Or: Additive categories 3 from Chapter 6



What gets sent to zero
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Kernel and image of a linear map L from
Vto W
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» For f: X — Y, the kernel remembers the part of X sent to zero

» Every map killed by f factors uniquely through the kernel

» Thus being killed by f makes sense categorically, even _



Cokernels turn hits into quotients

X

\1
// k f
k/ /’

///(oKer(f)Q;O) Y -
/3( //\;‘

w
&

V -
Kernel and image of a linear map L from
Vto W

» The |cokernel is the dual construction: it kills what f already hits

» For vector spaces, Coker(f) = Y/Im(f): 'quotient out the image

» Kernels behave like subobjects; cokernels like _



Images are what survives
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» The image is the part of the target actually reached by f
» Categorically, image means kernel of the cokernel

» With an epic—monic factorization, image and coimage give the same |middle



Every map wants a middle
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Example of a rectangular matrix
in row echelon form
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» An epic—monic factorization writes X — [ <— Y

» For matrices, row reduction finds /; over a field its dimension is the rank

> An _ is additive and every morphism has such a factorization



Why abelian matters
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Linear + Additive + Abelian = Categorical Linear Algebra
| We now have a setting where linear algebra lives inside categories.
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Linear Algebra

Hom-sets are §-modules. Finite direct sums exist. Kernels, cokernels and exact o
Composition is $-bilinear. Morphisms respect them. sequences behave well. We ca{-':o;‘n-nr algebra |
with dia
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(and similrly in the other varicble) X0y Al the usual rules hold. |
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Add and scale morphisms Build bigger objects Solve equations Do linear algebra diagrammatically
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Hom-sets are $-modules. Biproducts let us combine. Kernels, cokernels, exactness. Identities, zero, projections, efc.
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* We can now speak about repr i exact positi and more —

all with the power of diagrams and linear structure. T

» Vector spaces and module categories are -

» Freyd—Mitchell puts every abelian category inside some Mod(A)

» Tensor categories add ®: representation theory meets _






