Or: Divide and conquer



A good old friend: matrix multiplication
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n® multiplications — n rows, n columns and n claps. Can we do |better ?



7 instead of 8

Naively we need 8 calls :
My o1 |2 | 03 | 4 | 5 | 6 | 7 | 8

Rule[[ a1« b11 [a11[= b1o | a1ols bo1 |12+ baa | @21+ bun [ @21 1= br2 | axol= b1 | axale b2o
a1 a b1 b2\ [(M1+M3 M2+ M4
azn axn) \ban bxn) \M5+ M7 M6+ M8

Strassen can do with |7 calls :
S | 1 | 2 | 3 | 4

Rule[[ (a11 + a22)[* (b11 + b22) | (@21 + a22)/= b1 |anf (b1 — b22) | a2+ (b21 — b11)
5 | 6 | 7
(a11 + a12) < b ‘ (a21 — a11) = (b11 + b12) ‘ (a12 — a22)*|(bo1 + b2)

a1 a1 b1 b _ S1+ 54— S5+ 57 53+ 55
ay ax by by ) S2+ 54 S51-52+ 53+ 56




Divide and conquer
» Break the matrices in blocks of size n/2 x n/2 | Divide!
A A Bii B\  (S1+S54—-55+4 57 53+ 55
A Ax By By) 52+ 54 51—-52+ 53+ 56
» Needs 7 calls on n/2 x n/2 matrices

» Repeat recursively Conquer!

Strassen then needs '~ n'°&(D) operations



Enter, the theorem

Strassen's algorithm multiplies matrices with a cost of
S(n) =778 _ 6. 4lo6(n) x 7pl08(7) _ 62 ~ nlo€2AD) operations

2 3

(a) Classical matrix multiplication needs M(n) =2n* —n?>~ n

operations — n

multiplications and n® — n? additions

(b) log,(7) ~ 2.807 = |Strassen is much faster
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(c) Strassen's ideas can be pushed further and modern algorithm are even faster



Can we get w =27

"ty
2
oy

5
A
g, 1
e,
S,
o
s,
Yy
s, o
Sto
.‘/76'r
,
L2
o
le
Gy, "
4
on,

2015 2020

§
&6‘
&
S
2000 2005 2010

24
1975 1980 1985

Matrix multiplication needs n“ log(n) ~ n“ operations, 2 < w < 2.4 (bounds from 2020)




| hope that was of some help.



