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Transcendental number checker

Real Algebraic

> _ = no relation ag + a1x + ... + a,x" =0 for a; € Q

» Task Determine whether a given number is transcendental

> - This is super hard; how can we check this even numerically?




Bailey—Borwein—Plouffe (BBP) formula
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» How on earth can one find such a formula?



Euclid’s famous algorithm

Compute the Euclidean algorithm step by
step

a=1071;b=462

1071 =qp x 462 +1g
qo=2:rp= 147

462 =q) x 147 + 1
q=3rn=21

47 =qa %21+

Q2=T7:12=0
Since r, = 0 the algorithm is finished. Thus
GCD( 1071, 462 ) = 21.

Compute the Euclidean algorithm step by
step

a=4736;b =462

4736 =qp x 462 + 1
qp=10:rg=116

462=q % 116 +1|
q=31 =114

ll6=qyx 114 +1y
Q=1in=2

114=q3x2+r3

q3=57r3=0

Since r3 = 0 the algorithm is finished. Thus
GCD( 4736,462) =2.

» Bézout's identity ax + by = d is a special case of ayjx; + ... + apnx, =0

(integer relation)

» Euclid's algorithm finds d ridiculously fast (number of steps < five times the

number of base 10 digits)




Enter, the theorem

Lenstra—Lenstra—Lovész (LLL) lattice basis reduction algorithm can find integer

relations in

—
HeuT
2 lattice basis by, »
5 paroneter 8 with 174 <5 < 7, nost comonty & = /4
PROCEDURE
B' < GramSchmidt({by, ..., b)) = {by" n°yi and do not nornalize
ey < Tomorprauet o, 51/ Tonerproduct " ) using tha mest carrent values of b
and by
K<

- 2
while k <= 1 d
Tor 1 trom k-1 to 1 do
i) > 172 thn
= Lhk, 1y
Upiove B ana e Fetated s a5 needed.
(The noive ethod 1s To recooute B° wnnever b change:
0 H)

B” <- GranSchmidt({by, ... bn}) = {by
end if
end for
if Innerl’mﬂutt“’x'. be') > (6 - iy xz) TnnerProduct (bey”, bys”) then
K<kt
else
Suap by and
Update B° and me related i, ;'s as needed.
K <- max(k-
end i
end uhile
return B the LLL reduced basis of {by, ..., b}
outPUT
the reduced basis by, by, ..., by in 2

» This has been improved upon several times (HJLS, PSOS, PSLQ, ...)

> _ = a numeric check whether a number is transcendental

» Algorithmic number theory answers similar questions!



Algorithms of the century

Introduction to the top 10 algorithms|

* Metropolis Algorithm for Monte Carlo

* Simplex Method for Linear Programming

* Krylov Subspace Iteration Methods

® The Decompositional Approach to Matrix
Computations

* The Fortran Optimizing Compiler

* QR Algorithm for Computing Eigenvalues

* Quicksort Algorithm for Sorting

e Fast Fourier Transform

¢ Integer Relation Detection

* Fast Multipole Method

> - From the IEEE Computer Society Journal

» No such list can be perfect but integer relation made it on it should tell us
something ®



| hope that was of some help.



