
What are...regular function for schemes?

Or: Division without a field



What to do without a field?

▶ Above Regular functions on an affine variety defined over a ground field K

▶ Scheme = SpecR plus a Zariski type topology – no ground field!

▶ Question What does that actually mean without a field?



Regular functions ring theoretical

▶ Important object Ring of regular functions O

▶ Observation This ring is the same as localization of the coordinate ring

▶ Idea Take this as the schemes theoretic definition



Localizations and regular functions

▶ Take an open subset U of SpecR

▶ A regular function should be a collection (ϕP ∈ RP)P∈U

▶ Here P are prime ideals so we can localize R at P and ge the localization RP



For completeness: A formal statement

Regular functions :

▶ SpecR affine scheme, U ⊂ SpecR open

▶ (ϕP ∈ RP)P∈U is regular if, for all Q in an open subset UP ⊂ U containing P ,

ϕP = f /g ∈ RQ where f , g ∈ R, g /∈ Q

▶ The story than goes through as for “usual” regular functions

▶ The “for all Q ∈ UP” makes the condition local

▶ We get an important object in AG: the ring of regular functions is the sheaf

OSpecR(U) of regular functions on U



Running example – back to it

▶ SpecZ is an affine scheme, consider D(6) = {(0)} ∪ {(p)|p ̸= 2, 3}

▶ ϕ = 5/6 is a regular function on D(6) seen in Z{6i |i=1,2,...}

▶ How? ϕ
(
(0)

)
= 5/6 ∈ Q, ϕ

(
(p)

)
= 5/6 ∈ Z/pZ (e.g. = 0 for p = 5)



Thank you for your attention!

I hope that was of some help.


