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Group actions rule!

The Erlangen Programme

Verghicheods Betrbangen

nenere grametrische Farshuagen

“Given a [homogeneous]
manifold and a
transformation group acting
[transitively] on it, to
investigate those properties of
figures on that manifold
which are invariant under
transformations of that
group”

Felix Klein’s Erlanger Programme:
Geometry is the Study of the Invariants of Group Actions

Geometric Algebra

Group Rep. Theory

Tensors / Spinors

Algebraic Geometry DIE Forme )

Lie Groups/ Algebras

» Above The Erlangen program
» Slogan Group actions describe many properties

» Several fields originate or habe ' connections to| the Erlangen program



Symmetries of simplices

The symmetric group in three letters acts on a triangle via the rule
1 1 , -, and then permute”:

> _ the symmetric group, acts on a simplex
> S, - the symmetries of a simplex
> _ What are the fixed points? “Invariant « fixed"”



Invariant polynomials

Forn=1:
el(Xl) :Xl.
Forn=2:
e1(X1,Xs) = X1 + Xo,
e (X1, Xs) = X1 Xo.
Forn=3:
e1(X1, X2, X3) = X1 + Xo + X3,
e (X1,X2,X3) = X1 Xp + X1 X3 + X X3,
e3(X1, X2, X3) = X1 Xp X3.
Forn=4:
e1 (X1, Xy, X3,Xy) = X1 + Xo + X3+ Xy,
ex (X1, X0, X3, Xy) = X1 Xo + X1 X3 4+ X1 Xy + Xo X3 + Xo Xy + X3Xy,
e3(X1, X, X3, Xy) = X1 Xo X3 + X1 Xo Xy + X1 X3 Xy + Xo X3 Xy,
eq(X1, X2, X3, Xy) = X1 Xo X3 X,

» Extend the previous action linearly = fixed point x; + ... + x,

» x3 + ... + X, spans the degree one invariants

» Idea| Why not extend the action to the whole polynomial ring C[xq, ...

s Xn]



Enter, the theorem

Let C[xq, ..., x,]>" denote the 'invariants under the previous action
(i) C[xi,...,x,]°" = symmetric polynomials
(i) Symmetric polynomials are spanned by elementary symmetric polynomials e

(iii) The e, are algebraically independent

(iv) C[x1, ..., xs]°" = Cley, ..., €,] /Another polynomial ring

» This is a bit like:

» Invariant theory answers similar questions!



A more standard example

(a+c,b+d)

> - The (abs of the) determinant is the area of the parallelogram

> What are the invariants of SL,(C) acting on n-by-n

matrices by left multiplication?

> [Ansier] C[Mat, () = C[det]



| hope that was of some help.



