Or: Ideals are like numbers



Example. Z/4Z[X] with X2 =0

{a+bX |a,beZ/AZ}
|
{0,012, 24+ X |, X,2X,3X,2+2X,2+3X}

{0,/21,2X,2 4+ 2x} {0,[599X1, 2X 2 + 3X} (0,1%0, 2, 3X}
{0,/2X}

I
0

The elements outside of {0,2,2+ X, X,2X,3X,242X,2+3X} are all invertible :
» 1-1=1,3-3=9=1mod4
> (a+bX)(c+dX)=1mod4 < (a=ce {1,3} and b= —d)
» Example. (3 +2X)(3+2X) =9+ 12X +4X? =1 mod 4



A slick illustration

7.J4Z[X] with X2 =0

I
(2,X)

> (2,X) e~ elements of the form r-2+r" - X
> (2),(2+ X),(X) <~ elements of the form r-2, r- (2+ X), r- X
> (2X) e~ elements of the form r-2- X

(a) Ra={r-a|reR},aR={a-r|reR}, RaR={r-a-r'|r,r €R}
(b) (a,b,...)={r-a+r -b+ ..} ideal generated by a, b, ...



Another slick illustration

7./AZ[X] with X2 =0

» The sum [/ + J of ideals gives an addition
» The product /J of ideals gives a multiplication

» [/ + Jis a supremum, is I N J an infimum

@ I+J={r-i+r-j|rlreRicljeld}, U={>i-jlieljel}

(b) /N J the set theoretic intersection |Warning. /U J is in general not an ideal



For completeness: The formal statement

Let R be a ring, then the collection of left ideal Z forms a semiring and a lattice:
(a) Z has an addition +, Z has a multiplication - | Two operations

b)

c) (Z,-) is a monoid
d)

(Z,+) is an abelian monoid

The two rules distribute over one another ' Compatibility

(
(
(
(e) (Z,C) has 4+ and N as a supremum respectively infimum 'Order

» The example of a semiring and a lattice is
N={0,1,2,...}
Ideals behave like numbers!

» If R has a unit, then R is the unit of Z

» If R is commutative, then so is Z
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Generalize properties of numbers

7./47[X] with X2 =0

I
(2,X)

2,X) is a maximal ideal

2X) is a minimal ideal

2,X) is a prime ideal

2), (24 X), (X) and (2X) are principal ideals

etc.



| hope that was of some help.



