
Lie theory - part 29

Or: Differential equations and symmetry



Galois theory: symmetries of roots

▶ Roots X 5 − 1 = 0: 1, ζ, ζ2, ζ3, ζ4, with ζ = e2πi/5

▶ Rules Permute roots while fixing Q and preserving sums and products

▶ Group ζ 7→ ζa for a = 1, 2, 3, 4: G ∼= C4



Same degree, different symmetry

▶ Group X 5 − X − 1 has G = S5: all permutations of its five roots

▶ Test Radical formulas exist exactly when the Galois group is solvable

▶ Verdict C4 solvable, S5 nonsolvable: radicals work only for X 5 − 1



Differential Galois theory: matrix symmetries

▶ Space Two independent solutions of y ′′ = r(z)y form a basis

▶ Group Fix rational functions, respect algebra and derivatives: G ⊆ GL2(C)

▶ Test Lie(G ) solvable iff algebraic functions, exponentials and integrals suffice



A solvable matrix group

▶ Equation y ′′ = y has basis ez , e−z

▶ Constraint eze−z = 1 forces the two scaling factors to be inverse

▶ Group G = {
(
c 0
0 c−1

)
: c ∈ C×} is abelian, hence solvable



A nonsolvable Lie algebra obstructs formulas

▶ Airy y ′′ = zy is the Airy equation

▶ Group G = SL2(C) = {
(
a b
c d

)
: ad − bc = 1}

▶ Verdict sl2(C) is not solvable: no nonzero solution by the allowed operations



Thank you for your attention!

Next time: Fourier analysis with symmetry


