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Learning with piecewise linear maps

Problem involving Problem involving
an action seeeseee g |inear action
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insights: ~. “Decomposition of -

the problem”
K[G]C D V;

» Representation theory approach Decompose a problem into simples and take
it from there

» Today Representation theory applied to machine learning
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Learning with piecewise linear maps
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» Neural network| “=" a sequence of maps R™ — R™ —2 | & R+

» Deep = many layers |Crucial 1| #layers «~ accuracy of the result
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Learpinasuith nincawica linaar manc

Example (picture recognition)

Are we seeing ice cream? Yes, maybe or no?

eural ice cream network:
and f(R#P*®#) «s probability of seeing ice cream

» TNeOrar Network. _— a Sequence of maps K™ — K7 — ... — K
Crucial 1 #layers «~ accuracy of the result
» Deep = manyl o —Ithe result
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Learning with piecewise linear maps
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Example (picture recognition with group action)

Sn permutes the birds
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h If our problem at hand has some group symmetry
then we should be able to use the representation theory approach , right?
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Learning with piecewise linear maps

Why is that pcn).'c.héntially amazing? Well:

Assume we want to know ¥ for _ f:V-oV

The representation theory approach plus Schur's lemma give
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= ¥ is pretty easy to compute
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» Deep = many layers |Crucial 1 #layers «~ accuracy of the result
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Learning with piecewise linear maps

10

RelLU

> _ is the most popular activator map in machine learning

> - Machine learning likes piecewise linear but non-linear maps
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We are
about here

Crucial 1 #layers «~ accuracy of the result
Crucial 2 Machine learning likes piecewise linear but non-linear maps

= study piecewise linear representation theory

| show you a few - steps in this direction!
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Let us study cyclic groups

> Let G, =Z/nZ = (ala" = 1)
» The simple complex C,-reps are given by the nth roots of unity L«

» What about the simple real C,-reps?
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Let us study cyclic groups

» For © = 27/n observe that

<exp(ike) 0 )~<c (cos(k@) —sin(k@))

0 exp(ik©) sin(k©)  cos(k©)

» = the simple ‘real C,-reps are Lg = Ly, L1 =L, @ L,, etc.
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Let us study cyclic groups
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Piecewise linear representation theory Or: Non-linear, but still rep theory July 2023 /4



Let us study cyclic groups

Play live at https://www.dtubbenhauer.com/pl-reps/site/index.html

Lo = Ly, ord(a) = 1 Ly,ord(a) = 14 Ly,ord(a) =7 Ly, ord(a) = 14

Ly ord(a) =7 Ly, ord(a) = 14 Lg,ord(a) =7 Ly = Lyign,ord(a) = 2

Thus, we can (explicitly) decompose R[C,,] = Ly @ L; & ... and compute
Lo

proj.
L incL;R[Cn] ReLU; R[C,,] pmj-5 Ly

m :
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Let us study cyclic groups

L

5

» |Interaction graph ["| vertices = simples, edges = nonzero maps L; — L;

» This is a 'measurement of difficulty : a lot of ingoing arrows = hard
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. |t is easy to produce these with a machine
Let us study cyclic

Let us play online

%

» |Interaction graph [ vertices = simples, edges = nonzero maps L; — L;

» This is a measurement of difficulty : a lot of ingoing arrows = hard
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. |t is easy to produce these with a machine
Let us study cyclic

Let us play online

=007

ord(L;) = order of the action of a
ord’(L;) = same but divide by two if ord(L;) is even

Theorem (for RelLU)

> Int Every vertex has a loop and there is a non-loop edge from L to K in ' Lj
if and only if ord(K) divi rd’ (L
> Th and only if 'ord(K) divides ord’(L)
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Let us study

It is easy to produce these with a machine — for any map

&

This is now the absolute value

\7

» Interaction

» Thisisa m

ord(L;) = order of the action of a

ord’(L;) = same but divide by two if ord(L;) is even

Theorem (for Abs)

There is a non-loop edge from L to K in I’
if and only if ord(K) divides ord’(L)

ps Lj — L;

— hard
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Let us study cyclic groups

Calculation complexity is ' captured in [ :

Theorem
# calcs needed to evaluate ¥ on L; = number of length k path ending at L; in ¢

RelU s 0 ReLUoRelU wws N

. 59 '> 19 ' 19 ’

» |Interaction graph [ vertices = simples, edges = nonzero maps L; — L;

» This is a measurement of difficulty : a lot of ingoing arrows = hard
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Let (17 ctrsce ~veelic avnrine

The piecewise linear but - maps from L; to trivial and sign are:|
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Let us study cyclic groups

Honorable
Mention

Partially done as well

» Finite abelian groups

v

Dihedral groups

v

Symmetric groups

» Products of these
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Le Finite abelian group = products of cyclic groups
I'ReLu(Z/3Z) = . Trewu(Z/5Z) = \@/@3 |
= Trelv(Z/3Z x Z/5Z) = II .

. (e
)

I

Its just the product
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Let us study cyclic groups

\ Theorem
YFor a general piecewise linear map f: R — R:

(a) If f is linear, then I is trivial
(b) If f = Abs, then T is as before
(c) Otherwise I is as for ReLU

» F|n|te a-\n“an aoraling

I" for ReLU can thus
» Dihedra be considered as an.n'lnvarlant of the group (__',, _
or more generally for any finite group one gets an invariant

» Symmetric groups

» Products of these
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I for the symmetric group Ss (on isotypic components):
Let us study
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Let us study cyclic groups

» Linear map representation theory [«~ Fourier approximation of sin
» Piecewise linear map representation theory «~ Fourier approximation of ReLU o sin

» Higher frequencies | &~ simples with a lot of ingoing arrows
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Learning with piecewise inear maps.
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Learning with piecewise inear maps.

Problem involving Problem involving
an action a linear action
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