Or: Representations of Lie groups: first principles



Why representations?
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» Symmetry A Lie group is often too abstract until it acts on something
» Linear world Vector spaces are where we can compute

» Main idea A representation turns symmetry into linear motion



What is the data?
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> _ A symmetry g € G gives a matrix p(g): V — V

» Compatibility Multiplication is respected: p(gh) = p(g)p(h), p(e) = idv

> - The whole group law is translated into matrix multiplication



Examples before definitions bite

Lie group
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Lie algebra

> - Matrix groups already act on column vectors by definition

» Rotations Rotations act on the plane or on space, not just on themselves

> _ Reordering coordinates is also a perfectly good linear action



Storytime: finite groups

—
I The first ever published character table?
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Die Werthe von 7, sind zugleich die von f=e.

» Frobenius’ character table of As n

» Character tables were around since the beginning of rep theory

» They contain basically all info about group reps in an _

> _ In the 1890s, characters turned finite groups into numbers

>

Importance A bit later, characters where a crucial part of finite group theory

> _ Finite group reps are combinatorial characters



Storytime: Lie groups

The Classical Groups: Their i and Rep. ions is a mathematics book The Classical Groups
by Hermann Wey!| published in 1939. The book describes classical invariant theory
in terms of representation theory. It is largely responsible for the revival of interest
in invariant theory, which had been almost killed off by David Hilbert's solution of
its main problems in the 1890s.

The second edition was published in 1946. Weyl gave an informal talk about the
topic of his book in 1939.

Reception edit]

Roger Howe called the book "wonderful and terrible".
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> _ In the 1920s, Lie groups entered representation theory in force

» Importance A bit later, Lie groups became a kind of Fourier analysis

> _ Lie group reps are geometric (e.g. root system) characters



Next time: Representations of Lie algebras



