Or: How to compute them
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> - Take the affine variety y?> — x =0

» This is smooth at the origin

> [Tangent cone| (=t (0.0)) is V(x = 0)




Example 2
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» Example Take the affine variety y? — x> — x3 =0
» This has a double point at the origin

» Tangent cone (2t (0.0))is V(y? — x2=0)



Example 3
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» Example Take the affine variety y? — x3 =0
» This has a cusp point at the origin

» Tangent cone (2t (0.0))is V(y?=0)




For completeness: A formal statement

The tangent cone can be | calculated as follows:

(i) The initial term f' of f is the sum of all monomials of smallest degree
(i) Say V = V(f,..., f)
(iii) Then the tangent cone at the origin is C(V) = V(f/|f € (f, ..., f))
(iv) For other points shift the coordinates to the origin

Thus, tangent cone = forget higher degree terms

» Example For f = y? — x we have f' = x, matching the first example

> - A homogeneous polynomial «~ projective variety «~ cone

» Formally:
{cones in K™} &L {projective varieties in P"}
V — projectivization 7(V) of V
cone C(W) = {0} Un H(W) of W <+ W

where 7m: K™\ {0} — P, (x0, ..., Xp) = (X0 - 1 Xp)




The dimension is good

» Recall For a smooth manifold M, the dimension of the tangent space is dim M
» Bad The tangent cone C(V) is often not linear

> - The dimension of C(V/) is the expected one, namely dim V



| hope that was of some help.



