
Lie theory - part 22

Or: Classifying irreps of SU(2)



The answer in one line

▶ Classification Every simple is Vn = Symn(C2) for n = 0, 1, 2, ...

▶ Dimensions dimVn = n + 1: exactly one simple in every positive dimension

▶ Plan Find a top weight, then let the sl2 = su(2)⊗R C ladder do the work



What are those x iy j?

▶ Model Choose a basis x , y of C2; Vn = span{xn, xn−1y , ..., xyn−1, yn}

▶ Meaning x iy j means i copies of x and j copies of y , symmetrized; i + j = n

▶ Example In V2: ax
2 + bxy + cy2



Let SU(2) act on the variables

▶ Diagonal diag(e iθ, e−iθ) sends x 7→ e iθx and y 7→ e−iθy

▶ Monomials Hence xn−kyk 7→ e i(n−2k)θxn−kyk

▶ Read it off Weights n, n − 2, ...,−n are read straight from the monomials



The ladder becomes concrete

▶ Operators In sl2: E = x∂y raises, F = y∂x lowers

▶ Top rung E (xn) = 0; applying F turns one x into a y

▶ Classification Every simple is one such finite ladder



Physicists call this spin

▶ Particle language A spin-j particle has 2j + 1 possible spin states

▶ Spin 1
2 An electron has two states: |↑⟩ and |↓⟩

▶ Connection These states form the (2j + 1)-dim simple rep of SU(2)



Thank you for your attention!

Next time: Tensor products for SU(2)


