Or: Lie algebras



Why Lie algebras show up
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» Big picture G is nonlinear, but its tangent space at the identity is linear
» The point The Lie algebra is the “best linear approximation” of G near e

> - Many group questions become linear algebra questions (equations,
dimensions, constraints)



Definition
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> - Let G C GL,(C) be a (complex) matrix Lie group
» Tangent-at-identity g = T.G «~ {+'(0) | v: (—¢,e) = G, v(0) =1}

> - g = instantaneous directions you can move inside G at /



How to compute g in practice
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» Rule of thumb Write the defining equations for G, then differentiate at /
» Linearization Nonlinear constraints become linear constraints on X = +/(0)

> - You get a concrete subspace g C M,(C) “cut out by linear equations”



The classical computations

LIE GROUP LIE ALGEBRA
General Linear Group: _
GL(n) = {A € Mn(R) : det A £ 0} gl = {A € Mn(®)}
Special Linear Group: _ i _
SL(n) = {A€ GLn(R) : detA =1} sl = {A € giln) : trA =0}
Special Ortogonal Group: so(n) = {A € sl(R) : A+ AT = 0}

SO(n) = {A€ SL(n,R) : AAT = I}
Special Unitary Group:
SU(n) = {Ae SL(n,C): AR =1}

su(n) = {A€si(nC): A+A =0}

Symplectic Group:
Sz(nr; T iAe GFL)(2n,[Ri) AT = 3} sp(n) = {A € gi(2n,R) : AJ + JAT =0}
Group of isometries of (M, g): 9= {X € X(M)|Lxg=0}

G={¢: M — M| ¢preserves g}
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> GL,,((C) det #£ 0 is an open condition, so there is no tangent constraint at /;
hence gl,(C) = M,(C)

» Key linearization det(/ + tX) =1+ ttr(X) + O(t?)

If det(g(t)) = 1, then the derivative is 0, so tr(g’(0)) = 0; hence
sl,(C) = {X | tr(X) =0}

> _ Linearize the defining equation at /:

SOp: XT4+X=0,5p,: XTJ+JX=0,U,: X*+ X =0 etc.

>



Back to exponentials

Lie Algebra:

Lie group: Manifolz]

» | Direction — motion If X € g, then t — X stays inside G

» Interpretation The exponential turns an “allowed infinitesimal move” into a
genuine one-parameter subgroup

> Now we can ask: what extra structure lives on g? (that's where

the bracket enters)



Thank you for your attention! ‘

Next time: where the Lie bracket comes from (commutators and conjugation)



