
Lie theory - part 24

Or: From SU(2) to SO(3): the double cover



Why two rotation groups?

▶ Ordinary space SO(3) rotates vectors in R3

▶ Electron spin SU(2) rotates vectors (“spinors”) in C2

▶ The puzzle Both describe rotations, so why are they different groups?



Two lifts, one rotation

▶ The map Conjugation on su(2) ∼= R3 gives SU(2) → SO(3)

▶ Double cover Every rotation has two lifts: ±g and SO(3) ∼= SU(2)/{±I}

▶ Topology SO(3) ∼= RP3 and SU(2) ∼= S3



One turn gives a minus sign

▶ Follow a turn A full 360◦ turn lifts from I to −I in SU(2)

▶ Spin half The spinor changes as ψ 7→ −ψ; 720◦ gives ψ again

▶ Same locally su(2) ∼= so(3); the difference is global



Which representations reach SO(3)?

▶ Descent test g and −g must act identically: ρ(−I ) = I

▶ On Vn −I acts by (−1)n, so exactly the even n pass

▶ Integer spins (bosons) SO(3) simples: V0 (trivial), V2 (defining), V4, ...



Can we see that minus sign?

▶ On its own ψ and −ψ give the same measurement probabilities

▶ Interference A relative minus sign between two paths changes the fringes

▶ Two electrons The signs cancel: (−ψ)⊗ (−ϕ) = ψ ⊗ ϕ



Thank you for your attention!

Next time: Maximal tori and the diagonalisation philosophy


