ] [ ®
1
1 1 0 O 1 1 0 i (1) (1)
A=10 1 0 1 B=[(1 0 1 C= 01 0
0 1 1 0 0 1 1 0 0 1
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Quantum sl3

_ The trihedral Hecke algebra
m=3

Generalized Dynkin diagrams

Example (Type D, Di Francesco-Zuber 1990, Ocneanu 2002)
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Quantum sl3

_ The trihedral Hecke algebra
m=3

Generalized Dynkin diagrams

Example (Type cA, Di Francesco-Zuber 1990, Ocneanu 2002)

o @ecaerrerenerarenenees 4
e \ Vi
YR 4 - ,....:.T.:’ \ //’
- K / NS / R A N\cAs 7
. ) ., 9 7 9 ‘\\‘. SPT
CA1 = A1 ‘e At
CA2 = A2 CA3 )
.
CA4

The graph of type cA. comes from an iterative procedure on the
graph of type Ae.
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Quantum sl3

The trihedral Hecke algebra
m=3

Generalized Dynkin diagrams

Example (Type E, Di Francesco-Zuber 1990, Ocneanu 2002)

+ three more
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m=3

Positive integral representations of H(/(e + 3))

Let I' be a tricolored generalized ADE Dynkin diagram with
generalized Coxeter number h = e + 3:

Theorem (M-Mazorchuk-Miemietz-Tubbenhauer 2018)

There is a unique (positive) integral H(l5(e + 3))-representation s.t.
BId AT C 0O 0 0
0, — [2]v] © 0 0| , 6.—[2|A [3d BT
0 0 O 0 0 0
0 O 0
O,— 2y 0O 0 0o |.
cT B [3,1d
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Funct. reps. of H(/3(e + 3)) in generalized type A

Consider the following quiver:
Qix a
g\ z|x x|z
B — 0 ——@.

«
z ylz z[x x|y ylz z
zly x|z ylx zly
(e}

Qy
o
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The trihedral zigzag algebra of generalized type A

Definition (M-Mazorchuk-Miemietz-Tubbenhauer 2018)
Let V. be the complex path algebra of [ modulo the relations:

e Any path with more than one triangle to its left (right) is
equal to zero.

® ay +ay, +a; =0, axay + axa; + aya; =0, axaya, =0.
e Loops commute with edges.

e a,y|x =0 etc.

e Zig-zag relation: x|y|x = axq, etc.

e Zig-zig equals zag times loop: x|y|z = axx|z etc.

The grading on V. is given by twice the path length.
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Func. reps. of H(/(e + 3)) in generalized type A

Let P;; (resp. ;jP) be the left (resp. right) graded indecomposable
projective Ve-module corresponding to vertex v; ; in I

The assignment

0, — @ Pi;®;;P

i—j=0 mod 3

0 — @ P,"j & ;JP
i—j=1 mod 3

0, — @ Pi;®;;P
i—j=2 mod 3

defines a functorial representation of H(l5(e + 3)) on Ve—fpmod,,.
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RENEILS

e By using the Z/3Z-symmetry on Ve, for e = 0 mod 3, one
can easily define the corresponding type D trihedral zigzag
algebra. For type cA and E it is not (yet) clear what the right
definition is.
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RENEILS

e By using the Z/3Z-symmetry on Ve, for e = 0 mod 3, one
can easily define the corresponding type D trihedral zigzag
algebra. For type cA and E it is not (yet) clear what the right
definition is.

e Unfortunately, we do not know how to lift these functorial
representations of H(/3(e + 3)) to full-blown 2-representations
of trihedral Soergel bimodules in a straightforward way.

Marco Mackaay (jt. w. Kildetoft, Mazorchuk, Miemietz, Tubber -



Quantum sl3
The trihedral Hecke algebra

RENEILS

e By using the Z/3Z-symmetry on Ve, for e = 0 mod 3, one
can easily define the corresponding type D trihedral zigzag
algebra. For type cA and E it is not (yet) clear what the right
definition is.

e Unfortunately, we do not know how to lift these functorial
representations of H(/3(e + 3)) to full-blown 2-representations
of trihedral Soergel bimodules in a straightforward way.

e There is an alternative construction of simple transitive
2-representations in type A and D, which hopefully works in
type cA and E as well. The two approaches are related by the
quantum SU(3) McKay correspondence.
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The end

THANKS!H!
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