Or: Characters as fingerprints



Why remember traces?

My wish list

To ¢ach rep T want an ossotiated numerical invoriont
Numerical invariont = something like a number
The invariant should behave nicely wrt operations on reps

The invariant should determine +he rep

» The idea of - is ubiquitous in mathematics/the sciences

» So let's apply it in rep theory!

» However, the last point _

> - A representation p: G — GL(V/) assigns a matrix to each g € G
» Character Its character is the trace function x,(g) = tr(p(g))

> - For compact groups, this small shadow remembers a lot



Characters ignore coordinates

tr(A + B) = tr(A) + tr(B)
tr(cA) = ctr(A)
tr(AB) = tr(BA)

tr(A ® B) = tr(A) tr(B)

» Basis Changing basis replaces a matrix by a conjugate matrix

» Trace But traces do not change: tr(ABA™1) = tr(B)

+. [CHEETIREE o v, (heh) = v,(e)



Fingerprints of representations

The finite group miracle

Euler char = Euler char

).

e

» Analogs in other fields are often very wrong

> - Xvew = Xv + Xw and Xvgw = XvXw

» Orthogonality Simple characters behave like perpendicular fingerprints

> _ Inner products with characters detect which simples occur




Example: the circle again

> - For S1, the irreducibles are z — z" with n € Z

» Characters The characters are the usual Fourier modes x,(z) = z"

> _ The formula f51 z"z™ dz = b, p, is the familiar story



Example: a first glimpse of SU(2)

This tiny
shadow still
remembers a |ot!

Pu(9) Pia(9) |

1£4(9)  pu(9)

representation character
(lots of data) (just one number)

e

Different representations — different characters. ‘\/\,‘ ,\/\/\4\/ J/‘\‘\/ /\/\I\f
Characters are unique fingerprints. e

> - The simples of SU(2) are Vg, Vi, Vs, ...

sin((n+1)0)

» Character On diag(e”,e"%), one gets x, = > {15

> - A representation can be recognized from a single trace function



Next time: The lab: SU(2) and su(2)



